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Connection of MST to causal dynamics (classical & QFT) and MLDL3

¥useful for Machine and Deep Learning of  causal physics 
¥important tool for theoretical physics, for the analysis of: 

! turbulence, emergent behavior, self-organization, renormalization, and dynamical topology

S2(p, p!) = S2(|f ! ) = ||f ! " p| ! " p! | ! # = øf 2(p, p!) = 1 /m (p, p!)
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classical kinetic

field theoretical S1(p) = S1(|f ! ) = |f ! " p| ! # = øf 1(p) = $0(p)
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QFT S-matrix
deep convolutional network

kinetic distribution function
Feynman diagram

where

state of system

transition rates

p ! ! , 1/scale, canonical momentum, or quantum numbers
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S0[! (p)] = S0[! 0(p)] !
1
2

!
dp dp!(! (p) ! ! 0(p)) S" 1

2 (p, p!) ( ! (p!) ! ! 0(p!))
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topological

integrated Òfunctional curvatureÓ 
that is topological index

k(p, p!) !
øf 2
2 (p, p!, t)
øf 2
1 (p, t)
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! øf 2
1 (p, t)
! t

!
! øf 2

source (p, t)
! t

"
!

dp! øf 2
2 (p!, p, t) ! øf 2

2 (p, p!, t) =
!

dp! øf 2
1 (p!, t) k(p!, p) ! øf 2

1 (p, t) k(p, p!)
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What is a Wavelet Transform?4

¥Wavelet Transform, W 

! convolutions of  a signal with dilated Mother Wavelets, ! "(t) (i.e. a bank of band-pass filtered signals) 
! ! "(tÕ-t) consists of  dilations and translations of  the Mother Wavelet !(t)

x[! 1](t)

1-D Wavelet Trasform

x(! , t)= W{ x(t)} = x " # ! =
!

x(t !)# ! (t ! ! t)dt!

1-D Filter Bank

Translations

! ! (t ! ! t)
! , scale

t !

x(t !)x(t !)

Dilations

x(! , t)

x[! ](t)

x ! " !
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Animation of calculation of Wavelet Transformation convolution5

x(! , t)= W{ x(t)} = x " # ! =
!

x(t !)# ! (t ! ! t)dt!



The Good, the Bad and the Ugly6

Stationary

Lipschitz
Continuous

WF

Wavelet TransformFourier Transform

NOT continuous to deformation NOT invariant to translation

Lipschitz Continuous (continuous to deformation)
Stationary (invariant to translation)

!
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Wavelet Transformations can be iterated7

¥Wavelet Transform, W 

! convolutions of  a signal with dilated Mother Wavelets, ! "(t) (i.e. a bank of  band-pass filtered signals) 
! ! "(tÕ-t) consists of  dilations and translations of  the Mother Wavelet !(t) 
! because x["](t) is a function of  time we can take its Wavelet Transform

! , scale

t !

x(t !)x(t !)
x(! 1, t)

x(! 1, ! 2, t)= |x " # ! 1 | "! " ! 2

Wavelet Transform of a Wavelet Transform

x[! 1, ! 2](t)

x[! 1](t)
x(t)
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<latexit sha1_base64="ZKensDeMx9GSkJwOvGi3K16EAB8=">AAACA3icdVDLSsNAFJ3UV62vqDvdDBbBRSlJtbTZFdy4rGAf0IQwmUzboZNJmJkIJRTc+CtuXCji1p9w5984aSuo6IGBwzn3cOeeIGFUKsv6MAorq2vrG8XN0tb2zu6euX/QlXEqMOngmMWiHyBJGOWko6hipJ8IgqKAkV4wucz93i0Rksb8Rk0T4kVoxOmQYqS05JtHrlRIQLcCoZtI6mcu0+EQ+fbMN8tW1WnW6+dNaFUty6k5DU0cx7EbNrS1kqMMlmj75rsbxjiNCFeYISkHtpUoL0NCUczIrOSmkiQIT9CIDDTlKCLSy+Y3zOCpVkI4jIV+XMG5+j2RoUjKaRToyQipsfzt5eJf3iBVw6aXUZ6kinC8WDRMGVQxzAuBIRUEKzbVBGFB9V8hHiOBsNK1lXQJX5fC/0m3VrU1v74otyrLOorgGJyAM2CDBmiBK9AGHYDBHXgAT+DZuDcejRfjdTFaMJaZQ/ADxtsnV+OXSA==</latexit><latexit sha1_base64="ZKensDeMx9GSkJwOvGi3K16EAB8=">AAACA3icdVDLSsNAFJ3UV62vqDvdDBbBRSlJtbTZFdy4rGAf0IQwmUzboZNJmJkIJRTc+CtuXCji1p9w5984aSuo6IGBwzn3cOeeIGFUKsv6MAorq2vrG8XN0tb2zu6euX/QlXEqMOngmMWiHyBJGOWko6hipJ8IgqKAkV4wucz93i0Rksb8Rk0T4kVoxOmQYqS05JtHrlRIQLcCoZtI6mcu0+EQ+fbMN8tW1WnW6+dNaFUty6k5DU0cx7EbNrS1kqMMlmj75rsbxjiNCFeYISkHtpUoL0NCUczIrOSmkiQIT9CIDDTlKCLSy+Y3zOCpVkI4jIV+XMG5+j2RoUjKaRToyQipsfzt5eJf3iBVw6aXUZ6kinC8WDRMGVQxzAuBIRUEKzbVBGFB9V8hHiOBsNK1lXQJX5fC/0m3VrU1v74otyrLOorgGJyAM2CDBmiBK9AGHYDBHXgAT+DZuDcejRfjdTFaMJaZQ/ADxtsnV+OXSA==</latexit><latexit sha1_base64="ZKensDeMx9GSkJwOvGi3K16EAB8=">AAACA3icdVDLSsNAFJ3UV62vqDvdDBbBRSlJtbTZFdy4rGAf0IQwmUzboZNJmJkIJRTc+CtuXCji1p9w5984aSuo6IGBwzn3cOeeIGFUKsv6MAorq2vrG8XN0tb2zu6euX/QlXEqMOngmMWiHyBJGOWko6hipJ8IgqKAkV4wucz93i0Rksb8Rk0T4kVoxOmQYqS05JtHrlRIQLcCoZtI6mcu0+EQ+fbMN8tW1WnW6+dNaFUty6k5DU0cx7EbNrS1kqMMlmj75rsbxjiNCFeYISkHtpUoL0NCUczIrOSmkiQIT9CIDDTlKCLSy+Y3zOCpVkI4jIV+XMG5+j2RoUjKaRToyQipsfzt5eJf3iBVw6aXUZ6kinC8WDRMGVQxzAuBIRUEKzbVBGFB9V8hHiOBsNK1lXQJX5fC/0m3VrU1v74otyrLOorgGJyAM2CDBmiBK9AGHYDBHXgAT+DZuDcejRfjdTFaMJaZQ/ADxtsnV+OXSA==</latexit><latexit sha1_base64="ZKensDeMx9GSkJwOvGi3K16EAB8=">AAACA3icdVDLSsNAFJ3UV62vqDvdDBbBRSlJtbTZFdy4rGAf0IQwmUzboZNJmJkIJRTc+CtuXCji1p9w5984aSuo6IGBwzn3cOeeIGFUKsv6MAorq2vrG8XN0tb2zu6euX/QlXEqMOngmMWiHyBJGOWko6hipJ8IgqKAkV4wucz93i0Rksb8Rk0T4kVoxOmQYqS05JtHrlRIQLcCoZtI6mcu0+EQ+fbMN8tW1WnW6+dNaFUty6k5DU0cx7EbNrS1kqMMlmj75rsbxjiNCFeYISkHtpUoL0NCUczIrOSmkiQIT9CIDDTlKCLSy+Y3zOCpVkI4jIV+XMG5+j2RoUjKaRToyQipsfzt5eJf3iBVw6aXUZ6kinC8WDRMGVQxzAuBIRUEKzbVBGFB9V8hHiOBsNK1lXQJX5fC/0m3VrU1v74otyrLOorgGJyAM2CDBmiBK9AGHYDBHXgAT+DZuDcejRfjdTFaMJaZQ/ADxtsnV+OXSA==</latexit>

t

t

x(! 1, ! 2, t)x[! 1, ! 2](t)

! " ! 2
<latexit sha1_base64="1VKnIDVsTLdzt0Z7C82g09q49fc=">AAACA3icdVDLSsNAFJ3UV62vqDvdDBbBRSlJtbTZFdy4rGAf0IQwmUzboZNJmJkIJRTc+CtuXCji1p9w5984aSuo6IGBwzn3cOeeIGFUKsv6MAorq2vrG8XN0tb2zu6euX/QlXEqMOngmMWiHyBJGOWko6hipJ8IgqKAkV4wucz93i0Rksb8Rk0T4kVoxOmQYqS05JtHrlRIQLcCoZtI6mcu0+EQ+bWZb5atqtOs18+b0KpallNzGpo4jmM3bGhrJUcZLNH2zXc3jHEaEa4wQ1IObCtRXoaEopiRWclNJUkQnqARGWjKUUSkl81vmMFTrYRwGAv9uIJz9XsiQ5GU0yjQkxFSY/nby8W/vEGqhk0vozxJFeF4sWiYMqhimBcCQyoIVmyqCcKC6r9CPEYCYaVrK+kSvi6F/5NurWprfn1RblWWdRTBMTgBZ8AGDdACV6ANOgCDO/AAnsCzcW88Gi/G62K0YCwzh+AHjLdPWWiXSQ==</latexit><latexit sha1_base64="1VKnIDVsTLdzt0Z7C82g09q49fc=">AAACA3icdVDLSsNAFJ3UV62vqDvdDBbBRSlJtbTZFdy4rGAf0IQwmUzboZNJmJkIJRTc+CtuXCji1p9w5984aSuo6IGBwzn3cOeeIGFUKsv6MAorq2vrG8XN0tb2zu6euX/QlXEqMOngmMWiHyBJGOWko6hipJ8IgqKAkV4wucz93i0Rksb8Rk0T4kVoxOmQYqS05JtHrlRIQLcCoZtI6mcu0+EQ+bWZb5atqtOs18+b0KpallNzGpo4jmM3bGhrJUcZLNH2zXc3jHEaEa4wQ1IObCtRXoaEopiRWclNJUkQnqARGWjKUUSkl81vmMFTrYRwGAv9uIJz9XsiQ5GU0yjQkxFSY/nby8W/vEGqhk0vozxJFeF4sWiYMqhimBcCQyoIVmyqCcKC6r9CPEYCYaVrK+kSvi6F/5NurWprfn1RblWWdRTBMTgBZ8AGDdACV6ANOgCDO/AAnsCzcW88Gi/G62K0YCwzh+AHjLdPWWiXSQ==</latexit><latexit sha1_base64="1VKnIDVsTLdzt0Z7C82g09q49fc=">AAACA3icdVDLSsNAFJ3UV62vqDvdDBbBRSlJtbTZFdy4rGAf0IQwmUzboZNJmJkIJRTc+CtuXCji1p9w5984aSuo6IGBwzn3cOeeIGFUKsv6MAorq2vrG8XN0tb2zu6euX/QlXEqMOngmMWiHyBJGOWko6hipJ8IgqKAkV4wucz93i0Rksb8Rk0T4kVoxOmQYqS05JtHrlRIQLcCoZtI6mcu0+EQ+bWZb5atqtOs18+b0KpallNzGpo4jmM3bGhrJUcZLNH2zXc3jHEaEa4wQ1IObCtRXoaEopiRWclNJUkQnqARGWjKUUSkl81vmMFTrYRwGAv9uIJz9XsiQ5GU0yjQkxFSY/nby8W/vEGqhk0vozxJFeF4sWiYMqhimBcCQyoIVmyqCcKC6r9CPEYCYaVrK+kSvi6F/5NurWprfn1RblWWdRTBMTgBZ8AGDdACV6ANOgCDO/AAnsCzcW88Gi/G62K0YCwzh+AHjLdPWWiXSQ==</latexit><latexit sha1_base64="1VKnIDVsTLdzt0Z7C82g09q49fc=">AAACA3icdVDLSsNAFJ3UV62vqDvdDBbBRSlJtbTZFdy4rGAf0IQwmUzboZNJmJkIJRTc+CtuXCji1p9w5984aSuo6IGBwzn3cOeeIGFUKsv6MAorq2vrG8XN0tb2zu6euX/QlXEqMOngmMWiHyBJGOWko6hipJ8IgqKAkV4wucz93i0Rksb8Rk0T4kVoxOmQYqS05JtHrlRIQLcCoZtI6mcu0+EQ+bWZb5atqtOs18+b0KpallNzGpo4jmM3bGhrJUcZLNH2zXc3jHEaEa4wQ1IObCtRXoaEopiRWclNJUkQnqARGWjKUUSkl81vmMFTrYRwGAv9uIJz9XsiQ5GU0yjQkxFSY/nby8W/vEGqhk0vozxJFeF4sWiYMqhimBcCQyoIVmyqCcKC6r9CPEYCYaVrK+kSvi6F/5NurWprfn1RblWWdRTBMTgBZ8AGDdACV6ANOgCDO/AAnsCzcW88Gi/G62K0YCwzh+AHjLdPWWiXSQ==</latexit>

|x[! 1](t)|
<latexit sha1_base64="d36D+JbLSUHksrmwm/YM4ubXPGQ=">AAAB+nicbVDLSsNAFJ3UV62vVJdugkWoICURQZcFNy4r2AekIUwmk3boZBJmbtSS9lPcuFDErV/izr9x2mahrQcGDuecy71zgpQzBbb9bZTW1jc2t8rblZ3dvf0Ds3rYUUkmCW2ThCeyF2BFORO0DQw47aWS4jjgtBuMbmZ+94FKxRJxD+OUejEeCBYxgkFLvlmdPLl9rvMh9h2vDmcT36zZDXsOa5U4BamhAi3f/OqHCcliKoBwrJTr2Cl4OZbACKfTSj9TNMVkhAfU1VTgmCovn58+tU61ElpRIvUTYM3V3xM5jpUax4FOxhiGatmbif95bgbRtZczkWZABVksijJuQWLNerBCJikBPtYEE8n0rRYZYokJ6LYqugRn+curpHPRcDS/u6w1z4s6yugYnaA6ctAVaqJb1EJtRNAjekav6M2YGC/Gu/GxiJaMYuYI/YHx+QOWzJN5</latexit><latexit sha1_base64="d36D+JbLSUHksrmwm/YM4ubXPGQ=">AAAB+nicbVDLSsNAFJ3UV62vVJdugkWoICURQZcFNy4r2AekIUwmk3boZBJmbtSS9lPcuFDErV/izr9x2mahrQcGDuecy71zgpQzBbb9bZTW1jc2t8rblZ3dvf0Ds3rYUUkmCW2ThCeyF2BFORO0DQw47aWS4jjgtBuMbmZ+94FKxRJxD+OUejEeCBYxgkFLvlmdPLl9rvMh9h2vDmcT36zZDXsOa5U4BamhAi3f/OqHCcliKoBwrJTr2Cl4OZbACKfTSj9TNMVkhAfU1VTgmCovn58+tU61ElpRIvUTYM3V3xM5jpUax4FOxhiGatmbif95bgbRtZczkWZABVksijJuQWLNerBCJikBPtYEE8n0rRYZYokJ6LYqugRn+curpHPRcDS/u6w1z4s6yugYnaA6ctAVaqJb1EJtRNAjekav6M2YGC/Gu/GxiJaMYuYI/YHx+QOWzJN5</latexit><latexit sha1_base64="d36D+JbLSUHksrmwm/YM4ubXPGQ=">AAAB+nicbVDLSsNAFJ3UV62vVJdugkWoICURQZcFNy4r2AekIUwmk3boZBJmbtSS9lPcuFDErV/izr9x2mahrQcGDuecy71zgpQzBbb9bZTW1jc2t8rblZ3dvf0Ds3rYUUkmCW2ThCeyF2BFORO0DQw47aWS4jjgtBuMbmZ+94FKxRJxD+OUejEeCBYxgkFLvlmdPLl9rvMh9h2vDmcT36zZDXsOa5U4BamhAi3f/OqHCcliKoBwrJTr2Cl4OZbACKfTSj9TNMVkhAfU1VTgmCovn58+tU61ElpRIvUTYM3V3xM5jpUax4FOxhiGatmbif95bgbRtZczkWZABVksijJuQWLNerBCJikBPtYEE8n0rRYZYokJ6LYqugRn+curpHPRcDS/u6w1z4s6yugYnaA6ctAVaqJb1EJtRNAjekav6M2YGC/Gu/GxiJaMYuYI/YHx+QOWzJN5</latexit><latexit sha1_base64="d36D+JbLSUHksrmwm/YM4ubXPGQ=">AAAB+nicbVDLSsNAFJ3UV62vVJdugkWoICURQZcFNy4r2AekIUwmk3boZBJmbtSS9lPcuFDErV/izr9x2mahrQcGDuecy71zgpQzBbb9bZTW1jc2t8rblZ3dvf0Ds3rYUUkmCW2ThCeyF2BFORO0DQw47aWS4jjgtBuMbmZ+94FKxRJxD+OUejEeCBYxgkFLvlmdPLl9rvMh9h2vDmcT36zZDXsOa5U4BamhAi3f/OqHCcliKoBwrJTr2Cl4OZbACKfTSj9TNMVkhAfU1VTgmCovn58+tU61ElpRIvUTYM3V3xM5jpUax4FOxhiGatmbif95bgbRtZczkWZABVksijJuQWLNerBCJikBPtYEE8n0rRYZYokJ6LYqugRn+curpHPRcDS/u6w1z4s6yugYnaA6ctAVaqJb1EJtRNAjekav6M2YGC/Gu/GxiJaMYuYI/YHx+QOWzJN5</latexit>

t

x[! 1, ! 2, ! 3](t)

|x[! 1, ! 2](t)|
<latexit sha1_base64="hGzaB1orFB0kqhdoXnNYfPO0T1k=">AAACBHicbZDLSsNAFIYn9VbrLeqym8EiVCglKYIuC25cVrAXSEOYTCbt0MkkzEzEknbhxldx40IRtz6EO9/GaRtBW38Y+PjPOZw5v58wKpVlfRmFtfWNza3idmlnd2//wDw86sg4FZi0ccxi0fORJIxy0lZUMdJLBEGRz0jXH13N6t07IiSN+a0aJ8SN0IDTkGKktOWZ5cm902e6P0CeXfuhhltVZxPPrFh1ay64CnYOFZCr5Zmf/SDGaUS4wgxJ6dhWotwMCUUxI9NSP5UkQXiEBsTRyFFEpJvNj5jCU+0EMIyFflzBuft7IkORlOPI150RUkO5XJuZ/9WcVIWXbkZ5kirC8WJRmDKoYjhLBAZUEKzYWAPCguq/QjxEAmGlcyvpEOzlk1eh06jbmm/OK81aHkcRlMEJqAIbXIAmuAYt0AYYPIAn8AJejUfj2Xgz3hetBSOfOQZ/ZHx8A57rl1c=</latexit><latexit sha1_base64="hGzaB1orFB0kqhdoXnNYfPO0T1k=">AAACBHicbZDLSsNAFIYn9VbrLeqym8EiVCglKYIuC25cVrAXSEOYTCbt0MkkzEzEknbhxldx40IRtz6EO9/GaRtBW38Y+PjPOZw5v58wKpVlfRmFtfWNza3idmlnd2//wDw86sg4FZi0ccxi0fORJIxy0lZUMdJLBEGRz0jXH13N6t07IiSN+a0aJ8SN0IDTkGKktOWZ5cm902e6P0CeXfuhhltVZxPPrFh1ay64CnYOFZCr5Zmf/SDGaUS4wgxJ6dhWotwMCUUxI9NSP5UkQXiEBsTRyFFEpJvNj5jCU+0EMIyFflzBuft7IkORlOPI150RUkO5XJuZ/9WcVIWXbkZ5kirC8WJRmDKoYjhLBAZUEKzYWAPCguq/QjxEAmGlcyvpEOzlk1eh06jbmm/OK81aHkcRlMEJqAIbXIAmuAYt0AYYPIAn8AJejUfj2Xgz3hetBSOfOQZ/ZHx8A57rl1c=</latexit><latexit sha1_base64="hGzaB1orFB0kqhdoXnNYfPO0T1k=">AAACBHicbZDLSsNAFIYn9VbrLeqym8EiVCglKYIuC25cVrAXSEOYTCbt0MkkzEzEknbhxldx40IRtz6EO9/GaRtBW38Y+PjPOZw5v58wKpVlfRmFtfWNza3idmlnd2//wDw86sg4FZi0ccxi0fORJIxy0lZUMdJLBEGRz0jXH13N6t07IiSN+a0aJ8SN0IDTkGKktOWZ5cm902e6P0CeXfuhhltVZxPPrFh1ay64CnYOFZCr5Zmf/SDGaUS4wgxJ6dhWotwMCUUxI9NSP5UkQXiEBsTRyFFEpJvNj5jCU+0EMIyFflzBuft7IkORlOPI150RUkO5XJuZ/9WcVIWXbkZ5kirC8WJRmDKoYjhLBAZUEKzYWAPCguq/QjxEAmGlcyvpEOzlk1eh06jbmm/OK81aHkcRlMEJqAIbXIAmuAYt0AYYPIAn8AJejUfj2Xgz3hetBSOfOQZ/ZHx8A57rl1c=</latexit><latexit sha1_base64="hGzaB1orFB0kqhdoXnNYfPO0T1k=">AAACBHicbZDLSsNAFIYn9VbrLeqym8EiVCglKYIuC25cVrAXSEOYTCbt0MkkzEzEknbhxldx40IRtz6EO9/GaRtBW38Y+PjPOZw5v58wKpVlfRmFtfWNza3idmlnd2//wDw86sg4FZi0ccxi0fORJIxy0lZUMdJLBEGRz0jXH13N6t07IiSN+a0aJ8SN0IDTkGKktOWZ5cm902e6P0CeXfuhhltVZxPPrFh1ay64CnYOFZCr5Zmf/SDGaUS4wgxJ6dhWotwMCUUxI9NSP5UkQXiEBsTRyFFEpJvNj5jCU+0EMIyFflzBuft7IkORlOPI150RUkO5XJuZ/9WcVIWXbkZ5kirC8WJRmDKoYjhLBAZUEKzYWAPCguq/QjxEAmGlcyvpEOzlk1eh06jbmm/OK81aHkcRlMEJqAIbXIAmuAYt0AYYPIAn8AJejUfj2Xgz3hetBSOfOQZ/ZHx8A57rl1c=</latexit>

! " ! 3
<latexit sha1_base64="cM+i1lwMDDmnQ6f5KxuR7qZPdCs=">AAACA3icdVDLSsNAFJ34rPUVdaebwSK4KCVpLW12BTcuK9gHNCFMJtN26GQSZiZCCQU3/oobF4q49Sfc+TdO2goqemDgcM493LknSBiVyrI+jJXVtfWNzcJWcXtnd2/fPDjsyjgVmHRwzGLRD5AkjHLSUVQx0k8EQVHASC+YXOZ+75YISWN+o6YJ8SI04nRIMVJa8s1jVyokoFuG0E0k9TOX6XCI/NrMN0tWxWnW67UmtCqW5VSdhiaO49gNG9payVECS7R9890NY5xGhCvMkJQD20qUlyGhKGZkVnRTSRKEJ2hEBppyFBHpZfMbZvBMKyEcxkI/ruBc/Z7IUCTlNAr0ZITUWP72cvEvb5CqYdPLKE9SRTheLBqmDKoY5oXAkAqCFZtqgrCg+q8Qj5FAWOnairqEr0vh/6RbrdiaX1+UWuVlHQVwAk7BObBBA7TAFWiDDsDgDjyAJ/Bs3BuPxovxuhhdMZaZI/ADxtsnWu2XSg==</latexit><latexit sha1_base64="cM+i1lwMDDmnQ6f5KxuR7qZPdCs=">AAACA3icdVDLSsNAFJ34rPUVdaebwSK4KCVpLW12BTcuK9gHNCFMJtN26GQSZiZCCQU3/oobF4q49Sfc+TdO2goqemDgcM493LknSBiVyrI+jJXVtfWNzcJWcXtnd2/fPDjsyjgVmHRwzGLRD5AkjHLSUVQx0k8EQVHASC+YXOZ+75YISWN+o6YJ8SI04nRIMVJa8s1jVyokoFuG0E0k9TOX6XCI/NrMN0tWxWnW67UmtCqW5VSdhiaO49gNG9payVECS7R9890NY5xGhCvMkJQD20qUlyGhKGZkVnRTSRKEJ2hEBppyFBHpZfMbZvBMKyEcxkI/ruBc/Z7IUCTlNAr0ZITUWP72cvEvb5CqYdPLKE9SRTheLBqmDKoY5oXAkAqCFZtqgrCg+q8Qj5FAWOnairqEr0vh/6RbrdiaX1+UWuVlHQVwAk7BObBBA7TAFWiDDsDgDjyAJ/Bs3BuPxovxuhhdMZaZI/ADxtsnWu2XSg==</latexit><latexit sha1_base64="cM+i1lwMDDmnQ6f5KxuR7qZPdCs=">AAACA3icdVDLSsNAFJ34rPUVdaebwSK4KCVpLW12BTcuK9gHNCFMJtN26GQSZiZCCQU3/oobF4q49Sfc+TdO2goqemDgcM493LknSBiVyrI+jJXVtfWNzcJWcXtnd2/fPDjsyjgVmHRwzGLRD5AkjHLSUVQx0k8EQVHASC+YXOZ+75YISWN+o6YJ8SI04nRIMVJa8s1jVyokoFuG0E0k9TOX6XCI/NrMN0tWxWnW67UmtCqW5VSdhiaO49gNG9payVECS7R9890NY5xGhCvMkJQD20qUlyGhKGZkVnRTSRKEJ2hEBppyFBHpZfMbZvBMKyEcxkI/ruBc/Z7IUCTlNAr0ZITUWP72cvEvb5CqYdPLKE9SRTheLBqmDKoY5oXAkAqCFZtqgrCg+q8Qj5FAWOnairqEr0vh/6RbrdiaX1+UWuVlHQVwAk7BObBBA7TAFWiDDsDgDjyAJ/Bs3BuPxovxuhhdMZaZI/ADxtsnWu2XSg==</latexit><latexit sha1_base64="cM+i1lwMDDmnQ6f5KxuR7qZPdCs=">AAACA3icdVDLSsNAFJ34rPUVdaebwSK4KCVpLW12BTcuK9gHNCFMJtN26GQSZiZCCQU3/oobF4q49Sfc+TdO2goqemDgcM493LknSBiVyrI+jJXVtfWNzcJWcXtnd2/fPDjsyjgVmHRwzGLRD5AkjHLSUVQx0k8EQVHASC+YXOZ+75YISWN+o6YJ8SI04nRIMVJa8s1jVyokoFuG0E0k9TOX6XCI/NrMN0tWxWnW67UmtCqW5VSdhiaO49gNG9payVECS7R9890NY5xGhCvMkJQD20qUlyGhKGZkVnRTSRKEJ2hEBppyFBHpZfMbZvBMKyEcxkI/ruBc/Z7IUCTlNAr0ZITUWP72cvEvb5CqYdPLKE9SRTheLBqmDKoY5oXAkAqCFZtqgrCg+q8Qj5FAWOnairqEr0vh/6RbrdiaX1+UWuVlHQVwAk7BObBBA7TAFWiDDsDgDjyAJ/Bs3BuPxovxuhhdMZaZI/ADxtsnWu2XSg==</latexit>

! , 1/scale

<latexit sha1_base64="P1nbshHomV7SZ1OGnTDJeKs0Pqs=">AAACFnicbVDLSsNAFJ3UV62vqAsXbgaL4EJqUgrqruDGZQX7gCaUyWTSDp08mLkRS+h/uHerv+BO3Lr1D/wMJ20W2npg4HDOuXO5x0sEV2BZX0ZpZXVtfaO8Wdna3tndM/cPOipOJWVtGotY9jyimOARawMHwXqJZCT0BOt645vc7z4wqXgc3cMkYW5IhhEPOCWgpYF55Agd9sk5doA9QmZfKEoEmw7MqlWzZsDLxC5IFRVoDcxvx49pGrIIqCBK9W0rATcjEjjV/1WcVLGE0DEZsr6mEQmZcrPZAVN8qhUfB7HULwI8U39PZCRUahJ6OhkSGKlFLxf/9XJFqkAt7Ifgys14lKTAIjpfH6QCQ4zzjrDPJaMgJpoQKrm+ANMRkYSCbrKiq7EXi1gmnXrNbtSu7xrVZr0oqYyO0Qk6Qza6RE10i1qojSiaomf0gl6NJ+PNeDc+5tGSUcwcoj8wPn8AlJCfeg==</latexit>

! k+1 < ! k

<latexit sha1_base64="jBjdHP8hg1tBog/yHRxLQ1jfOcQ=">AAACGnicbVDLSsNAFL3xWesr6rKbwSIIQklKQQUXBTcuK9gHtCFMJpN26OTBzEQoIQv/w71b/QV34taNf+BnOG0DauuBgTPnnMvlHi/hTCrL+jRWVtfWNzZLW+Xtnd29ffPgsCPjVBDaJjGPRc/DknIW0bZiitNeIigOPU673vh66nfvqZAsju7UJKFOiIcRCxjBSkuuWRlwHfaxm43P7BxdoZ9/7ppVq2bNgJaJXZAqFGi55tfAj0ka0kgRjqXs21ainAwLxQineXmQSppgMsZD2tc0wiGVTjY7IkcnWvFREAv9IoVm6u+JDIdSTkJPJ0OsRnLRm4r/elNFyEAu7FfBhZOxKEkVjch8fZBypGI07Qn5TFCi+EQTTATTFyAywgITpdss62rsxSKWSadesxu1y9tGtVkvSipBBY7hFGw4hybcQAvaQOABnuAZXoxH49V4M97n0RWjmDmCPzA+vgFfNqDu</latexit>

1/ ! k+1 > 1/ ! k

<latexit sha1_base64="rfaaZRLM+u9KeF5ZtC0r9xmyjxM=">AAACInicbVDLSsNAFL3xWeur6tLNYBEEoSaloG6k4MZlBfuANpTJdNIOnUzCzEQoIR/gf7h3q7/gTlwJfoCf4aTNwrYeuHA451wu93gRZ0rb9pe1srq2vrFZ2Cpu7+zu7ZcODlsqjCWhTRLyUHY8rChngjY105x2Iklx4HHa9sa3md9+pFKxUDzoSUTdAA8F8xnB2kj9UtlBF6jHzcIA95PxuZOiGzSvpSZlV+wp0DJxclKGHI1+6ac3CEkcUKEJx0p1HTvSboKlZoTTtNiLFY0wGeMh7RoqcECVm0yfSdGpUQbID6UZodFU/buR4ECpSeCZZID1SC16mfivlylS+Wrhvvav3ISJKNZUkNl5P+ZIhyjrCw2YpETziSGYSGY+QGSEJSbatFrMClwsYpm0qhWnVrm+r5Xr1bykAhzDCZyBA5dQhztoQBMIPMELvMKb9Wy9Wx/W5yy6YuU7RzAH6/sXv3eigA==</latexit>

scale ordered



The Mallat Scattering Transform (MST)8

Father Wavelet

!

! (t)

!

Mallat Scattering Transform, ÷W! {}

! "

[Mallat 2012; Bruna and Mallat 2013; Mallat 2016] F W

Stationary

Lipschitz
Continuous

! "

S1

x ! " ! 1
<latexit sha1_base64="nPotA2RgFmQRxHybBn/5SIXNnII=">AAACB3icbZDLSsNAFIYn9VbrLepSkMEiuJCSFEGXBTcuK9gLNCGcTCbt0MmFmYlYQndufBU3LhRx6yu4822cpllo6w8DH/85Z2bO76ecSWVZ30ZlZXVtfaO6Wdva3tndM/cPujLJBKEdkvBE9H2QlLOYdhRTnPZTQSHyOe354+tZvXdPhWRJfKcmKXUjGMYsZASUtjzz+AE759iRCkQBqWRe7nB9QQCePfXMutWwCuFlsEuoo1Jtz/xygoRkEY0V4SDlwLZS5eYgFCOcTmtOJmkKZAxDOtAYQ0Slmxd7TPGpdgIcJkKfWOHC/T2RQyTlJPJ1ZwRqJBdrM/O/2iBT4ZWbszjNFI3J/KEw41gleBYKDpigRPGJBiCC6b9iMgIBROnoajoEe3HlZeg2G7bm24t6q1nGUUVH6ASdIRtdoha6QW3UQQQ9omf0it6MJ+PFeDc+5q0Vo5w5RH9kfP4ALm2YMQ==</latexit><latexit sha1_base64="nPotA2RgFmQRxHybBn/5SIXNnII=">AAACB3icbZDLSsNAFIYn9VbrLepSkMEiuJCSFEGXBTcuK9gLNCGcTCbt0MmFmYlYQndufBU3LhRx6yu4822cpllo6w8DH/85Z2bO76ecSWVZ30ZlZXVtfaO6Wdva3tndM/cPujLJBKEdkvBE9H2QlLOYdhRTnPZTQSHyOe354+tZvXdPhWRJfKcmKXUjGMYsZASUtjzz+AE759iRCkQBqWRe7nB9QQCePfXMutWwCuFlsEuoo1Jtz/xygoRkEY0V4SDlwLZS5eYgFCOcTmtOJmkKZAxDOtAYQ0Slmxd7TPGpdgIcJkKfWOHC/T2RQyTlJPJ1ZwRqJBdrM/O/2iBT4ZWbszjNFI3J/KEw41gleBYKDpigRPGJBiCC6b9iMgIBROnoajoEe3HlZeg2G7bm24t6q1nGUUVH6ASdIRtdoha6QW3UQQQ9omf0it6MJ+PFeDc+5q0Vo5w5RH9kfP4ALm2YMQ==</latexit><latexit sha1_base64="nPotA2RgFmQRxHybBn/5SIXNnII=">AAACB3icbZDLSsNAFIYn9VbrLepSkMEiuJCSFEGXBTcuK9gLNCGcTCbt0MmFmYlYQndufBU3LhRx6yu4822cpllo6w8DH/85Z2bO76ecSWVZ30ZlZXVtfaO6Wdva3tndM/cPujLJBKEdkvBE9H2QlLOYdhRTnPZTQSHyOe354+tZvXdPhWRJfKcmKXUjGMYsZASUtjzz+AE759iRCkQBqWRe7nB9QQCePfXMutWwCuFlsEuoo1Jtz/xygoRkEY0V4SDlwLZS5eYgFCOcTmtOJmkKZAxDOtAYQ0Slmxd7TPGpdgIcJkKfWOHC/T2RQyTlJPJ1ZwRqJBdrM/O/2iBT4ZWbszjNFI3J/KEw41gleBYKDpigRPGJBiCC6b9iMgIBROnoajoEe3HlZeg2G7bm24t6q1nGUUVH6ASdIRtdoha6QW3UQQQ9omf0it6MJ+PFeDc+5q0Vo5w5RH9kfP4ALm2YMQ==</latexit><latexit sha1_base64="nPotA2RgFmQRxHybBn/5SIXNnII=">AAACB3icbZDLSsNAFIYn9VbrLepSkMEiuJCSFEGXBTcuK9gLNCGcTCbt0MmFmYlYQndufBU3LhRx6yu4822cpllo6w8DH/85Z2bO76ecSWVZ30ZlZXVtfaO6Wdva3tndM/cPujLJBKEdkvBE9H2QlLOYdhRTnPZTQSHyOe354+tZvXdPhWRJfKcmKXUjGMYsZASUtjzz+AE759iRCkQBqWRe7nB9QQCePfXMutWwCuFlsEuoo1Jtz/xygoRkEY0V4SDlwLZS5eYgFCOcTmtOJmkKZAxDOtAYQ0Slmxd7TPGpdgIcJkKfWOHC/T2RQyTlJPJ1ZwRqJBdrM/O/2iBT4ZWbszjNFI3J/KEw41gleBYKDpigRPGJBiCC6b9iMgIBROnoajoEe3HlZeg2G7bm24t6q1nGUUVH6ASdIRtdoha6QW3UQQQ9omf0it6MJ+PFeDc+5q0Vo5w5RH9kfP4ALm2YMQ==</latexit>

S1
<latexit sha1_base64="wF3gq50X2pmKNaFYYFTGmG/j4FI=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSItRjwYvHSu0HtKFstpt26WYTdidCCf0JXjwo4tVf5M1/47bNQVtfWHh4Z4adeYNECoOu++0UtrZ3dveK+6WDw6Pjk/LpWcfEqWa8zWIZ615ADZdC8TYKlLyXaE6jQPJuML1b1LtPXBsRq0ecJdyP6FiJUDCK1mq1ht6wXHGr7lJkE7wcKpCrOSx/DUYxSyOukElqTN9zE/QzqlEwyeelQWp4QtmUjnnfoqIRN362XHVOrqwzImGs7VNIlu7viYxGxsyiwHZGFCdmvbYw/6v1Uwxv/UyoJEWu2OqjMJUEY7K4m4yE5gzlzAJlWthdCZtQTRnadEo2BG/95E3o1Kqe5YebSqOWx1GEC7iEa/CgDg24hya0gcEYnuEV3hzpvDjvzseqteDkM+fwR87nD851jWs=</latexit><latexit sha1_base64="wF3gq50X2pmKNaFYYFTGmG/j4FI=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSItRjwYvHSu0HtKFstpt26WYTdidCCf0JXjwo4tVf5M1/47bNQVtfWHh4Z4adeYNECoOu++0UtrZ3dveK+6WDw6Pjk/LpWcfEqWa8zWIZ615ADZdC8TYKlLyXaE6jQPJuML1b1LtPXBsRq0ecJdyP6FiJUDCK1mq1ht6wXHGr7lJkE7wcKpCrOSx/DUYxSyOukElqTN9zE/QzqlEwyeelQWp4QtmUjnnfoqIRN362XHVOrqwzImGs7VNIlu7viYxGxsyiwHZGFCdmvbYw/6v1Uwxv/UyoJEWu2OqjMJUEY7K4m4yE5gzlzAJlWthdCZtQTRnadEo2BG/95E3o1Kqe5YebSqOWx1GEC7iEa/CgDg24hya0gcEYnuEV3hzpvDjvzseqteDkM+fwR87nD851jWs=</latexit><latexit sha1_base64="wF3gq50X2pmKNaFYYFTGmG/j4FI=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSItRjwYvHSu0HtKFstpt26WYTdidCCf0JXjwo4tVf5M1/47bNQVtfWHh4Z4adeYNECoOu++0UtrZ3dveK+6WDw6Pjk/LpWcfEqWa8zWIZ615ADZdC8TYKlLyXaE6jQPJuML1b1LtPXBsRq0ecJdyP6FiJUDCK1mq1ht6wXHGr7lJkE7wcKpCrOSx/DUYxSyOukElqTN9zE/QzqlEwyeelQWp4QtmUjnnfoqIRN362XHVOrqwzImGs7VNIlu7viYxGxsyiwHZGFCdmvbYw/6v1Uwxv/UyoJEWu2OqjMJUEY7K4m4yE5gzlzAJlWthdCZtQTRnadEo2BG/95E3o1Kqe5YebSqOWx1GEC7iEa/CgDg24hya0gcEYnuEV3hzpvDjvzseqteDkM+fwR87nD851jWs=</latexit><latexit sha1_base64="wF3gq50X2pmKNaFYYFTGmG/j4FI=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSItRjwYvHSu0HtKFstpt26WYTdidCCf0JXjwo4tVf5M1/47bNQVtfWHh4Z4adeYNECoOu++0UtrZ3dveK+6WDw6Pjk/LpWcfEqWa8zWIZ615ADZdC8TYKlLyXaE6jQPJuML1b1LtPXBsRq0ecJdyP6FiJUDCK1mq1ht6wXHGr7lJkE7wcKpCrOSx/DUYxSyOukElqTN9zE/QzqlEwyeelQWp4QtmUjnnfoqIRN362XHVOrqwzImGs7VNIlu7viYxGxsyiwHZGFCdmvbYw/6v1Uwxv/UyoJEWu2OqjMJUEY7K4m4yE5gzlzAJlWthdCZtQTRnadEo2BG/95E3o1Kqe5YebSqOWx1GEC7iEa/CgDg24hya0gcEYnuEV3hzpvDjvzseqteDkM+fwR87nD851jWs=</latexit>

÷W
<latexit sha1_base64="eKZzjbZXvBH+Na8Bwv6nuf5p5no=">AAAB/HicbVBNS8NAFNzUr1q/oj16WSyCp5KIYI8FLx4r2FZoQ9lsXtqlm03Y3QghxL/ixYMiXv0h3vw3btoctHVgYZh5jzc7fsKZ0o7zbdU2Nre2d+q7jb39g8Mj+/hkoOJUUujTmMfywScKOBPQ10xzeEgkkMjnMPTnN6U/fASpWCzudZaAF5GpYCGjRBtpYjfHmvEA8nFE9IwSng+LYmK3nLazAF4nbkVaqEJvYn+Ng5imEQhNOVFq5DqJ9nIiNaMcisY4VZAQOidTGBkqSATKyxfhC3xulACHsTRPaLxQf2/kJFIqi3wzWWZUq14p/ueNUh12vJyJJNUg6PJQmHKsY1w2gQMmgWqeGUKoZCYrpjMiCdWmr4YpwV398joZXLZdw++uWt1OVUcdnaIzdIFcdI266Bb1UB9RlKFn9IrerCfrxXq3PpajNavaaaI/sD5/AIXYlUo=</latexit><latexit sha1_base64="eKZzjbZXvBH+Na8Bwv6nuf5p5no=">AAAB/HicbVBNS8NAFNzUr1q/oj16WSyCp5KIYI8FLx4r2FZoQ9lsXtqlm03Y3QghxL/ixYMiXv0h3vw3btoctHVgYZh5jzc7fsKZ0o7zbdU2Nre2d+q7jb39g8Mj+/hkoOJUUujTmMfywScKOBPQ10xzeEgkkMjnMPTnN6U/fASpWCzudZaAF5GpYCGjRBtpYjfHmvEA8nFE9IwSng+LYmK3nLazAF4nbkVaqEJvYn+Ng5imEQhNOVFq5DqJ9nIiNaMcisY4VZAQOidTGBkqSATKyxfhC3xulACHsTRPaLxQf2/kJFIqi3wzWWZUq14p/ueNUh12vJyJJNUg6PJQmHKsY1w2gQMmgWqeGUKoZCYrpjMiCdWmr4YpwV398joZXLZdw++uWt1OVUcdnaIzdIFcdI266Bb1UB9RlKFn9IrerCfrxXq3PpajNavaaaI/sD5/AIXYlUo=</latexit><latexit sha1_base64="eKZzjbZXvBH+Na8Bwv6nuf5p5no=">AAAB/HicbVBNS8NAFNzUr1q/oj16WSyCp5KIYI8FLx4r2FZoQ9lsXtqlm03Y3QghxL/ixYMiXv0h3vw3btoctHVgYZh5jzc7fsKZ0o7zbdU2Nre2d+q7jb39g8Mj+/hkoOJUUujTmMfywScKOBPQ10xzeEgkkMjnMPTnN6U/fASpWCzudZaAF5GpYCGjRBtpYjfHmvEA8nFE9IwSng+LYmK3nLazAF4nbkVaqEJvYn+Ng5imEQhNOVFq5DqJ9nIiNaMcisY4VZAQOidTGBkqSATKyxfhC3xulACHsTRPaLxQf2/kJFIqi3wzWWZUq14p/ueNUh12vJyJJNUg6PJQmHKsY1w2gQMmgWqeGUKoZCYrpjMiCdWmr4YpwV398joZXLZdw++uWt1OVUcdnaIzdIFcdI266Bb1UB9RlKFn9IrerCfrxXq3PpajNavaaaI/sD5/AIXYlUo=</latexit><latexit sha1_base64="eKZzjbZXvBH+Na8Bwv6nuf5p5no=">AAAB/HicbVBNS8NAFNzUr1q/oj16WSyCp5KIYI8FLx4r2FZoQ9lsXtqlm03Y3QghxL/ixYMiXv0h3vw3btoctHVgYZh5jzc7fsKZ0o7zbdU2Nre2d+q7jb39g8Mj+/hkoOJUUujTmMfywScKOBPQ10xzeEgkkMjnMPTnN6U/fASpWCzudZaAF5GpYCGjRBtpYjfHmvEA8nFE9IwSng+LYmK3nLazAF4nbkVaqEJvYn+Ng5imEQhNOVFq5DqJ9nIiNaMcisY4VZAQOidTGBkqSATKyxfhC3xulACHsTRPaLxQf2/kJFIqi3wzWWZUq14p/ueNUh12vJyJJNUg6PJQmHKsY1w2gQMmgWqeGUKoZCYrpjMiCdWmr4YpwV398joZXLZdw++uWt1OVUcdnaIzdIFcdI266Bb1UB9RlKFn9IrerCfrxXq3PpajNavaaaI/sD5/AIXYlUo=</latexit>

Sm [! !
m!

n =1

! n ]x = ÷Wm { x(t)} = |||x " # ! 1 | " # ! 2 | á á á" # ! m |
<latexit sha1_base64="6MpsV8iD1vQwHE+jc8RiWAFD8mM="></latexit><latexit sha1_base64="6MpsV8iD1vQwHE+jc8RiWAFD8mM="></latexit><latexit sha1_base64="6MpsV8iD1vQwHE+jc8RiWAFD8mM="></latexit><latexit sha1_base64="6MpsV8iD1vQwHE+jc8RiWAFD8mM="></latexit>

S1[! 1]x = ÷W1{ x(t)} = |x " # ! 1 |
<latexit sha1_base64="gKn0i+iYPj2eJnzCTeHt4J3D2r0="></latexit><latexit sha1_base64="gKn0i+iYPj2eJnzCTeHt4J3D2r0="></latexit><latexit sha1_base64="gKn0i+iYPj2eJnzCTeHt4J3D2r0="></latexit><latexit sha1_base64="gKn0i+iYPj2eJnzCTeHt4J3D2r0="></latexit>

!

<latexit sha1_base64="9kSQmjL4EUkHVH9xjN8q/acH8z8=">AAACBHicbVDLSgMxFL1TX7W+qi7dBIvgqsyUgroruHFZwT6gHUomk2lDM8mQZIQydOverf6CO3Hrf/gHfoaZdhbaeiBwOOdc7s0JEs60cd0vp7SxubW9U96t7O0fHB5Vj0+6WqaK0A6RXKp+gDXlTNCOYYbTfqIojgNOe8H0Nvd7j1RpJsWDmSXUj/FYsIgRbKzUG3IbDfGoWnPr7gJonXgFqUGB9qj6PQwlSWMqDOFY64HnJsbPsDKMcDqvDFNNE0ymeEwHlgocU+1ni3Pn6MIqIYqksk8YtFB/T2Q41noWBzYZYzPRq14u/uvlitKRXtlvoms/YyJJDRVkuT5KOTIS5Y2gkClKDJ9Zgoli9geITLDCxNjeKrYab7WIddJt1L1m/ea+WWs1ipLKcAbncAkeXEEL7qANHSAwhWd4gVfnyXlz3p2PZbTkFDOn8AfO5w8pFJjc</latexit>

note:  scale ordered path is isomorphic to the real numbers, that is ZZ ! R

<latexit sha1_base64="6djvXTJ18Q+f2UJy1ca10yD0tyA=">AAACJHicbVDLSgMxFM34rPU16tJNsBRcSJmRgroruHFZxT6wM5ZMmmlDk8yQZIQy9Av8D/du9RfciQs3rv0MM+2I2nogcO4593JzTxAzqrTjvFsLi0vLK6uFteL6xubWtr2z21RRIjFp4IhFsh0gRRgVpKGpZqQdS4J4wEgrGJ5nfuuOSEUjca1HMfE56gsaUoy0kbp22eNID4IgvRnf/lDoKcrhd3017tolp+JMAOeJm5MSyFHv2p9eL8IJJ0JjhpTquE6s/RRJTTEj46KXKBIjPER90jFUIE6Un07OGcOyUXowjKR5QsOJ+nsiRVypEQ9MZ/ZDNetl4r9epkgVqpn9Ojz1UyriRBOBp+vDhEEdwSwx2KOSYM1GhiAsqbkA4gGSCGuTa9FE484GMU+axxW3Wjm7rJZqR3lIBbAPDsAhcMEJqIELUAcNgME9eARP4Nl6sF6sV+tt2rpg5TN74A+sjy/t26YF</latexit>



Our systems are diffeomorphisms9

¥Liouville equation 
¥BBGKY hierarchy 
¥Master equation 
¥Vlasov equation 
¥Boltzmann equation 
¥multi fluid equations 
¥Navier-Stokes equations 
¥MHD equations 
¥Heat diffusion 
¥Radiation transport 
¥Quantum field theory 
¥Quantum mechanics 
¥MaxwellÕs equations 
¥NewtonÕs equations 
¥Principled models of  material 

strength/failure 
¥etc.

that is, advection by a vector field

this is why Lipschitz continuity (continuity under 
diffeomorphism, deformation, or advection) is such a big deal 

!" (N )

! t
+ L u ( N ) " (N ) = 0

<latexit sha1_base64="7W773eHIVkRqNsn/4a4KRl20SBg="></latexit><latexit sha1_base64="7W773eHIVkRqNsn/4a4KRl20SBg="></latexit><latexit sha1_base64="7W773eHIVkRqNsn/4a4KRl20SBg="></latexit><latexit sha1_base64="7W773eHIVkRqNsn/4a4KRl20SBg="></latexit>

Generalized Liouville Equation

! (n ) ! f n " (n ) = n-particle distribution form, where " (n ) !
n!

i =1

" #i

<latexit sha1_base64="mLJp6wln6VdW7K7NWd9fZjX5E88="></latexit><latexit sha1_base64="mLJp6wln6VdW7K7NWd9fZjX5E88="></latexit><latexit sha1_base64="mLJp6wln6VdW7K7NWd9fZjX5E88="></latexit><latexit sha1_base64="mLJp6wln6VdW7K7NWd9fZjX5E88="></latexit>

iu ( n ) ! (n ) = ! dH (n ) , where ! (n ) "
n!

i =1

! i

<latexit sha1_base64="pK58KrEbgLgUCrEnktrnp1SO0Oc="></latexit><latexit sha1_base64="pK58KrEbgLgUCrEnktrnp1SO0Oc="></latexit><latexit sha1_base64="pK58KrEbgLgUCrEnktrnp1SO0Oc="></latexit><latexit sha1_base64="pK58KrEbgLgUCrEnktrnp1SO0Oc="></latexit>

Generalized BBGKY 
Hierarchy

u(n )
int !

n!

i =1

ui,n +1

<latexit sha1_base64="YdHc4po/R9dik/6sdLxLKPVE/xg="></latexit><latexit sha1_base64="YdHc4po/R9dik/6sdLxLKPVE/xg="></latexit><latexit sha1_base64="YdHc4po/R9dik/6sdLxLKPVE/xg="></latexit><latexit sha1_base64="YdHc4po/R9dik/6sdLxLKPVE/xg="></latexit>

!" (n )

! t
+ L u ( n ) " (n ) = ! n0

!

T ! M
L u ( n )

int
" (n +1)

<latexit sha1_base64="MUHsdVsNjZqEmMctDvAbMFnlIjA="></latexit><latexit sha1_base64="MUHsdVsNjZqEmMctDvAbMFnlIjA="></latexit><latexit sha1_base64="MUHsdVsNjZqEmMctDvAbMFnlIjA="></latexit><latexit sha1_base64="MUHsdVsNjZqEmMctDvAbMFnlIjA="></latexit>

! = statisitcal distribution or QFT density of states = |f ! " f |

<latexit sha1_base64="u7TgKtgY1Bg6usJdEH3PQ4kCAbI="></latexit>



øf 1 evolves at collision rate =
d! /dt

!
! !

<latexit sha1_base64="wnzG5WwzdGYSvdE9slSl2eOib1A="></latexit>

Relation of MST to Generalized Master Equation: ideas of Bogoliubov10

f 1 relaxes at dynamic rate = !
<latexit sha1_base64="R9T6ydQp/j8TdXo3nqkOrsTRRxk=">AAACMnicbZDJSgNBEIZ7XGPcoh69NAbBg8iMCHoRAl68GcEskIRQ06mJjT0L3TWSMOQlfBYPXvUt9CZeBV/BznLQJAUNH/9fRXX9fqKkIdd9dxYWl5ZXVnNr+fWNza3tws5u1cSpFlgRsYp13QeDSkZYIUkK64lGCH2FNf/haujXHlEbGUd31E+wFUI3koEUQFZqF46DtsebhD3KuEYFPTQciHf6EYRScA2EA37JmzchdqFdKLon7qj4LHgTKLJJlduFn2YnFmmIEQkFxjQ8N6FWBpqkUDjIN1ODCYgH6GLDot2JppWNrhrwQ6t0eBBr+yLiI/XvRAahMf3Qt50h0L2Z9obiXG+oaBOYeWYjpeCilckoSQkjMf5FkCpOMR/mxztSoyDVtwBCS3sIF/egQZBNOW8T8qbzmIXq6Yln+fasWDqdZJVj++yAHTGPnbMSu2ZlVmGCPbEX9srenGfnw/l0vsatC85kZo/9K+f7F3iLqg0=</latexit><latexit sha1_base64="R9T6ydQp/j8TdXo3nqkOrsTRRxk=">AAACMnicbZDJSgNBEIZ7XGPcoh69NAbBg8iMCHoRAl68GcEskIRQ06mJjT0L3TWSMOQlfBYPXvUt9CZeBV/BznLQJAUNH/9fRXX9fqKkIdd9dxYWl5ZXVnNr+fWNza3tws5u1cSpFlgRsYp13QeDSkZYIUkK64lGCH2FNf/haujXHlEbGUd31E+wFUI3koEUQFZqF46DtsebhD3KuEYFPTQciHf6EYRScA2EA37JmzchdqFdKLon7qj4LHgTKLJJlduFn2YnFmmIEQkFxjQ8N6FWBpqkUDjIN1ODCYgH6GLDot2JppWNrhrwQ6t0eBBr+yLiI/XvRAahMf3Qt50h0L2Z9obiXG+oaBOYeWYjpeCilckoSQkjMf5FkCpOMR/mxztSoyDVtwBCS3sIF/egQZBNOW8T8qbzmIXq6Yln+fasWDqdZJVj++yAHTGPnbMSu2ZlVmGCPbEX9srenGfnw/l0vsatC85kZo/9K+f7F3iLqg0=</latexit><latexit sha1_base64="R9T6ydQp/j8TdXo3nqkOrsTRRxk=">AAACMnicbZDJSgNBEIZ7XGPcoh69NAbBg8iMCHoRAl68GcEskIRQ06mJjT0L3TWSMOQlfBYPXvUt9CZeBV/BznLQJAUNH/9fRXX9fqKkIdd9dxYWl5ZXVnNr+fWNza3tws5u1cSpFlgRsYp13QeDSkZYIUkK64lGCH2FNf/haujXHlEbGUd31E+wFUI3koEUQFZqF46DtsebhD3KuEYFPTQciHf6EYRScA2EA37JmzchdqFdKLon7qj4LHgTKLJJlduFn2YnFmmIEQkFxjQ8N6FWBpqkUDjIN1ODCYgH6GLDot2JppWNrhrwQ6t0eBBr+yLiI/XvRAahMf3Qt50h0L2Z9obiXG+oaBOYeWYjpeCilckoSQkjMf5FkCpOMR/mxztSoyDVtwBCS3sIF/egQZBNOW8T8qbzmIXq6Yln+fasWDqdZJVj++yAHTGPnbMSu2ZlVmGCPbEX9srenGfnw/l0vsatC85kZo/9K+f7F3iLqg0=</latexit><latexit sha1_base64="R9T6ydQp/j8TdXo3nqkOrsTRRxk=">AAACMnicbZDJSgNBEIZ7XGPcoh69NAbBg8iMCHoRAl68GcEskIRQ06mJjT0L3TWSMOQlfBYPXvUt9CZeBV/BznLQJAUNH/9fRXX9fqKkIdd9dxYWl5ZXVnNr+fWNza3tws5u1cSpFlgRsYp13QeDSkZYIUkK64lGCH2FNf/haujXHlEbGUd31E+wFUI3koEUQFZqF46DtsebhD3KuEYFPTQciHf6EYRScA2EA37JmzchdqFdKLon7qj4LHgTKLJJlduFn2YnFmmIEQkFxjQ8N6FWBpqkUDjIN1ODCYgH6GLDot2JppWNrhrwQ6t0eBBr+yLiI/XvRAahMf3Qt50h0L2Z9obiXG+oaBOYeWYjpeCilckoSQkjMf5FkCpOMR/mxztSoyDVtwBCS3sIF/egQZBNOW8T8qbzmIXq6Yln+fasWDqdZJVj++yAHTGPnbMSu2ZlVmGCPbEX9srenGfnw/l0vsatC85kZo/9K+f7F3iLqg0=</latexit>

øf 2 evolves at correlation rate =
d2! /dt 2

! 2 !
d! /dt

!
! !

<latexit sha1_base64="Z+9rLPJED5Sy0kyCPuql1KEz834="></latexit><latexit sha1_base64="Z+9rLPJED5Sy0kyCPuql1KEz834="></latexit><latexit sha1_base64="Z+9rLPJED5Sy0kyCPuql1KEz834="></latexit><latexit sha1_base64="Z+9rLPJED5Sy0kyCPuql1KEz834="></latexit>

f 2 relaxes at collision rate
<latexit sha1_base64="55cos4GwP1kDokzLLxj8D6lvZkE=">AAACK3icbVDJSgNBEO1xN26jHr00hoAnmQmCHgUvHhXMAkkYajo1SWPPQneNGIZ8gd/iwat+hifFq2d/wU4yB5c8aHi8V1Vd9cJMSUOe9+YsLC4tr6yurVc2Nre2d9zdvaZJcy2wIVKV6nYIBpVMsEGSFLYzjRCHClvh7cXEb92hNjJNbmiUYS+GQSIjKYCsFLi1KKjzLuE9FVyjgns0HIjbwfZzW8E1EI4Dt+ode1Pw/8QvSZWVuArcr24/FXmMCQkFxnR8L6NeAZqkUDiudHODGYhbGGDH0gRiNL1ies6Y16zS51Gq7Uumu6T6Z0cBsTGjOLSVMdDQ/PUm4lxvomgTmXlmJ6forFfIJMsJEzHbIsoVp5RPguN9qVGQGlkCQkt7CBdD0CDIxluxCfl/8/hPmvVj3/Lrk+p5vcxqjR2wQ3bEfHbKztklu2INJtgDe2LP7MV5dF6dd+djVrrglD377Becz28Laaft</latexit><latexit sha1_base64="55cos4GwP1kDokzLLxj8D6lvZkE=">AAACK3icbVDJSgNBEO1xN26jHr00hoAnmQmCHgUvHhXMAkkYajo1SWPPQneNGIZ8gd/iwat+hifFq2d/wU4yB5c8aHi8V1Vd9cJMSUOe9+YsLC4tr6yurVc2Nre2d9zdvaZJcy2wIVKV6nYIBpVMsEGSFLYzjRCHClvh7cXEb92hNjJNbmiUYS+GQSIjKYCsFLi1KKjzLuE9FVyjgns0HIjbwfZzW8E1EI4Dt+ode1Pw/8QvSZWVuArcr24/FXmMCQkFxnR8L6NeAZqkUDiudHODGYhbGGDH0gRiNL1ies6Y16zS51Gq7Uumu6T6Z0cBsTGjOLSVMdDQ/PUm4lxvomgTmXlmJ6forFfIJMsJEzHbIsoVp5RPguN9qVGQGlkCQkt7CBdD0CDIxluxCfl/8/hPmvVj3/Lrk+p5vcxqjR2wQ3bEfHbKztklu2INJtgDe2LP7MV5dF6dd+djVrrglD377Becz28Laaft</latexit><latexit sha1_base64="55cos4GwP1kDokzLLxj8D6lvZkE=">AAACK3icbVDJSgNBEO1xN26jHr00hoAnmQmCHgUvHhXMAkkYajo1SWPPQneNGIZ8gd/iwat+hifFq2d/wU4yB5c8aHi8V1Vd9cJMSUOe9+YsLC4tr6yurVc2Nre2d9zdvaZJcy2wIVKV6nYIBpVMsEGSFLYzjRCHClvh7cXEb92hNjJNbmiUYS+GQSIjKYCsFLi1KKjzLuE9FVyjgns0HIjbwfZzW8E1EI4Dt+ode1Pw/8QvSZWVuArcr24/FXmMCQkFxnR8L6NeAZqkUDiudHODGYhbGGDH0gRiNL1ies6Y16zS51Gq7Uumu6T6Z0cBsTGjOLSVMdDQ/PUm4lxvomgTmXlmJ6forFfIJMsJEzHbIsoVp5RPguN9qVGQGlkCQkt7CBdD0CDIxluxCfl/8/hPmvVj3/Lrk+p5vcxqjR2wQ3bEfHbKztklu2INJtgDe2LP7MV5dF6dd+djVrrglD377Becz28Laaft</latexit><latexit sha1_base64="55cos4GwP1kDokzLLxj8D6lvZkE=">AAACK3icbVDJSgNBEO1xN26jHr00hoAnmQmCHgUvHhXMAkkYajo1SWPPQneNGIZ8gd/iwat+hifFq2d/wU4yB5c8aHi8V1Vd9cJMSUOe9+YsLC4tr6yurVc2Nre2d9zdvaZJcy2wIVKV6nYIBpVMsEGSFLYzjRCHClvh7cXEb92hNjJNbmiUYS+GQSIjKYCsFLi1KKjzLuE9FVyjgns0HIjbwfZzW8E1EI4Dt+ode1Pw/8QvSZWVuArcr24/FXmMCQkFxnR8L6NeAZqkUDiudHODGYhbGGDH0gRiNL1ies6Y16zS51Gq7Uumu6T6Z0cBsTGjOLSVMdDQ/PUm4lxvomgTmXlmJ6forFfIJMsJEzHbIsoVp5RPguN9qVGQGlkCQkt7CBdD0CDIxluxCfl/8/hPmvVj3/Lrk+p5vcxqjR2wQ3bEfHbKztklu2INJtgDe2LP7MV5dF6dd+djVrrglD377Becz28Laaft</latexit>

pullback of first two equations in BBGKY hierarchy,

can be reduced to, assuming the separation of rates,

Generalized Master Equation
p

<latexit sha1_base64="VwNUXymSjzxFz8Q81rELbxvqFQY=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8CAlkYIeC148tmA/oA1ls520azebsLsRSugv8OJBEa/+JG/+G7dtDtr6wsLDOzPszBskgmvjut9OYWNza3unuFva2z84PCofn7R1nCqGLRaLWHUDqlFwiS3DjcBuopBGgcBOMLmb1ztPqDSP5YOZJuhHdCR5yBk11momg3LFrboLkXXwcqhArsag/NUfxiyNUBomqNY9z02Mn1FlOBM4K/VTjQllEzrCnkVJI9R+tlh0Ri6sMyRhrOyThizc3xMZjbSeRoHtjKgZ69Xa3Pyv1ktNeOtnXCapQcmWH4WpICYm86vJkCtkRkwtUKa43ZWwMVWUGZtNyYbgrZ68Du3rqme5WavUr/I4inAG53AJHtxAHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyR8/kD032M3g==</latexit><latexit sha1_base64="VwNUXymSjzxFz8Q81rELbxvqFQY=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8CAlkYIeC148tmA/oA1ls520azebsLsRSugv8OJBEa/+JG/+G7dtDtr6wsLDOzPszBskgmvjut9OYWNza3unuFva2z84PCofn7R1nCqGLRaLWHUDqlFwiS3DjcBuopBGgcBOMLmb1ztPqDSP5YOZJuhHdCR5yBk11momg3LFrboLkXXwcqhArsag/NUfxiyNUBomqNY9z02Mn1FlOBM4K/VTjQllEzrCnkVJI9R+tlh0Ri6sMyRhrOyThizc3xMZjbSeRoHtjKgZ69Xa3Pyv1ktNeOtnXCapQcmWH4WpICYm86vJkCtkRkwtUKa43ZWwMVWUGZtNyYbgrZ68Du3rqme5WavUr/I4inAG53AJHtxAHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyR8/kD032M3g==</latexit><latexit sha1_base64="VwNUXymSjzxFz8Q81rELbxvqFQY=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8CAlkYIeC148tmA/oA1ls520azebsLsRSugv8OJBEa/+JG/+G7dtDtr6wsLDOzPszBskgmvjut9OYWNza3unuFva2z84PCofn7R1nCqGLRaLWHUDqlFwiS3DjcBuopBGgcBOMLmb1ztPqDSP5YOZJuhHdCR5yBk11momg3LFrboLkXXwcqhArsag/NUfxiyNUBomqNY9z02Mn1FlOBM4K/VTjQllEzrCnkVJI9R+tlh0Ri6sMyRhrOyThizc3xMZjbSeRoHtjKgZ69Xa3Pyv1ktNeOtnXCapQcmWH4WpICYm86vJkCtkRkwtUKa43ZWwMVWUGZtNyYbgrZ68Du3rqme5WavUr/I4inAG53AJHtxAHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyR8/kD032M3g==</latexit><latexit sha1_base64="VwNUXymSjzxFz8Q81rELbxvqFQY=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8CAlkYIeC148tmA/oA1ls520azebsLsRSugv8OJBEa/+JG/+G7dtDtr6wsLDOzPszBskgmvjut9OYWNza3unuFva2z84PCofn7R1nCqGLRaLWHUDqlFwiS3DjcBuopBGgcBOMLmb1ztPqDSP5YOZJuhHdCR5yBk11momg3LFrboLkXXwcqhArsag/NUfxiyNUBomqNY9z02Mn1FlOBM4K/VTjQllEzrCnkVJI9R+tlh0Ri6sMyRhrOyThizc3xMZjbSeRoHtjKgZ69Xa3Pyv1ktNeOtnXCapQcmWH4WpICYm86vJkCtkRkwtUKa43ZWwMVWUGZtNyYbgrZ68Du3rqme5WavUr/I4inAG53AJHtxAHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyR8/kD032M3g==</latexit>

p!
<latexit sha1_base64="NCs7Gonr4EJaPZ70qNvj3A3q5Bc=">AAAB6XicbZBNS8NAEIYn9avWr6pHL4tF9CAlKYIeC148VrEf0Iay2W7apZtN2J0IJfQfePGgiFf/kTf/jds2B219YeHhnRl25g0SKQy67rdTWFvf2Nwqbpd2dvf2D8qHRy0Tp5rxJotlrDsBNVwKxZsoUPJOojmNAsnbwfh2Vm8/cW1ErB5xknA/okMlQsEoWushOe+XK27VnYusgpdDBXI1+uWv3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aVDTixs/mm07JmXUGJIy1fQrJ3P09kdHImEkU2M6I4sgs12bmf7VuiuGNnwmVpMgVW3wUppJgTGZnk4HQnKGcWKBMC7srYSOqKUMbTsmG4C2fvAqtWtWzfH9VqV/mcRThBE7hAjy4hjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwR87nDzP8jQ8=</latexit><latexit sha1_base64="NCs7Gonr4EJaPZ70qNvj3A3q5Bc=">AAAB6XicbZBNS8NAEIYn9avWr6pHL4tF9CAlKYIeC148VrEf0Iay2W7apZtN2J0IJfQfePGgiFf/kTf/jds2B219YeHhnRl25g0SKQy67rdTWFvf2Nwqbpd2dvf2D8qHRy0Tp5rxJotlrDsBNVwKxZsoUPJOojmNAsnbwfh2Vm8/cW1ErB5xknA/okMlQsEoWushOe+XK27VnYusgpdDBXI1+uWv3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aVDTixs/mm07JmXUGJIy1fQrJ3P09kdHImEkU2M6I4sgs12bmf7VuiuGNnwmVpMgVW3wUppJgTGZnk4HQnKGcWKBMC7srYSOqKUMbTsmG4C2fvAqtWtWzfH9VqV/mcRThBE7hAjy4hjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwR87nDzP8jQ8=</latexit><latexit sha1_base64="NCs7Gonr4EJaPZ70qNvj3A3q5Bc=">AAAB6XicbZBNS8NAEIYn9avWr6pHL4tF9CAlKYIeC148VrEf0Iay2W7apZtN2J0IJfQfePGgiFf/kTf/jds2B219YeHhnRl25g0SKQy67rdTWFvf2Nwqbpd2dvf2D8qHRy0Tp5rxJotlrDsBNVwKxZsoUPJOojmNAsnbwfh2Vm8/cW1ErB5xknA/okMlQsEoWushOe+XK27VnYusgpdDBXI1+uWv3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aVDTixs/mm07JmXUGJIy1fQrJ3P09kdHImEkU2M6I4sgs12bmf7VuiuGNnwmVpMgVW3wUppJgTGZnk4HQnKGcWKBMC7srYSOqKUMbTsmG4C2fvAqtWtWzfH9VqV/mcRThBE7hAjy4hjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwR87nDzP8jQ8=</latexit><latexit sha1_base64="NCs7Gonr4EJaPZ70qNvj3A3q5Bc=">AAAB6XicbZBNS8NAEIYn9avWr6pHL4tF9CAlKYIeC148VrEf0Iay2W7apZtN2J0IJfQfePGgiFf/kTf/jds2B219YeHhnRl25g0SKQy67rdTWFvf2Nwqbpd2dvf2D8qHRy0Tp5rxJotlrDsBNVwKxZsoUPJOojmNAsnbwfh2Vm8/cW1ErB5xknA/okMlQsEoWushOe+XK27VnYusgpdDBXI1+uWv3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aVDTixs/mm07JmXUGJIy1fQrJ3P09kdHImEkU2M6I4sgs12bmf7VuiuGNnwmVpMgVW3wUppJgTGZnk4HQnKGcWKBMC7srYSOqKUMbTsmG4C2fvAqtWtWzfH9VqV/mcRThBE7hAjy4hjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwR87nDzP8jQ8=</latexit>

k(p!, p)
<latexit sha1_base64="o5FYHtpqyQsI2IDpl6cQPjwGPPw=">AAAB7nicbZDLSgMxFIbP1Futt6pLN8EiVihlpgi6LLhxWcFeoB1KJs20YTKZkGSEMvQh3LhQxK3P4863MW1noa0/BD7+cw455w8kZ9q47rdT2Njc2t4p7pb29g8Oj8rHJx2dpIrQNkl4onoB1pQzQduGGU57UlEcB5x2g+huXu8+UaVZIh7NVFI/xmPBQkawsVY3qsrLmrwalitu3V0IrYOXQwVytYblr8EoIWlMhSEca933XGn8DCvDCKez0iDVVGIS4THtWxQ4ptrPFuvO0IV1RihMlH3CoIX7eyLDsdbTOLCdMTYTvVqbm//V+qkJb/2MCZkaKsjyozDlyCRofjsaMUWJ4VMLmChmd0VkghUmxiZUsiF4qyevQ6dR9yw/XFeatTyOIpzBOVTBgxtowj20oA0EIniGV3hzpPPivDsfy9aCk8+cwh85nz/7446Z</latexit><latexit sha1_base64="o5FYHtpqyQsI2IDpl6cQPjwGPPw=">AAAB7nicbZDLSgMxFIbP1Futt6pLN8EiVihlpgi6LLhxWcFeoB1KJs20YTKZkGSEMvQh3LhQxK3P4863MW1noa0/BD7+cw455w8kZ9q47rdT2Njc2t4p7pb29g8Oj8rHJx2dpIrQNkl4onoB1pQzQduGGU57UlEcB5x2g+huXu8+UaVZIh7NVFI/xmPBQkawsVY3qsrLmrwalitu3V0IrYOXQwVytYblr8EoIWlMhSEca933XGn8DCvDCKez0iDVVGIS4THtWxQ4ptrPFuvO0IV1RihMlH3CoIX7eyLDsdbTOLCdMTYTvVqbm//V+qkJb/2MCZkaKsjyozDlyCRofjsaMUWJ4VMLmChmd0VkghUmxiZUsiF4qyevQ6dR9yw/XFeatTyOIpzBOVTBgxtowj20oA0EIniGV3hzpPPivDsfy9aCk8+cwh85nz/7446Z</latexit><latexit sha1_base64="o5FYHtpqyQsI2IDpl6cQPjwGPPw=">AAAB7nicbZDLSgMxFIbP1Futt6pLN8EiVihlpgi6LLhxWcFeoB1KJs20YTKZkGSEMvQh3LhQxK3P4863MW1noa0/BD7+cw455w8kZ9q47rdT2Njc2t4p7pb29g8Oj8rHJx2dpIrQNkl4onoB1pQzQduGGU57UlEcB5x2g+huXu8+UaVZIh7NVFI/xmPBQkawsVY3qsrLmrwalitu3V0IrYOXQwVytYblr8EoIWlMhSEca933XGn8DCvDCKez0iDVVGIS4THtWxQ4ptrPFuvO0IV1RihMlH3CoIX7eyLDsdbTOLCdMTYTvVqbm//V+qkJb/2MCZkaKsjyozDlyCRofjsaMUWJ4VMLmChmd0VkghUmxiZUsiF4qyevQ6dR9yw/XFeatTyOIpzBOVTBgxtowj20oA0EIniGV3hzpPPivDsfy9aCk8+cwh85nz/7446Z</latexit><latexit sha1_base64="o5FYHtpqyQsI2IDpl6cQPjwGPPw=">AAAB7nicbZDLSgMxFIbP1Futt6pLN8EiVihlpgi6LLhxWcFeoB1KJs20YTKZkGSEMvQh3LhQxK3P4863MW1noa0/BD7+cw455w8kZ9q47rdT2Njc2t4p7pb29g8Oj8rHJx2dpIrQNkl4onoB1pQzQduGGU57UlEcB5x2g+huXu8+UaVZIh7NVFI/xmPBQkawsVY3qsrLmrwalitu3V0IrYOXQwVytYblr8EoIWlMhSEca933XGn8DCvDCKez0iDVVGIS4THtWxQ4ptrPFuvO0IV1RihMlH3CoIX7eyLDsdbTOLCdMTYTvVqbm//V+qkJb/2MCZkaKsjyozDlyCRofjsaMUWJ4VMLmChmd0VkghUmxiZUsiF4qyevQ6dR9yw/XFeatTyOIpzBOVTBgxtowj20oA0EIniGV3hzpPPivDsfy9aCk8+cwh85nz/7446Z</latexit>

k(p, p!)
<latexit sha1_base64="8ZoAs/3PTUDpBHtJKzjDYgtxK/8=">AAAB7nicbZDLSgMxFIbP1Futt6pLN8EiVihlpgi6LLhxWcFeoB1KJs20YTKZkGSEMvQh3LhQxK3P4863MW1noa0/BD7+cw455w8kZ9q47rdT2Njc2t4p7pb29g8Oj8rHJx2dpIrQNkl4onoB1pQzQduGGU57UlEcB5x2g+huXu8+UaVZIh7NVFI/xmPBQkawsVY3qsqavLwalitu3V0IrYOXQwVytYblr8EoIWlMhSEca933XGn8DCvDCKez0iDVVGIS4THtWxQ4ptrPFuvO0IV1RihMlH3CoIX7eyLDsdbTOLCdMTYTvVqbm//V+qkJb/2MCZkaKsjyozDlyCRofjsaMUWJ4VMLmChmd0VkghUmxiZUsiF4qyevQ6dR9yw/XFeatTyOIpzBOVTBgxtowj20oA0EIniGV3hzpPPivDsfy9aCk8+cwh85nz/8MY6Z</latexit><latexit sha1_base64="8ZoAs/3PTUDpBHtJKzjDYgtxK/8=">AAAB7nicbZDLSgMxFIbP1Futt6pLN8EiVihlpgi6LLhxWcFeoB1KJs20YTKZkGSEMvQh3LhQxK3P4863MW1noa0/BD7+cw455w8kZ9q47rdT2Njc2t4p7pb29g8Oj8rHJx2dpIrQNkl4onoB1pQzQduGGU57UlEcB5x2g+huXu8+UaVZIh7NVFI/xmPBQkawsVY3qsqavLwalitu3V0IrYOXQwVytYblr8EoIWlMhSEca933XGn8DCvDCKez0iDVVGIS4THtWxQ4ptrPFuvO0IV1RihMlH3CoIX7eyLDsdbTOLCdMTYTvVqbm//V+qkJb/2MCZkaKsjyozDlyCRofjsaMUWJ4VMLmChmd0VkghUmxiZUsiF4qyevQ6dR9yw/XFeatTyOIpzBOVTBgxtowj20oA0EIniGV3hzpPPivDsfy9aCk8+cwh85nz/8MY6Z</latexit><latexit sha1_base64="8ZoAs/3PTUDpBHtJKzjDYgtxK/8=">AAAB7nicbZDLSgMxFIbP1Futt6pLN8EiVihlpgi6LLhxWcFeoB1KJs20YTKZkGSEMvQh3LhQxK3P4863MW1noa0/BD7+cw455w8kZ9q47rdT2Njc2t4p7pb29g8Oj8rHJx2dpIrQNkl4onoB1pQzQduGGU57UlEcB5x2g+huXu8+UaVZIh7NVFI/xmPBQkawsVY3qsqavLwalitu3V0IrYOXQwVytYblr8EoIWlMhSEca933XGn8DCvDCKez0iDVVGIS4THtWxQ4ptrPFuvO0IV1RihMlH3CoIX7eyLDsdbTOLCdMTYTvVqbm//V+qkJb/2MCZkaKsjyozDlyCRofjsaMUWJ4VMLmChmd0VkghUmxiZUsiF4qyevQ6dR9yw/XFeatTyOIpzBOVTBgxtowj20oA0EIniGV3hzpPPivDsfy9aCk8+cwh85nz/8MY6Z</latexit><latexit sha1_base64="8ZoAs/3PTUDpBHtJKzjDYgtxK/8=">AAAB7nicbZDLSgMxFIbP1Futt6pLN8EiVihlpgi6LLhxWcFeoB1KJs20YTKZkGSEMvQh3LhQxK3P4863MW1noa0/BD7+cw455w8kZ9q47rdT2Njc2t4p7pb29g8Oj8rHJx2dpIrQNkl4onoB1pQzQduGGU57UlEcB5x2g+huXu8+UaVZIh7NVFI/xmPBQkawsVY3qsqavLwalitu3V0IrYOXQwVytYblr8EoIWlMhSEca933XGn8DCvDCKez0iDVVGIS4THtWxQ4ptrPFuvO0IV1RihMlH3CoIX7eyLDsdbTOLCdMTYTvVqbm//V+qkJb/2MCZkaKsjyozDlyCRofjsaMUWJ4VMLmChmd0VkghUmxiZUsiF4qyevQ6dR9yw/XFeatTyOIpzBOVTBgxtowj20oA0EIniGV3hzpPPivDsfy9aCk8+cwh85nz/8MY6Z</latexit>

øf 1(p, t)

<latexit sha1_base64="mbAa2xwDWQmwJKrCbwC4Y8F8rvI=">AAACC3icbVDLSgNBEOz1GeMr6tHLYBAiSNiVgHoLePEYwTwgWcPsZDYZMvtgplcISz7Bu1f9BW/i1Y/wD/wMZ5M9aGJBQ1HVTXeXF0uh0ba/rJXVtfWNzcJWcXtnd2+/dHDY0lGiGG+ySEaq41HNpQh5EwVK3okVp4Enedsb32R++5ErLaLwHicxdwM6DIUvGEUjPfQ8qlJ/2ncq8Tme9Utlu2rPQJaJk5My5Gj0S9+9QcSSgIfIJNW669gxuilVKJjk02Iv0TymbEyHvGtoSAOu3XR29ZScGmVA/EiZCpHM1N8TKQ20ngSe6QwojvSil4n/epmitK8X9qN/5aYijBPkIZuv9xNJMCJZMGQgFGcoJ4ZQpoT5gLARVZShia9oonEWg1gmrYuqU6te39XK9UoeUgGO4QQq4MAl1OEWGtAEBgqe4QVerSfrzXq3PuatK1Y+cwR/YH3+ALA1mzs=</latexit>

øf 1(p!, t)

<latexit sha1_base64="6en1qCHJHCjqnBmCn+mn2NObxsk=">AAACDnicbVDLSsNAFJ3UV62PRl26GSxiBSmJFNRdwY3LCvYBbSiT6aQdOpmEmRuhhP6De7f6C+7Erb/gH/gZTtostPXAhcM593LvPX4suAbH+bIKa+sbm1vF7dLO7t5+2T44bOsoUZS1aCQi1fWJZoJL1gIOgnVjxUjoC9bxJ7eZ33lkSvNIPsA0Zl5IRpIHnBIw0sAu932i0mA2cKvx2QWcD+yKU3PmwKvEzUkF5WgO7O/+MKJJyCRQQbTuuU4MXkoUcCrYrNRPNIsJnZAR6xkqSci0l84Pn+FTowxxEClTEvBc/T2RklDraeibzpDAWC97mfivlylKB3ppPwTXXsplnACTdLE+SASGCGfZ4CFXjIKYGkKo4uYDTMdEEQomwZKJxl0OYpW0L2tuvXZzX680qnlIRXSMTlAVuegKNdAdaqIWoihBz+gFvVpP1pv1bn0sWgtWPnOE/sD6/AGSuZud</latexit>

! øf 2
1 (p, t)
! t

!
!

dp! øf 2
2 (p!, p, t) " øf 2

2 (p, p!, t)

<latexit sha1_base64="zAnVsMeX64b+NEwum3Bcvk+Nv8M="></latexit>

=
!

dp! øf 2
1 (p!, t) k(p!, p) ! øf 2

1 (p, t) k(p, p!)

<latexit sha1_base64="x3Cc55eePW1wwbR4YSBxTw/dfws="></latexit>

k(p, p!) !
øf 2
2 (p, p!, t)
øf 2
1 (p, t)

<latexit sha1_base64="NAjwwhEMppwsQskQGiZm0Fj2dnU="></latexit>

! f 2
1

! t
+ { f 2

1 , H1} = ! n0

!
dp2 dq2 { f 2

2 , H12}

<latexit sha1_base64="ilW1MHjLu2JKGOICZs7Uv1GkN+Y="></latexit>

! f 2
2

! t
+ { f 2

2 , H1 + H2 + H12} = ! n0

!
dp3 dq3 { f 2

3 , H13 + H23}

<latexit sha1_base64="7biCUMKlyDz9rDMZbTvHw9CKB6E="></latexit>

f 2 ! f ! f = |f |2

<latexit sha1_base64="/4GzFALWndhk5uHFrYRUp9I7BNs=">AAACGnicbVDLSgMxFM3UV62vUZfdBIsgUspMKagLoeDGZQX7gHZaMmnShmYeJplCmXbhf7h3q7/gTty68Q/8DDPtLLT1wIXDOfdyuMcNOZPKsr6MzNr6xuZWdju3s7u3f2AeHjVkEAlM6jjggWi5SBLOfFJXTHHSCgVBnstJ0x3dJH5zTIRkgX+vJiFxPDTwGWUYKS31zDztlmGHPERsDGn3HHaKkMJrOKXTbrlnFqySNQdcJXZKCiBFrWd+d/oBjjziK8yRlG3bCpUTI6EY5mSW60SShAiP0IC0NfWRR6QTz5+YwVOt9CENhB5fwbn6+yJGnpQTz9WbHlJDuewl4r9eoghJ5VK+opdOzPwwUsTHi3gacagCmPQE+0wQrPhEE4QF0x9APEQCYaXbzOlq7OUiVkmjXLIrpau7SqFaTEvKgjw4AWfABhegCm5BDdQBBo/gGbyAV+PJeDPejY/FasZIb47BHxifP8hOn1U=</latexit>



Relation of MST to Generalized Master Equation:  manifold safe Wigner-Weyl transformation11

Wigner-Weyl transformation takes operators to/from classical phase space (1927).  
The Key is a modified Wigner-Weyl transform that is manifold safe. 
Need a local Fourier kernel (Mother Wavelet) with a partition of unity (Father Wavelet).

modiÞed Wigner map = ÷W [ öA] !
!

ds ! !
p (" s)

"
q + s

#
#
#öA

#
#
#q " s

$
! p(s) = A(q, p)

<latexit sha1_base64="DoaUOAYTPwWBptZm2NuDJVzByLc="></latexit><latexit sha1_base64="DoaUOAYTPwWBptZm2NuDJVzByLc="></latexit><latexit sha1_base64="DoaUOAYTPwWBptZm2NuDJVzByLc="></latexit><latexit sha1_base64="DoaUOAYTPwWBptZm2NuDJVzByLc="></latexit>

modiÞed Wigner function = ÷W [ö! ] = ÷W [ |f ! " f | ] = |f " # p|2 = ÷Wf (q, p)
<latexit sha1_base64="LkCqc8tX3B2CfHPhN/j7vI+s8Jc="></latexit><latexit sha1_base64="LkCqc8tX3B2CfHPhN/j7vI+s8Jc="></latexit><latexit sha1_base64="LkCqc8tX3B2CfHPhN/j7vI+s8Jc="></latexit><latexit sha1_base64="LkCqc8tX3B2CfHPhN/j7vI+s8Jc="></latexit>

Now we can identify and calculate,

This is the Mayer Cluster expansion on the manifold.

Partition of Unity on the manifold of a torus, T2
<latexit sha1_base64="QKcyY4YcHoi5K7Ckl0g06C9E1lk=">AAACInicbVDJSgNBEO1xjXGLevTSGAQPEmZEcDkFvHiM4JhAEkNPp8Y09nQP3TViGPIvXvwVLx7cToIfY0/Mwa2g4PEWinpRKoVF33/3pqZnZufmSwvlxaXlldXK2vqF1ZnhEHIttWlFzIIUCkIUKKGVGmBJJKEZXZ8UevMGjBVaneMwhW7CrpSIBWfoqF7luINwi3mDGRd2DNUxDZXAIXUYB0AT5uxa9guBUdQms7t0RM8v93qVql/zx0P/gmACqmQyjV7ltdPXPEtAIZfM2nbgp9jNi9NcwqjcySykjF+zK2g7qFgCtpuPfxzRbcf0aayNW4V0zH5P5CyxdphEzpkwHNjfWkH+p7UzjA+7uVBphqD416E4k+5VWhRG+8IARzl0gHHjSuKUD5hhHF2tZVdC8PvlvyDcqx3VgrP9an130kaJbJItskMCckDq5JQ0SEg4uSMP5Ik8e/feo/fivX1Zp7xJZoP8GO/jE2+1o5k=</latexit><latexit sha1_base64="QKcyY4YcHoi5K7Ckl0g06C9E1lk=">AAACInicbVDJSgNBEO1xjXGLevTSGAQPEmZEcDkFvHiM4JhAEkNPp8Y09nQP3TViGPIvXvwVLx7cToIfY0/Mwa2g4PEWinpRKoVF33/3pqZnZufmSwvlxaXlldXK2vqF1ZnhEHIttWlFzIIUCkIUKKGVGmBJJKEZXZ8UevMGjBVaneMwhW7CrpSIBWfoqF7luINwi3mDGRd2DNUxDZXAIXUYB0AT5uxa9guBUdQms7t0RM8v93qVql/zx0P/gmACqmQyjV7ltdPXPEtAIZfM2nbgp9jNi9NcwqjcySykjF+zK2g7qFgCtpuPfxzRbcf0aayNW4V0zH5P5CyxdphEzpkwHNjfWkH+p7UzjA+7uVBphqD416E4k+5VWhRG+8IARzl0gHHjSuKUD5hhHF2tZVdC8PvlvyDcqx3VgrP9an130kaJbJItskMCckDq5JQ0SEg4uSMP5Ik8e/feo/fivX1Zp7xJZoP8GO/jE2+1o5k=</latexit><latexit sha1_base64="QKcyY4YcHoi5K7Ckl0g06C9E1lk=">AAACInicbVDJSgNBEO1xjXGLevTSGAQPEmZEcDkFvHiM4JhAEkNPp8Y09nQP3TViGPIvXvwVLx7cToIfY0/Mwa2g4PEWinpRKoVF33/3pqZnZufmSwvlxaXlldXK2vqF1ZnhEHIttWlFzIIUCkIUKKGVGmBJJKEZXZ8UevMGjBVaneMwhW7CrpSIBWfoqF7luINwi3mDGRd2DNUxDZXAIXUYB0AT5uxa9guBUdQms7t0RM8v93qVql/zx0P/gmACqmQyjV7ltdPXPEtAIZfM2nbgp9jNi9NcwqjcySykjF+zK2g7qFgCtpuPfxzRbcf0aayNW4V0zH5P5CyxdphEzpkwHNjfWkH+p7UzjA+7uVBphqD416E4k+5VWhRG+8IARzl0gHHjSuKUD5hhHF2tZVdC8PvlvyDcqx3VgrP9an130kaJbJItskMCckDq5JQ0SEg4uSMP5Ik8e/feo/fivX1Zp7xJZoP8GO/jE2+1o5k=</latexit><latexit sha1_base64="QKcyY4YcHoi5K7Ckl0g06C9E1lk=">AAACInicbVDJSgNBEO1xjXGLevTSGAQPEmZEcDkFvHiM4JhAEkNPp8Y09nQP3TViGPIvXvwVLx7cToIfY0/Mwa2g4PEWinpRKoVF33/3pqZnZufmSwvlxaXlldXK2vqF1ZnhEHIttWlFzIIUCkIUKKGVGmBJJKEZXZ8UevMGjBVaneMwhW7CrpSIBWfoqF7luINwi3mDGRd2DNUxDZXAIXUYB0AT5uxa9guBUdQms7t0RM8v93qVql/zx0P/gmACqmQyjV7ltdPXPEtAIZfM2nbgp9jNi9NcwqjcySykjF+zK2g7qFgCtpuPfxzRbcf0aayNW4V0zH5P5CyxdphEzpkwHNjfWkH+p7UzjA+7uVBphqD416E4k+5VWhRG+8IARzl0gHHjSuKUD5hhHF2tZVdC8PvlvyDcqx3VgrP9an130kaJbJItskMCckDq5JQ0SEg4uSMP5Ik8e/feo/fivX1Zp7xJZoP8GO/jE2+1o5k=</latexit>

öf
<latexit sha1_base64="k5wEBWyWC2nFbj94xiXdF8rlYCE=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBg5RECuqt4MVjBWMLbSib7aZdutmE3YlQQn+EFw8qXv0/3vw3btsctPXBwOO9GWbmhakUBl332ymtrW9sbpW3Kzu7e/sH1cOjR5NkmnGfJTLRnZAaLoXiPgqUvJNqTuNQ8nY4vp357SeujUjUA05SHsR0qEQkGEUrtXsjink07Vdrbt2dg6wSryA1KNDqV796g4RlMVfIJDWm67kpBjnVKJjk00ovMzylbEyHvGupojE3QT4/d0rOrDIgUaJtKSRz9fdETmNjJnFoO2OKI7PszcT/vG6G0XWQC5VmyBVbLIoySTAhs9/JQGjOUE4soUwLeythI6opQ5tQxYbgLb+8SvzL+k3du2/UmhdFGmU4gVM4Bw+uoAl30AIfGIzhGV7hzUmdF+fd+Vi0lpxi5hj+wPn8AfoWj3U=</latexit><latexit sha1_base64="k5wEBWyWC2nFbj94xiXdF8rlYCE=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBg5RECuqt4MVjBWMLbSib7aZdutmE3YlQQn+EFw8qXv0/3vw3btsctPXBwOO9GWbmhakUBl332ymtrW9sbpW3Kzu7e/sH1cOjR5NkmnGfJTLRnZAaLoXiPgqUvJNqTuNQ8nY4vp357SeujUjUA05SHsR0qEQkGEUrtXsjink07Vdrbt2dg6wSryA1KNDqV796g4RlMVfIJDWm67kpBjnVKJjk00ovMzylbEyHvGupojE3QT4/d0rOrDIgUaJtKSRz9fdETmNjJnFoO2OKI7PszcT/vG6G0XWQC5VmyBVbLIoySTAhs9/JQGjOUE4soUwLeythI6opQ5tQxYbgLb+8SvzL+k3du2/UmhdFGmU4gVM4Bw+uoAl30AIfGIzhGV7hzUmdF+fd+Vi0lpxi5hj+wPn8AfoWj3U=</latexit><latexit sha1_base64="k5wEBWyWC2nFbj94xiXdF8rlYCE=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBg5RECuqt4MVjBWMLbSib7aZdutmE3YlQQn+EFw8qXv0/3vw3btsctPXBwOO9GWbmhakUBl332ymtrW9sbpW3Kzu7e/sH1cOjR5NkmnGfJTLRnZAaLoXiPgqUvJNqTuNQ8nY4vp357SeujUjUA05SHsR0qEQkGEUrtXsjink07Vdrbt2dg6wSryA1KNDqV796g4RlMVfIJDWm67kpBjnVKJjk00ovMzylbEyHvGupojE3QT4/d0rOrDIgUaJtKSRz9fdETmNjJnFoO2OKI7PszcT/vG6G0XWQC5VmyBVbLIoySTAhs9/JQGjOUE4soUwLeythI6opQ5tQxYbgLb+8SvzL+k3du2/UmhdFGmU4gVM4Bw+uoAl30AIfGIzhGV7hzUmdF+fd+Vi0lpxi5hj+wPn8AfoWj3U=</latexit><latexit sha1_base64="k5wEBWyWC2nFbj94xiXdF8rlYCE=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBg5RECuqt4MVjBWMLbSib7aZdutmE3YlQQn+EFw8qXv0/3vw3btsctPXBwOO9GWbmhakUBl332ymtrW9sbpW3Kzu7e/sH1cOjR5NkmnGfJTLRnZAaLoXiPgqUvJNqTuNQ8nY4vp357SeujUjUA05SHsR0qEQkGEUrtXsjink07Vdrbt2dg6wSryA1KNDqV796g4RlMVfIJDWm67kpBjnVKJjk00ovMzylbEyHvGupojE3QT4/d0rOrDIgUaJtKSRz9fdETmNjJnFoO2OKI7PszcT/vG6G0XWQC5VmyBVbLIoySTAhs9/JQGjOUE4soUwLeythI6opQ5tQxYbgLb+8SvzL+k3du2/UmhdFGmU4gVM4Bw+uoAl30AIfGIzhGV7hzUmdF+fd+Vi0lpxi5hj+wPn8AfoWj3U=</latexit>

öf öf
<latexit sha1_base64="WX0EjYZ7sbvEn0og4D1vJ1ie6tY=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSJ4kJKIoN4KXjxWMLbQxrLZbtqlm03YnSgl9H948aDi1R/jzX/jts1BWx8M83hvhp19YSqFQdf9dpaWV1bX1ksb5c2t7Z3dyt7+vUkyzbjPEpnoVkgNl0JxHwVK3ko1p3EoeTMcXk/85iPXRiTqDkcpD2LaVyISjKKVHjoDink0Llq3UnVr7hRkkXgFqUKBRrfy1eklLIu5QiapMW3PTTHIqUbBJB+XO5nhKWVD2udtSxWNuQny6dVjcmyVHokSbUshmaq/N3IaGzOKQzsZUxyYeW8i/ue1M4wug1yoNEOu2OyhKJMEEzKJgPSE5gzlyBLKtLC3EjagmjK0QZVtCN78lxeJf1a7qnm359X6aZFGCQ7hCE7Agwuoww00wAcGGp7hFd6cJ+fFeXc+ZqNLTrFzAH/gfP4AlbWSsg==</latexit><latexit sha1_base64="WX0EjYZ7sbvEn0og4D1vJ1ie6tY=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSJ4kJKIoN4KXjxWMLbQxrLZbtqlm03YnSgl9H948aDi1R/jzX/jts1BWx8M83hvhp19YSqFQdf9dpaWV1bX1ksb5c2t7Z3dyt7+vUkyzbjPEpnoVkgNl0JxHwVK3ko1p3EoeTMcXk/85iPXRiTqDkcpD2LaVyISjKKVHjoDink0Llq3UnVr7hRkkXgFqUKBRrfy1eklLIu5QiapMW3PTTHIqUbBJB+XO5nhKWVD2udtSxWNuQny6dVjcmyVHokSbUshmaq/N3IaGzOKQzsZUxyYeW8i/ue1M4wug1yoNEOu2OyhKJMEEzKJgPSE5gzlyBLKtLC3EjagmjK0QZVtCN78lxeJf1a7qnm359X6aZFGCQ7hCE7Agwuoww00wAcGGp7hFd6cJ+fFeXc+ZqNLTrFzAH/gfP4AlbWSsg==</latexit><latexit sha1_base64="WX0EjYZ7sbvEn0og4D1vJ1ie6tY=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSJ4kJKIoN4KXjxWMLbQxrLZbtqlm03YnSgl9H948aDi1R/jzX/jts1BWx8M83hvhp19YSqFQdf9dpaWV1bX1ksb5c2t7Z3dyt7+vUkyzbjPEpnoVkgNl0JxHwVK3ko1p3EoeTMcXk/85iPXRiTqDkcpD2LaVyISjKKVHjoDink0Llq3UnVr7hRkkXgFqUKBRrfy1eklLIu5QiapMW3PTTHIqUbBJB+XO5nhKWVD2udtSxWNuQny6dVjcmyVHokSbUshmaq/N3IaGzOKQzsZUxyYeW8i/ue1M4wug1yoNEOu2OyhKJMEEzKJgPSE5gzlyBLKtLC3EjagmjK0QZVtCN78lxeJf1a7qnm359X6aZFGCQ7hCE7Agwuoww00wAcGGp7hFd6cJ+fFeXc+ZqNLTrFzAH/gfP4AlbWSsg==</latexit><latexit sha1_base64="WX0EjYZ7sbvEn0og4D1vJ1ie6tY=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSJ4kJKIoN4KXjxWMLbQxrLZbtqlm03YnSgl9H948aDi1R/jzX/jts1BWx8M83hvhp19YSqFQdf9dpaWV1bX1ksb5c2t7Z3dyt7+vUkyzbjPEpnoVkgNl0JxHwVK3ko1p3EoeTMcXk/85iPXRiTqDkcpD2LaVyISjKKVHjoDink0Llq3UnVr7hRkkXgFqUKBRrfy1eklLIu5QiapMW3PTTHIqUbBJB+XO5nhKWVD2udtSxWNuQny6dVjcmyVHokSbUshmaq/N3IaGzOKQzsZUxyYeW8i/ue1M4wug1yoNEOu2OyhKJMEEzKJgPSE5gzlyBLKtLC3EjagmjK0QZVtCN78lxeJf1a7qnm359X6aZFGCQ7hCE7Agwuoww00wAcGGp7hFd6cJ+fFeXc+ZqNLTrFzAH/gfP4AlbWSsg==</latexit>

øf 1 = S1[p]f
<latexit sha1_base64="WZzgX53uh4N04csX06Ynoh+vnKc=">AAAB+3icbVBNS8NAEJ34WetXtUcvi0XwICURQT0IBS8eKxpbSEPYbDft0s0m7G6EEOpf8eJBxat/xJv/xm2bg7Y+GHi8N8PMvDDlTGnb/raWlldW19YrG9XNre2d3dre/oNKMkmoSxKeyG6IFeVMUFczzWk3lRTHIaedcHQ98TuPVCqWiHudp9SP8UCwiBGsjRTU6r0QyyIaBw66QneB46V+FNQadtOeAi0SpyQNKNEOal+9fkKymApNOFbKc+xU+wWWmhFOx9VepmiKyQgPqGeowDFVfjE9foyOjNJHUSJNCY2m6u+JAsdK5XFoOmOsh2rem4j/eV6mowu/YCLNNBVktijKONIJmiSB+kxSonluCCaSmVsRGWKJiTZ5VU0IzvzLi8Q9bV42nduzRuukTKMCB3AIx+DAObTgBtrgAoEcnuEV3qwn68V6tz5mrUtWOVOHP7A+fwCdkJOU</latexit><latexit sha1_base64="WZzgX53uh4N04csX06Ynoh+vnKc=">AAAB+3icbVBNS8NAEJ34WetXtUcvi0XwICURQT0IBS8eKxpbSEPYbDft0s0m7G6EEOpf8eJBxat/xJv/xm2bg7Y+GHi8N8PMvDDlTGnb/raWlldW19YrG9XNre2d3dre/oNKMkmoSxKeyG6IFeVMUFczzWk3lRTHIaedcHQ98TuPVCqWiHudp9SP8UCwiBGsjRTU6r0QyyIaBw66QneB46V+FNQadtOeAi0SpyQNKNEOal+9fkKymApNOFbKc+xU+wWWmhFOx9VepmiKyQgPqGeowDFVfjE9foyOjNJHUSJNCY2m6u+JAsdK5XFoOmOsh2rem4j/eV6mowu/YCLNNBVktijKONIJmiSB+kxSonluCCaSmVsRGWKJiTZ5VU0IzvzLi8Q9bV42nduzRuukTKMCB3AIx+DAObTgBtrgAoEcnuEV3qwn68V6tz5mrUtWOVOHP7A+fwCdkJOU</latexit><latexit sha1_base64="WZzgX53uh4N04csX06Ynoh+vnKc=">AAAB+3icbVBNS8NAEJ34WetXtUcvi0XwICURQT0IBS8eKxpbSEPYbDft0s0m7G6EEOpf8eJBxat/xJv/xm2bg7Y+GHi8N8PMvDDlTGnb/raWlldW19YrG9XNre2d3dre/oNKMkmoSxKeyG6IFeVMUFczzWk3lRTHIaedcHQ98TuPVCqWiHudp9SP8UCwiBGsjRTU6r0QyyIaBw66QneB46V+FNQadtOeAi0SpyQNKNEOal+9fkKymApNOFbKc+xU+wWWmhFOx9VepmiKyQgPqGeowDFVfjE9foyOjNJHUSJNCY2m6u+JAsdK5XFoOmOsh2rem4j/eV6mowu/YCLNNBVktijKONIJmiSB+kxSonluCCaSmVsRGWKJiTZ5VU0IzvzLi8Q9bV42nduzRuukTKMCB3AIx+DAObTgBtrgAoEcnuEV3qwn68V6tz5mrUtWOVOHP7A+fwCdkJOU</latexit><latexit sha1_base64="WZzgX53uh4N04csX06Ynoh+vnKc=">AAAB+3icbVBNS8NAEJ34WetXtUcvi0XwICURQT0IBS8eKxpbSEPYbDft0s0m7G6EEOpf8eJBxat/xJv/xm2bg7Y+GHi8N8PMvDDlTGnb/raWlldW19YrG9XNre2d3dre/oNKMkmoSxKeyG6IFeVMUFczzWk3lRTHIaedcHQ98TuPVCqWiHudp9SP8UCwiBGsjRTU6r0QyyIaBw66QneB46V+FNQadtOeAi0SpyQNKNEOal+9fkKymApNOFbKc+xU+wWWmhFOx9VepmiKyQgPqGeowDFVfjE9foyOjNJHUSJNCY2m6u+JAsdK5XFoOmOsh2rem4j/eV6mowu/YCLNNBVktijKONIJmiSB+kxSonluCCaSmVsRGWKJiTZ5VU0IzvzLi8Q9bV42nduzRuukTKMCB3AIx+DAObTgBtrgAoEcnuEV3qwn68V6tz5mrUtWOVOHP7A+fwCdkJOU</latexit>

øf 2 = S2[p, p!]f
<latexit sha1_base64="7VxbVQUhvEbpQlLveKxuxqqLn0M=">AAAB/nicbVBNS8NAEN34WetXVPDiZbGIHkpJiqAehIIXjxWNLaQhbLabdulms+xuhBJ78K948aDi1d/hzX/jts1BWx8MPN6bYWZeJBhV2nG+rYXFpeWV1dJaeX1jc2vb3tm9V2kmMfFwylLZjpAijHLiaaoZaQtJUBIx0ooGV2O/9UCkoim/00NBggT1OI0pRtpIob3fiZDM41FYh5fwNqz7oiqOgzi0K07NmQDOE7cgFVCgGdpfnW6Ks4RwjRlSyncdoYMcSU0xI6NyJ1NEIDxAPeIbylFCVJBP7h/BI6N0YZxKU1zDifp7IkeJUsMkMp0J0n01643F/zw/0/F5kFMuMk04ni6KMwZ1CsdhwC6VBGs2NARhSc2tEPeRRFibyMomBHf25Xni1WsXNffmtNKoFmmUwAE4BCfABWegAa5BE3gAg0fwDF7Bm/VkvVjv1se0dcEqZvbAH1ifP0pVlHc=</latexit><latexit sha1_base64="7VxbVQUhvEbpQlLveKxuxqqLn0M=">AAAB/nicbVBNS8NAEN34WetXVPDiZbGIHkpJiqAehIIXjxWNLaQhbLabdulms+xuhBJ78K948aDi1d/hzX/jts1BWx8MPN6bYWZeJBhV2nG+rYXFpeWV1dJaeX1jc2vb3tm9V2kmMfFwylLZjpAijHLiaaoZaQtJUBIx0ooGV2O/9UCkoim/00NBggT1OI0pRtpIob3fiZDM41FYh5fwNqz7oiqOgzi0K07NmQDOE7cgFVCgGdpfnW6Ks4RwjRlSyncdoYMcSU0xI6NyJ1NEIDxAPeIbylFCVJBP7h/BI6N0YZxKU1zDifp7IkeJUsMkMp0J0n01643F/zw/0/F5kFMuMk04ni6KMwZ1CsdhwC6VBGs2NARhSc2tEPeRRFibyMomBHf25Xni1WsXNffmtNKoFmmUwAE4BCfABWegAa5BE3gAg0fwDF7Bm/VkvVjv1se0dcEqZvbAH1ifP0pVlHc=</latexit><latexit sha1_base64="7VxbVQUhvEbpQlLveKxuxqqLn0M=">AAAB/nicbVBNS8NAEN34WetXVPDiZbGIHkpJiqAehIIXjxWNLaQhbLabdulms+xuhBJ78K948aDi1d/hzX/jts1BWx8MPN6bYWZeJBhV2nG+rYXFpeWV1dJaeX1jc2vb3tm9V2kmMfFwylLZjpAijHLiaaoZaQtJUBIx0ooGV2O/9UCkoim/00NBggT1OI0pRtpIob3fiZDM41FYh5fwNqz7oiqOgzi0K07NmQDOE7cgFVCgGdpfnW6Ks4RwjRlSyncdoYMcSU0xI6NyJ1NEIDxAPeIbylFCVJBP7h/BI6N0YZxKU1zDifp7IkeJUsMkMp0J0n01643F/zw/0/F5kFMuMk04ni6KMwZ1CsdhwC6VBGs2NARhSc2tEPeRRFibyMomBHf25Xni1WsXNffmtNKoFmmUwAE4BCfABWegAa5BE3gAg0fwDF7Bm/VkvVjv1se0dcEqZvbAH1ifP0pVlHc=</latexit><latexit sha1_base64="7VxbVQUhvEbpQlLveKxuxqqLn0M=">AAAB/nicbVBNS8NAEN34WetXVPDiZbGIHkpJiqAehIIXjxWNLaQhbLabdulms+xuhBJ78K948aDi1d/hzX/jts1BWx8MPN6bYWZeJBhV2nG+rYXFpeWV1dJaeX1jc2vb3tm9V2kmMfFwylLZjpAijHLiaaoZaQtJUBIx0ooGV2O/9UCkoim/00NBggT1OI0pRtpIob3fiZDM41FYh5fwNqz7oiqOgzi0K07NmQDOE7cgFVCgGdpfnW6Ks4RwjRlSyncdoYMcSU0xI6NyJ1NEIDxAPeIbylFCVJBP7h/BI6N0YZxKU1zDifp7IkeJUsMkMp0J0n01643F/zw/0/F5kFMuMk04ni6KMwZ1CsdhwC6VBGs2NARhSc2tEPeRRFibyMomBHf25Xni1WsXNffmtNKoFmmUwAE4BCfABWegAa5BE3gAg0fwDF7Bm/VkvVjv1se0dcEqZvbAH1ifP0pVlHc=</latexit>

pull back
<latexit sha1_base64="jJOAWrZdje2+i04AunNYO65pud4=">AAAB+HicbVBNS8NAEN3Ur1q/oh69LBbBg5REBPVW8OKxgtFCG8pmO22XbjZhd1Isof/EiwcVr/4Ub/4bt20O2vpg4PHezO7Mi1IpDHret1NaWV1b3yhvVra2d3b33P2DB5NkmkPAE5noZsQMSKEgQIESmqkGFkcSHqPhzdR/HIE2IlH3OE4hjFlfiZ7gDK3Ucd02whPmaSYljRgfTjpu1at5M9Bl4hekSgo0Ou5Xu5vwLAaFXDJjWr6XYpgzjYJLmFTamYHUvsz60LJUsRhMmM82n9ATq3RpL9G2FNKZ+nsiZ7Ex4ziynTHDgVn0puJ/XivD3lWYC5VmCIrPP+plkmJCpzHQrtDAUY4tYVwLuyvlA6YZRxtWxYbgL568TILz2nXNv7uo1s+KNMrkiByTU+KTS1Int6RBAsLJiDyTV/Lm5M6L8+58zFtLTjFzSP7A+fwBSw2TkA==</latexit><latexit sha1_base64="jJOAWrZdje2+i04AunNYO65pud4=">AAAB+HicbVBNS8NAEN3Ur1q/oh69LBbBg5REBPVW8OKxgtFCG8pmO22XbjZhd1Isof/EiwcVr/4Ub/4bt20O2vpg4PHezO7Mi1IpDHret1NaWV1b3yhvVra2d3b33P2DB5NkmkPAE5noZsQMSKEgQIESmqkGFkcSHqPhzdR/HIE2IlH3OE4hjFlfiZ7gDK3Ucd02whPmaSYljRgfTjpu1at5M9Bl4hekSgo0Ou5Xu5vwLAaFXDJjWr6XYpgzjYJLmFTamYHUvsz60LJUsRhMmM82n9ATq3RpL9G2FNKZ+nsiZ7Ex4ziynTHDgVn0puJ/XivD3lWYC5VmCIrPP+plkmJCpzHQrtDAUY4tYVwLuyvlA6YZRxtWxYbgL568TILz2nXNv7uo1s+KNMrkiByTU+KTS1Int6RBAsLJiDyTV/Lm5M6L8+58zFtLTjFzSP7A+fwBSw2TkA==</latexit><latexit sha1_base64="jJOAWrZdje2+i04AunNYO65pud4=">AAAB+HicbVBNS8NAEN3Ur1q/oh69LBbBg5REBPVW8OKxgtFCG8pmO22XbjZhd1Isof/EiwcVr/4Ub/4bt20O2vpg4PHezO7Mi1IpDHret1NaWV1b3yhvVra2d3b33P2DB5NkmkPAE5noZsQMSKEgQIESmqkGFkcSHqPhzdR/HIE2IlH3OE4hjFlfiZ7gDK3Ucd02whPmaSYljRgfTjpu1at5M9Bl4hekSgo0Ou5Xu5vwLAaFXDJjWr6XYpgzjYJLmFTamYHUvsz60LJUsRhMmM82n9ATq3RpL9G2FNKZ+nsiZ7Ex4ziynTHDgVn0puJ/XivD3lWYC5VmCIrPP+plkmJCpzHQrtDAUY4tYVwLuyvlA6YZRxtWxYbgL568TILz2nXNv7uo1s+KNMrkiByTU+KTS1Int6RBAsLJiDyTV/Lm5M6L8+58zFtLTjFzSP7A+fwBSw2TkA==</latexit><latexit sha1_base64="jJOAWrZdje2+i04AunNYO65pud4=">AAAB+HicbVBNS8NAEN3Ur1q/oh69LBbBg5REBPVW8OKxgtFCG8pmO22XbjZhd1Isof/EiwcVr/4Ub/4bt20O2vpg4PHezO7Mi1IpDHret1NaWV1b3yhvVra2d3b33P2DB5NkmkPAE5noZsQMSKEgQIESmqkGFkcSHqPhzdR/HIE2IlH3OE4hjFlfiZ7gDK3Ucd02whPmaSYljRgfTjpu1at5M9Bl4hekSgo0Ou5Xu5vwLAaFXDJjWr6XYpgzjYJLmFTamYHUvsz60LJUsRhMmM82n9ATq3RpL9G2FNKZ+nsiZ7Ex4ziynTHDgVn0puJ/XivD3lWYC5VmCIrPP+plkmJCpzHQrtDAUY4tYVwLuyvlA6YZRxtWxYbgL568TILz2nXNv7uo1s+KNMrkiByTU+KTS1Int6RBAsLJiDyTV/Lm5M6L8+58zFtLTjFzSP7A+fwBSw2TkA==</latexit>

øf 2(p, p!) ! E ( ÷W [ öf öf ]) =
!

i

||f ! " p| ! " p! | ! # i = S2[p, p!]f

<latexit sha1_base64="4KcTr4Y8csJfxSX0U69BU8I9q8k="></latexit>

øf 1(p) ! E ( ÷W [ öf ]) =
!

i

|f ! " p| ! # i = S1[p]f

<latexit sha1_base64="U44SWYbrvkWHajgKQgC+AFyMxHc="></latexit>



MST as the S-matrix:  an alternative dynamical interpretation (I)12

From the Lagrangian perspective define the generating function:

the connection to the canonical formulation is:

Z [J ] = N
!

[df (p)] e( i/ ! ) S0 [f (p)]+( i/ ! )
!

dp J (p) f (p)

<latexit sha1_base64="0JNKRpFGxSK4IPUANXJPa3gh8CU="></latexit><latexit sha1_base64="0JNKRpFGxSK4IPUANXJPa3gh8CU="></latexit><latexit sha1_base64="0JNKRpFGxSK4IPUANXJPa3gh8CU="></latexit><latexit sha1_base64="0JNKRpFGxSK4IPUANXJPa3gh8CU="></latexit>

Sm (|f ! ) = E( Tp( öf (p1) . . . öf (pm )) F (f )) = ||f ! " p1 | á á á! " pm | ! # =
1

Z [J ]
$

$J (p1)
. . .

$
$J (pm )

Z [J ]

!
!
!
!
J =0

<latexit sha1_base64="59Ke2mycECcg/+Vd+cFV24nJ8Vo="></latexit><latexit sha1_base64="59Ke2mycECcg/+Vd+cFV24nJ8Vo="></latexit><latexit sha1_base64="59Ke2mycECcg/+Vd+cFV24nJ8Vo="></latexit><latexit sha1_base64="59Ke2mycECcg/+Vd+cFV24nJ8Vo="></latexit>

S-matrix

f (p1)
<latexit sha1_base64="38/UWar1LNCa4VXaCNVh41s6vHw=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRmKCF7JLSNQbiRePmLhAAhvSLV2odNtN2zUhG/6DFw9qvPqDvPlvLLAHBV8yyct7M5mZFyacaeO6305hY3Nre6e4W9rbPzg8Kh+ftLVMFaE+kVyqbog15UxQ3zDDaTdRFMchp51wcjv3O09UaSbFg5kmNIjxSLCIEWys1I6qycC7HJQrbs1dAK0TLycVyNEalL/6Q0nSmApDONa657mJCTKsDCOczkr9VNMEkwke0Z6lAsdUB9ni2hm6sMoQRVLZEgYt1N8TGY61nsah7YyxGetVby7+5/VSE10HGRNJaqggy0VRypGRaP46GjJFieFTSzBRzN6KyBgrTIwNqGRD8FZfXid+vXZT8+4blWY9T6MIZ3AOVfDgCppwBy3wgcAjPMMrvDnSeXHenY9la8HJZ07hD5zPH++KjjE=</latexit><latexit sha1_base64="38/UWar1LNCa4VXaCNVh41s6vHw=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRmKCF7JLSNQbiRePmLhAAhvSLV2odNtN2zUhG/6DFw9qvPqDvPlvLLAHBV8yyct7M5mZFyacaeO6305hY3Nre6e4W9rbPzg8Kh+ftLVMFaE+kVyqbog15UxQ3zDDaTdRFMchp51wcjv3O09UaSbFg5kmNIjxSLCIEWys1I6qycC7HJQrbs1dAK0TLycVyNEalL/6Q0nSmApDONa657mJCTKsDCOczkr9VNMEkwke0Z6lAsdUB9ni2hm6sMoQRVLZEgYt1N8TGY61nsah7YyxGetVby7+5/VSE10HGRNJaqggy0VRypGRaP46GjJFieFTSzBRzN6KyBgrTIwNqGRD8FZfXid+vXZT8+4blWY9T6MIZ3AOVfDgCppwBy3wgcAjPMMrvDnSeXHenY9la8HJZ07hD5zPH++KjjE=</latexit><latexit sha1_base64="38/UWar1LNCa4VXaCNVh41s6vHw=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRmKCF7JLSNQbiRePmLhAAhvSLV2odNtN2zUhG/6DFw9qvPqDvPlvLLAHBV8yyct7M5mZFyacaeO6305hY3Nre6e4W9rbPzg8Kh+ftLVMFaE+kVyqbog15UxQ3zDDaTdRFMchp51wcjv3O09UaSbFg5kmNIjxSLCIEWys1I6qycC7HJQrbs1dAK0TLycVyNEalL/6Q0nSmApDONa657mJCTKsDCOczkr9VNMEkwke0Z6lAsdUB9ni2hm6sMoQRVLZEgYt1N8TGY61nsah7YyxGetVby7+5/VSE10HGRNJaqggy0VRypGRaP46GjJFieFTSzBRzN6KyBgrTIwNqGRD8FZfXid+vXZT8+4blWY9T6MIZ3AOVfDgCppwBy3wgcAjPMMrvDnSeXHenY9la8HJZ07hD5zPH++KjjE=</latexit><latexit sha1_base64="38/UWar1LNCa4VXaCNVh41s6vHw=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRmKCF7JLSNQbiRePmLhAAhvSLV2odNtN2zUhG/6DFw9qvPqDvPlvLLAHBV8yyct7M5mZFyacaeO6305hY3Nre6e4W9rbPzg8Kh+ftLVMFaE+kVyqbog15UxQ3zDDaTdRFMchp51wcjv3O09UaSbFg5kmNIjxSLCIEWys1I6qycC7HJQrbs1dAK0TLycVyNEalL/6Q0nSmApDONa657mJCTKsDCOczkr9VNMEkwke0Z6lAsdUB9ni2hm6sMoQRVLZEgYt1N8TGY61nsah7YyxGetVby7+5/VSE10HGRNJaqggy0VRypGRaP46GjJFieFTSzBRzN6KyBgrTIwNqGRD8FZfXid+vXZT8+4blWY9T6MIZ3AOVfDgCppwBy3wgcAjPMMrvDnSeXHenY9la8HJZ07hD5zPH++KjjE=</latexit>

f (pn )
<latexit sha1_base64="5MSSHkKAGdSH9UCSOQpjDojDQX4=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRmKCF7JLSNQbiRePmLhAAhvSLV2odNtN2zUhG/6DFw9qvPqDvPlvLLAHBV8yyct7M5mZFyacaeO6305hY3Nre6e4W9rbPzg8Kh+ftLVMFaE+kVyqbog15UxQ3zDDaTdRFMchp51wcjv3O09UaSbFg5kmNIjxSLCIEWys1I6qyUBcDsoVt+YugNaJl5MK5GgNyl/9oSRpTIUhHGvd89zEBBlWhhFOZ6V+qmmCyQSPaM9SgWOqg2xx7QxdWGWIIqlsCYMW6u+JDMdaT+PQdsbYjPWqNxf/83qpia6DjIkkNVSQ5aIo5chINH8dDZmixPCpJZgoZm9FZIwVJsYGVLIheKsvrxO/XrupefeNSrOep1GEMziHKnhwBU24gxb4QOARnuEV3hzpvDjvzseyteDkM6fwB87nD0wNjm4=</latexit><latexit sha1_base64="5MSSHkKAGdSH9UCSOQpjDojDQX4=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRmKCF7JLSNQbiRePmLhAAhvSLV2odNtN2zUhG/6DFw9qvPqDvPlvLLAHBV8yyct7M5mZFyacaeO6305hY3Nre6e4W9rbPzg8Kh+ftLVMFaE+kVyqbog15UxQ3zDDaTdRFMchp51wcjv3O09UaSbFg5kmNIjxSLCIEWys1I6qyUBcDsoVt+YugNaJl5MK5GgNyl/9oSRpTIUhHGvd89zEBBlWhhFOZ6V+qmmCyQSPaM9SgWOqg2xx7QxdWGWIIqlsCYMW6u+JDMdaT+PQdsbYjPWqNxf/83qpia6DjIkkNVSQ5aIo5chINH8dDZmixPCpJZgoZm9FZIwVJsYGVLIheKsvrxO/XrupefeNSrOep1GEMziHKnhwBU24gxb4QOARnuEV3hzpvDjvzseyteDkM6fwB87nD0wNjm4=</latexit><latexit sha1_base64="5MSSHkKAGdSH9UCSOQpjDojDQX4=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRmKCF7JLSNQbiRePmLhAAhvSLV2odNtN2zUhG/6DFw9qvPqDvPlvLLAHBV8yyct7M5mZFyacaeO6305hY3Nre6e4W9rbPzg8Kh+ftLVMFaE+kVyqbog15UxQ3zDDaTdRFMchp51wcjv3O09UaSbFg5kmNIjxSLCIEWys1I6qyUBcDsoVt+YugNaJl5MK5GgNyl/9oSRpTIUhHGvd89zEBBlWhhFOZ6V+qmmCyQSPaM9SgWOqg2xx7QxdWGWIIqlsCYMW6u+JDMdaT+PQdsbYjPWqNxf/83qpia6DjIkkNVSQ5aIo5chINH8dDZmixPCpJZgoZm9FZIwVJsYGVLIheKsvrxO/XrupefeNSrOep1GEMziHKnhwBU24gxb4QOARnuEV3hzpvDjvzseyteDkM6fwB87nD0wNjm4=</latexit><latexit sha1_base64="5MSSHkKAGdSH9UCSOQpjDojDQX4=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRmKCF7JLSNQbiRePmLhAAhvSLV2odNtN2zUhG/6DFw9qvPqDvPlvLLAHBV8yyct7M5mZFyacaeO6305hY3Nre6e4W9rbPzg8Kh+ftLVMFaE+kVyqbog15UxQ3zDDaTdRFMchp51wcjv3O09UaSbFg5kmNIjxSLCIEWys1I6qyUBcDsoVt+YugNaJl5MK5GgNyl/9oSRpTIUhHGvd89zEBBlWhhFOZ6V+qmmCyQSPaM9SgWOqg2xx7QxdWGWIIqlsCYMW6u+JDMdaT+PQdsbYjPWqNxf/83qpia6DjIkkNVSQ5aIo5chINH8dDZmixPCpJZgoZm9FZIwVJsYGVLIheKsvrxO/XrupefeNSrOep1GEMziHKnhwBU24gxb4QOARnuEV3hzpvDjvzseyteDkM6fwB87nD0wNjm4=</latexit>

f (pn +1 )
<latexit sha1_base64="mKmPLx6jNexuCu61dJGN+Jz9J5Q=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJUhJIUQb0VvHisYG2xDWWznbRLN5uwuxFK6L/w4kHFqz/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sHhg45TxbDJYhGrdkA1Ci6xabgR2E4U0igQ2ApGN1O/9YRK81jem3GCfkQHkoecUWOlx7CS9DJ57k3OeqWyW3VnIMvEy0kZcjR6pa9uP2ZphNIwQbXueG5i/Iwqw5nASbGbakwoG9EBdiyVNELtZ7OLJ+TUKn0SxsqWNGSm/p7IaKT1OApsZ0TNUC96U/E/r5Oa8MrPuExSg5LNF4WpICYm0/dJnytkRowtoUxxeythQ6ooMzakog3BW3x5mTRr1euqd3dRrtfyNApwDCdQAQ8uoQ630IAmMJDwDK/w5mjnxXl3PuatK04+cwR/4Hz+AOxsj+o=</latexit><latexit sha1_base64="mKmPLx6jNexuCu61dJGN+Jz9J5Q=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJUhJIUQb0VvHisYG2xDWWznbRLN5uwuxFK6L/w4kHFqz/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sHhg45TxbDJYhGrdkA1Ci6xabgR2E4U0igQ2ApGN1O/9YRK81jem3GCfkQHkoecUWOlx7CS9DJ57k3OeqWyW3VnIMvEy0kZcjR6pa9uP2ZphNIwQbXueG5i/Iwqw5nASbGbakwoG9EBdiyVNELtZ7OLJ+TUKn0SxsqWNGSm/p7IaKT1OApsZ0TNUC96U/E/r5Oa8MrPuExSg5LNF4WpICYm0/dJnytkRowtoUxxeythQ6ooMzakog3BW3x5mTRr1euqd3dRrtfyNApwDCdQAQ8uoQ630IAmMJDwDK/w5mjnxXl3PuatK04+cwR/4Hz+AOxsj+o=</latexit><latexit sha1_base64="mKmPLx6jNexuCu61dJGN+Jz9J5Q=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJUhJIUQb0VvHisYG2xDWWznbRLN5uwuxFK6L/w4kHFqz/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sHhg45TxbDJYhGrdkA1Ci6xabgR2E4U0igQ2ApGN1O/9YRK81jem3GCfkQHkoecUWOlx7CS9DJ57k3OeqWyW3VnIMvEy0kZcjR6pa9uP2ZphNIwQbXueG5i/Iwqw5nASbGbakwoG9EBdiyVNELtZ7OLJ+TUKn0SxsqWNGSm/p7IaKT1OApsZ0TNUC96U/E/r5Oa8MrPuExSg5LNF4WpICYm0/dJnytkRowtoUxxeythQ6ooMzakog3BW3x5mTRr1euqd3dRrtfyNApwDCdQAQ8uoQ630IAmMJDwDK/w5mjnxXl3PuatK04+cwR/4Hz+AOxsj+o=</latexit><latexit sha1_base64="mKmPLx6jNexuCu61dJGN+Jz9J5Q=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJUhJIUQb0VvHisYG2xDWWznbRLN5uwuxFK6L/w4kHFqz/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sHhg45TxbDJYhGrdkA1Ci6xabgR2E4U0igQ2ApGN1O/9YRK81jem3GCfkQHkoecUWOlx7CS9DJ57k3OeqWyW3VnIMvEy0kZcjR6pa9uP2ZphNIwQbXueG5i/Iwqw5nASbGbakwoG9EBdiyVNELtZ7OLJ+TUKn0SxsqWNGSm/p7IaKT1OApsZ0TNUC96U/E/r5Oa8MrPuExSg5LNF4WpICYm0/dJnytkRowtoUxxeythQ6ooMzakog3BW3x5mTRr1euqd3dRrtfyNApwDCdQAQ8uoQ630IAmMJDwDK/w5mjnxXl3PuatK04+cwR/4Hz+AOxsj+o=</latexit>

f (pm )
<latexit sha1_base64="YcWJlQLAxdoLVcZfxcR10JgRJBA=">AAAB7HicbVDLSgNBEOz1GeMr6tHLYBDiJewGQb0FvHiM4CaBJITZyWwyZh7LzKwQlvyDFw8qXv0gb/6Nk2QPmljQUFR1090VJZwZ6/vf3tr6xubWdmGnuLu3f3BYOjpuGpVqQkOiuNLtCBvKmaShZZbTdqIpFhGnrWh8O/NbT1QbpuSDnSS0J/BQspgRbJ3UjCtJX1z0S2W/6s+BVkmQkzLkaPRLX92BIqmg0hKOjekEfmJ7GdaWEU6nxW5qaILJGA9px1GJBTW9bH7tFJ07ZYBipV1Ji+bq74kMC2MmInKdAtuRWfZm4n9eJ7XxdS9jMkktlWSxKE45sgrNXkcDpimxfOIIJpq5WxEZYY2JdQEVXQjB8surJKxVb6rB/WW5XsvTKMApnEEFAriCOtxBA0Ig8AjP8ApvnvJevHfvY9G65uUzJ/AH3ucPSomObQ==</latexit><latexit sha1_base64="YcWJlQLAxdoLVcZfxcR10JgRJBA=">AAAB7HicbVDLSgNBEOz1GeMr6tHLYBDiJewGQb0FvHiM4CaBJITZyWwyZh7LzKwQlvyDFw8qXv0gb/6Nk2QPmljQUFR1090VJZwZ6/vf3tr6xubWdmGnuLu3f3BYOjpuGpVqQkOiuNLtCBvKmaShZZbTdqIpFhGnrWh8O/NbT1QbpuSDnSS0J/BQspgRbJ3UjCtJX1z0S2W/6s+BVkmQkzLkaPRLX92BIqmg0hKOjekEfmJ7GdaWEU6nxW5qaILJGA9px1GJBTW9bH7tFJ07ZYBipV1Ji+bq74kMC2MmInKdAtuRWfZm4n9eJ7XxdS9jMkktlWSxKE45sgrNXkcDpimxfOIIJpq5WxEZYY2JdQEVXQjB8surJKxVb6rB/WW5XsvTKMApnEEFAriCOtxBA0Ig8AjP8ApvnvJevHfvY9G65uUzJ/AH3ucPSomObQ==</latexit><latexit sha1_base64="YcWJlQLAxdoLVcZfxcR10JgRJBA=">AAAB7HicbVDLSgNBEOz1GeMr6tHLYBDiJewGQb0FvHiM4CaBJITZyWwyZh7LzKwQlvyDFw8qXv0gb/6Nk2QPmljQUFR1090VJZwZ6/vf3tr6xubWdmGnuLu3f3BYOjpuGpVqQkOiuNLtCBvKmaShZZbTdqIpFhGnrWh8O/NbT1QbpuSDnSS0J/BQspgRbJ3UjCtJX1z0S2W/6s+BVkmQkzLkaPRLX92BIqmg0hKOjekEfmJ7GdaWEU6nxW5qaILJGA9px1GJBTW9bH7tFJ07ZYBipV1Ji+bq74kMC2MmInKdAtuRWfZm4n9eJ7XxdS9jMkktlWSxKE45sgrNXkcDpimxfOIIJpq5WxEZYY2JdQEVXQjB8surJKxVb6rB/WW5XsvTKMApnEEFAriCOtxBA0Ig8AjP8ApvnvJevHfvY9G65uUzJ/AH3ucPSomObQ==</latexit><latexit sha1_base64="YcWJlQLAxdoLVcZfxcR10JgRJBA=">AAAB7HicbVDLSgNBEOz1GeMr6tHLYBDiJewGQb0FvHiM4CaBJITZyWwyZh7LzKwQlvyDFw8qXv0gb/6Nk2QPmljQUFR1090VJZwZ6/vf3tr6xubWdmGnuLu3f3BYOjpuGpVqQkOiuNLtCBvKmaShZZbTdqIpFhGnrWh8O/NbT1QbpuSDnSS0J/BQspgRbJ3UjCtJX1z0S2W/6s+BVkmQkzLkaPRLX92BIqmg0hKOjekEfmJ7GdaWEU6nxW5qaILJGA9px1GJBTW9bH7tFJ07ZYBipV1Ji+bq74kMC2MmInKdAtuRWfZm4n9eJ7XxdS9jMkktlWSxKE45sgrNXkcDpimxfOIIJpq5WxEZYY2JdQEVXQjB8surJKxVb6rB/WW5XsvTKMApnEEFAriCOtxBA0Ig8AjP8ApvnvJevHfvY9G65uUzJ/AH3ucPSomObQ==</latexit>

scattering cross section 
generalized GreenÕs function

note: is a field gauge factor in transform

traditionally the gauge is set such that  

ei ! (p)

<latexit sha1_base64="vEQBdkH+N6MM7eRblehRylM7dgM=">AAACD3icbVDLSsNAFJ3UV62vqEs3g0Wom5KUgroruHFZwT6gjWUyvWmHTiZhZlIooR/h3q3+gjtx6yf4B36GkzYLbT1w4XDOvdx7jx9zprTjfFmFjc2t7Z3ibmlv/+DwyD4+aasokRRaNOKR7PpEAWcCWpppDt1YAgl9Dh1/cpv5nSlIxSLxoGcxeCEZCRYwSrSRBrYNjynD/SmR8ZhV4sv5wC47VWcBvE7cnJRRjubA/u4PI5qEIDTlRKme68TaS4nUjHKYl/qJgpjQCRlBz1BBQlBeurh8ji+MMsRBJE0JjRfq74mUhErNQt90hkSP1aqXif96mSJVoFb26+DaS5mIEw2CLtcHCcc6wlk4eMgkUM1nhhAqmfkA0zGRhGoTYclE464GsU7atapbr97c18uNWh5SEZ2hc1RBLrpCDXSHmqiFKJqiZ/SCXq0n6816tz6WrQUrnzlFf2B9/gAuOZyV</latexit>

! (p) = 0

<latexit sha1_base64="xwRiwmWlhl7k8sdd+oF1GLm+Nko=">AAACCXicbVDLSsNAFL2pr1pfVZdugkWom5KUgroQCm5cVrAPaEKZTCft0MlkmJkUSugXuHerv+BO3PoV/oGf4aTNQlsPXDiccy/33hMIRpV2nC+rsLG5tb1T3C3t7R8cHpWPTzoqTiQmbRyzWPYCpAijnLQ11Yz0hCQoChjpBpO7zO9OiVQ05o96JogfoRGnIcVIG8nzpkiKMa2Ky1tnUK44NWcBe524OalAjtag/O0NY5xEhGvMkFJ91xHaT5HUFDMyL3mJIgLhCRqRvqEcRUT56eLmuX1hlKEdxtIU1/ZC/T2RokipWRSYzgjpsVr1MvFfL1OkCtXKfh1e+ynlItGE4+X6MGG2ju0sFntIJcGazQxBWFLzgY3HSCKsTXglE427GsQ66dRrbqN289CoNOt5SEU4g3OoggtX0IR7aEEbMAh4hhd4tZ6sN+vd+li2Fqx85hT+wPr8ARknmmU=</latexit>

that is, gauge symmetry with 
corresponding massless gauge boson

|f ! = QFT state or distribution of Þelds = F (f )

<latexit sha1_base64="63yrmG8uUGsJu2FR5bft077ACRg="></latexit>

where f is a Þeld

<latexit sha1_base64="pVrfNMRvy9RZcfI8KSmBzApwt+M=">AAACIXicbVDJSgNBEO2JW4zbqEcvTYLgKcyEgHoLePEYwSyQhNDTU5M06VnorlHDkLv/4d2r/oI38Sb+gJ9hZzlo4oOCV+9VUdTzEik0Os6nlVtb39jcym8Xdnb39g/sw6OmjlPFocFjGau2xzRIEUEDBUpoJwpY6EloeaOrqd+6A6VFHN3iOIFeyAaRCARnaKS+XewiPGB2PwQFdEIDOu+p0JTRQID0J3275JSdGegqcRekRBao9+3vrh/zNIQIuWRad1wnwV7GFAouYVLophoSxkdsAB1DIxaC7mWzXyb01Cg+DWJlKkI6U39vZCzUehx6ZjJkONTL3lT815sqSgd66T4GF71MREmKEPH5+SCVFGM6jYv6QgFHOTaEcSXMB5QPmWIcTagFE427HMQqaVbKbrV8eVMt1SqLkPLkhBTJGXHJOamRa1InDcLJI3kmL+TVerLerHfrYz6asxY7x+QPrK8fVYGkEg==</latexit>



MST as the S-matrix:  an alternative dynamical interpretation (II)13

define the effective action through Legendre transform:

expanding in    and    it can be shown that:

S[! (p)] = ! ln Z [J ] +
!

dp J(p) ! (p)
<latexit sha1_base64="QPK4TAk5TNyt3TqLIpKgSh2OYp0=">AAACIXicbVBLSwMxGMzWV62vqkcvwSJU1LJbBO1BKHiRnipaW9xdSjZN29BsNiTZQln6W7z4V7x4UOlN/DOmD1BbB0KGmflIvgkEo0rb9qeVWlpeWV1Lr2c2Nre2d7K7ew8qiiUmNRyxSDYCpAijnNQ01Yw0hCQoDBipB73rsV/vE6loxO/1QBA/RB1O2xQjbaRmtnTnen0kRZfmxbF/Bc88xuGjW/HhCfQo10lLQO8UVow7vn+yw2Y2ZxfsCeAicWYkB2aoNrMjrxXhOCRcY4aUch1baD9BUlPMyDDjxYoIhHuoQ1xDOQqJ8pPJikN4ZJQWbEfSHK7hRP09kaBQqUEYmGSIdFfNe2PxP8+NdfvSTygXsSYcTx9qxwzqCI77gi0qCdZsYAjCkpq/QtxFEmFtWs2YEpz5lRdJrVgoFZzb81y5OGsjDQ7AIcgDB1yAMrgBVVADGDyBF/AG3q1n69X6sEbTaMqazeyDP7C+vgGCMqC3</latexit><latexit sha1_base64="QPK4TAk5TNyt3TqLIpKgSh2OYp0=">AAACIXicbVBLSwMxGMzWV62vqkcvwSJU1LJbBO1BKHiRnipaW9xdSjZN29BsNiTZQln6W7z4V7x4UOlN/DOmD1BbB0KGmflIvgkEo0rb9qeVWlpeWV1Lr2c2Nre2d7K7ew8qiiUmNRyxSDYCpAijnNQ01Yw0hCQoDBipB73rsV/vE6loxO/1QBA/RB1O2xQjbaRmtnTnen0kRZfmxbF/Bc88xuGjW/HhCfQo10lLQO8UVow7vn+yw2Y2ZxfsCeAicWYkB2aoNrMjrxXhOCRcY4aUch1baD9BUlPMyDDjxYoIhHuoQ1xDOQqJ8pPJikN4ZJQWbEfSHK7hRP09kaBQqUEYmGSIdFfNe2PxP8+NdfvSTygXsSYcTx9qxwzqCI77gi0qCdZsYAjCkpq/QtxFEmFtWs2YEpz5lRdJrVgoFZzb81y5OGsjDQ7AIcgDB1yAMrgBVVADGDyBF/AG3q1n69X6sEbTaMqazeyDP7C+vgGCMqC3</latexit><latexit sha1_base64="QPK4TAk5TNyt3TqLIpKgSh2OYp0=">AAACIXicbVBLSwMxGMzWV62vqkcvwSJU1LJbBO1BKHiRnipaW9xdSjZN29BsNiTZQln6W7z4V7x4UOlN/DOmD1BbB0KGmflIvgkEo0rb9qeVWlpeWV1Lr2c2Nre2d7K7ew8qiiUmNRyxSDYCpAijnNQ01Yw0hCQoDBipB73rsV/vE6loxO/1QBA/RB1O2xQjbaRmtnTnen0kRZfmxbF/Bc88xuGjW/HhCfQo10lLQO8UVow7vn+yw2Y2ZxfsCeAicWYkB2aoNrMjrxXhOCRcY4aUch1baD9BUlPMyDDjxYoIhHuoQ1xDOQqJ8pPJikN4ZJQWbEfSHK7hRP09kaBQqUEYmGSIdFfNe2PxP8+NdfvSTygXsSYcTx9qxwzqCI77gi0qCdZsYAjCkpq/QtxFEmFtWs2YEpz5lRdJrVgoFZzb81y5OGsjDQ7AIcgDB1yAMrgBVVADGDyBF/AG3q1n69X6sEbTaMqazeyDP7C+vgGCMqC3</latexit><latexit sha1_base64="QPK4TAk5TNyt3TqLIpKgSh2OYp0=">AAACIXicbVBLSwMxGMzWV62vqkcvwSJU1LJbBO1BKHiRnipaW9xdSjZN29BsNiTZQln6W7z4V7x4UOlN/DOmD1BbB0KGmflIvgkEo0rb9qeVWlpeWV1Lr2c2Nre2d7K7ew8qiiUmNRyxSDYCpAijnNQ01Yw0hCQoDBipB73rsV/vE6loxO/1QBA/RB1O2xQjbaRmtnTnen0kRZfmxbF/Bc88xuGjW/HhCfQo10lLQO8UVow7vn+yw2Y2ZxfsCeAicWYkB2aoNrMjrxXhOCRcY4aUch1baD9BUlPMyDDjxYoIhHuoQ1xDOQqJ8pPJikN4ZJQWbEfSHK7hRP09kaBQqUEYmGSIdFfNe2PxP8+NdfvSTygXsSYcTx9qxwzqCI77gi0qCdZsYAjCkpq/QtxFEmFtWs2YEpz5lRdJrVgoFZzb81y5OGsjDQ7AIcgDB1yAMrgBVVADGDyBF/AG3q1n69X6sEbTaMqazeyDP7C+vgGCMqC3</latexit>

classical action averaged over 
fluctuations as a function of 
inverse renormalization scale

two state scattering cross section 
(scale dependent renormalization 
mass) as a function of initial and 
final inverse renormalization scale

S
<latexit sha1_base64="xN42xV49xDjyfYTCfw1pyTZgijE=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoN4KXjy2aGyhDWWznbRrN5uwuxFK6S/w4kHFq3/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fDoQSeZYuizRCSqHVKNgkv0DTcC26lCGocCW+HoZua3nlBpnsh7M04xiOlA8ogzaqzUvOuVK27VnYOsEi8nFcjR6JW/uv2EZTFKwwTVuuO5qQkmVBnOBE5L3UxjStmIDrBjqaQx6mAyP3RKzqzSJ1GibElD5urviQmNtR7Hoe2MqRnqZW8m/ud1MhNdBRMu08ygZItFUSaIScjsa9LnCpkRY0soU9zeStiQKsqMzaZkQ/CWX14lfq16XfWaF5V6LU+jCCdwCufgwSXU4RYa4AMDhGd4hTfn0Xlx3p2PRWvByWeO4Q+czx8X4Iyb</latexit><latexit sha1_base64="xN42xV49xDjyfYTCfw1pyTZgijE=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoN4KXjy2aGyhDWWznbRrN5uwuxFK6S/w4kHFq3/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fDoQSeZYuizRCSqHVKNgkv0DTcC26lCGocCW+HoZua3nlBpnsh7M04xiOlA8ogzaqzUvOuVK27VnYOsEi8nFcjR6JW/uv2EZTFKwwTVuuO5qQkmVBnOBE5L3UxjStmIDrBjqaQx6mAyP3RKzqzSJ1GibElD5urviQmNtR7Hoe2MqRnqZW8m/ud1MhNdBRMu08ygZItFUSaIScjsa9LnCpkRY0soU9zeStiQKsqMzaZkQ/CWX14lfq16XfWaF5V6LU+jCCdwCufgwSXU4RYa4AMDhGd4hTfn0Xlx3p2PRWvByWeO4Q+czx8X4Iyb</latexit><latexit sha1_base64="xN42xV49xDjyfYTCfw1pyTZgijE=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoN4KXjy2aGyhDWWznbRrN5uwuxFK6S/w4kHFq3/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fDoQSeZYuizRCSqHVKNgkv0DTcC26lCGocCW+HoZua3nlBpnsh7M04xiOlA8ogzaqzUvOuVK27VnYOsEi8nFcjR6JW/uv2EZTFKwwTVuuO5qQkmVBnOBE5L3UxjStmIDrBjqaQx6mAyP3RKzqzSJ1GibElD5urviQmNtR7Hoe2MqRnqZW8m/ud1MhNdBRMu08ygZItFUSaIScjsa9LnCpkRY0soU9zeStiQKsqMzaZkQ/CWX14lfq16XfWaF5V6LU+jCCdwCufgwSXU4RYa4AMDhGd4hTfn0Xlx3p2PRWvByWeO4Q+czx8X4Iyb</latexit><latexit sha1_base64="xN42xV49xDjyfYTCfw1pyTZgijE=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoN4KXjy2aGyhDWWznbRrN5uwuxFK6S/w4kHFq3/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fDoQSeZYuizRCSqHVKNgkv0DTcC26lCGocCW+HoZua3nlBpnsh7M04xiOlA8ogzaqzUvOuVK27VnYOsEi8nFcjR6JW/uv2EZTFKwwTVuuO5qQkmVBnOBE5L3UxjStmIDrBjqaQx6mAyP3RKzqzSJ1GibElD5urviQmNtR7Hoe2MqRnqZW8m/ud1MhNdBRMu08ygZItFUSaIScjsa9LnCpkRY0soU9zeStiQKsqMzaZkQ/CWX14lfq16XfWaF5V6LU+jCCdwCufgwSXU4RYa4AMDhGd4hTfn0Xlx3p2PRWvByWeO4Q+czx8X4Iyb</latexit>

!
<latexit sha1_base64="wVVy8tkBQmshS55ip5MvgWP8bYQ=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqexKQb0VvHis4NpCu5Rsmm1Ds9mQZAtl6Y/w4kHFq//Hm//GtN2Dtj4YeLw3w8y8SAlurOd9o9LG5tb2Tnm3srd/cHhUPT55MmmmKQtoKlLdiYhhgksWWG4F6yjNSBIJ1o7Gd3O/PWHa8FQ+2qliYUKGksecEuukdm9CtBrxfrXm1b0F8DrxC1KDAq1+9as3SGmWMGmpIMZ0fU/ZMCfacirYrNLLDFOEjsmQdR2VJGEmzBfnzvCFUwY4TrUrafFC/T2Rk8SYaRK5zoTYkVn15uJ/Xjez8U2Yc6kyyyRdLoozgW2K57/jAdeMWjF1hFDN3a2Yjogm1LqEKi4Ef/XldRJc1W/r/kOj1mwUaZThDM7hEny4hibcQwsCoDCGZ3iFN6TQC3pHH8vWEipmTuEP0OcP4vePbA==</latexit><latexit sha1_base64="wVVy8tkBQmshS55ip5MvgWP8bYQ=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqexKQb0VvHis4NpCu5Rsmm1Ds9mQZAtl6Y/w4kHFq//Hm//GtN2Dtj4YeLw3w8y8SAlurOd9o9LG5tb2Tnm3srd/cHhUPT55MmmmKQtoKlLdiYhhgksWWG4F6yjNSBIJ1o7Gd3O/PWHa8FQ+2qliYUKGksecEuukdm9CtBrxfrXm1b0F8DrxC1KDAq1+9as3SGmWMGmpIMZ0fU/ZMCfacirYrNLLDFOEjsmQdR2VJGEmzBfnzvCFUwY4TrUrafFC/T2Rk8SYaRK5zoTYkVn15uJ/Xjez8U2Yc6kyyyRdLoozgW2K57/jAdeMWjF1hFDN3a2Yjogm1LqEKi4Ef/XldRJc1W/r/kOj1mwUaZThDM7hEny4hibcQwsCoDCGZ3iFN6TQC3pHH8vWEipmTuEP0OcP4vePbA==</latexit><latexit sha1_base64="wVVy8tkBQmshS55ip5MvgWP8bYQ=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqexKQb0VvHis4NpCu5Rsmm1Ds9mQZAtl6Y/w4kHFq//Hm//GtN2Dtj4YeLw3w8y8SAlurOd9o9LG5tb2Tnm3srd/cHhUPT55MmmmKQtoKlLdiYhhgksWWG4F6yjNSBIJ1o7Gd3O/PWHa8FQ+2qliYUKGksecEuukdm9CtBrxfrXm1b0F8DrxC1KDAq1+9as3SGmWMGmpIMZ0fU/ZMCfacirYrNLLDFOEjsmQdR2VJGEmzBfnzvCFUwY4TrUrafFC/T2Rk8SYaRK5zoTYkVn15uJ/Xjez8U2Yc6kyyyRdLoozgW2K57/jAdeMWjF1hFDN3a2Yjogm1LqEKi4Ef/XldRJc1W/r/kOj1mwUaZThDM7hEny4hibcQwsCoDCGZ3iFN6TQC3pHH8vWEipmTuEP0OcP4vePbA==</latexit><latexit sha1_base64="wVVy8tkBQmshS55ip5MvgWP8bYQ=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqexKQb0VvHis4NpCu5Rsmm1Ds9mQZAtl6Y/w4kHFq//Hm//GtN2Dtj4YeLw3w8y8SAlurOd9o9LG5tb2Tnm3srd/cHhUPT55MmmmKQtoKlLdiYhhgksWWG4F6yjNSBIJ1o7Gd3O/PWHa8FQ+2qliYUKGksecEuukdm9CtBrxfrXm1b0F8DrxC1KDAq1+9as3SGmWMGmpIMZ0fU/ZMCfacirYrNLLDFOEjsmQdR2VJGEmzBfnzvCFUwY4TrUrafFC/T2Rk8SYaRK5zoTYkVn15uJ/Xjez8U2Yc6kyyyRdLoozgW2K57/jAdeMWjF1hFDN3a2Yjogm1LqEKi4Ef/XldRJc1W/r/kOj1mwUaZThDM7hEny4hibcQwsCoDCGZ3iFN6TQC3pHH8vWEipmTuEP0OcP4vePbA==</latexit>

S1(|f ! ) = |f ! " p| ! # = E( öf (p) F (f )) =
1

Z [J ]
$Z [J ]
$J (p)

!
!
!
!
J =0

= %0(p) =
<latexit sha1_base64="MD39lBpBz22sVy2h87nrCQmwlmA="></latexit><latexit sha1_base64="MD39lBpBz22sVy2h87nrCQmwlmA="></latexit><latexit sha1_base64="MD39lBpBz22sVy2h87nrCQmwlmA="></latexit><latexit sha1_base64="MD39lBpBz22sVy2h87nrCQmwlmA="></latexit>

= øf 1(p)
<latexit sha1_base64="Psxjoz8aW3N4aJ5hNhIjWBo6dpk=">AAAB93icbVBNS8NAEJ3Ur1o/GvXoZbEI9VKSIqgHoeDFYwVjC20Im+2mXbrZhN2NUEN/iRcPKl79K978N27bHLT1wcDjvRlm5oUpZ0o7zrdVWlvf2Nwqb1d2dvf2q/bB4YNKMkmoRxKeyG6IFeVMUE8zzWk3lRTHIaedcHwz8zuPVCqWiHs9Sakf46FgESNYGymwq9eoH2KZR9PARfX0LLBrTsOZA60StyA1KNAO7K/+ICFZTIUmHCvVc51U+zmWmhFOp5V+pmiKyRgPac9QgWOq/Hx++BSdGmWAokSaEhrN1d8TOY6VmsSh6YyxHqllbyb+5/UyHV36ORNppqkgi0VRxpFO0CwFNGCSEs0nhmAimbkVkRGWmGiTVcWE4C6/vEq8ZuOq4d6d11rNIo0yHMMJ1MGFC2jBLbTBAwIZPMMrvFlP1ov1bn0sWktWMXMEf2B9/gBj8pHC</latexit><latexit sha1_base64="Psxjoz8aW3N4aJ5hNhIjWBo6dpk=">AAAB93icbVBNS8NAEJ3Ur1o/GvXoZbEI9VKSIqgHoeDFYwVjC20Im+2mXbrZhN2NUEN/iRcPKl79K978N27bHLT1wcDjvRlm5oUpZ0o7zrdVWlvf2Nwqb1d2dvf2q/bB4YNKMkmoRxKeyG6IFeVMUE8zzWk3lRTHIaedcHwz8zuPVCqWiHs9Sakf46FgESNYGymwq9eoH2KZR9PARfX0LLBrTsOZA60StyA1KNAO7K/+ICFZTIUmHCvVc51U+zmWmhFOp5V+pmiKyRgPac9QgWOq/Hx++BSdGmWAokSaEhrN1d8TOY6VmsSh6YyxHqllbyb+5/UyHV36ORNppqkgi0VRxpFO0CwFNGCSEs0nhmAimbkVkRGWmGiTVcWE4C6/vEq8ZuOq4d6d11rNIo0yHMMJ1MGFC2jBLbTBAwIZPMMrvFlP1ov1bn0sWktWMXMEf2B9/gBj8pHC</latexit><latexit sha1_base64="Psxjoz8aW3N4aJ5hNhIjWBo6dpk=">AAAB93icbVBNS8NAEJ3Ur1o/GvXoZbEI9VKSIqgHoeDFYwVjC20Im+2mXbrZhN2NUEN/iRcPKl79K978N27bHLT1wcDjvRlm5oUpZ0o7zrdVWlvf2Nwqb1d2dvf2q/bB4YNKMkmoRxKeyG6IFeVMUE8zzWk3lRTHIaedcHwz8zuPVCqWiHs9Sakf46FgESNYGymwq9eoH2KZR9PARfX0LLBrTsOZA60StyA1KNAO7K/+ICFZTIUmHCvVc51U+zmWmhFOp5V+pmiKyRgPac9QgWOq/Hx++BSdGmWAokSaEhrN1d8TOY6VmsSh6YyxHqllbyb+5/UyHV36ORNppqkgi0VRxpFO0CwFNGCSEs0nhmAimbkVkRGWmGiTVcWE4C6/vEq8ZuOq4d6d11rNIo0yHMMJ1MGFC2jBLbTBAwIZPMMrvFlP1ov1bn0sWktWMXMEf2B9/gBj8pHC</latexit><latexit sha1_base64="Psxjoz8aW3N4aJ5hNhIjWBo6dpk=">AAAB93icbVBNS8NAEJ3Ur1o/GvXoZbEI9VKSIqgHoeDFYwVjC20Im+2mXbrZhN2NUEN/iRcPKl79K978N27bHLT1wcDjvRlm5oUpZ0o7zrdVWlvf2Nwqb1d2dvf2q/bB4YNKMkmoRxKeyG6IFeVMUE8zzWk3lRTHIaedcHwz8zuPVCqWiHs9Sakf46FgESNYGymwq9eoH2KZR9PARfX0LLBrTsOZA60StyA1KNAO7K/+ICFZTIUmHCvVc51U+zmWmhFOp5V+pmiKyRgPac9QgWOq/Hx++BSdGmWAokSaEhrN1d8TOY6VmsSh6YyxHqllbyb+5/UyHV36ORNppqkgi0VRxpFO0CwFNGCSEs0nhmAimbkVkRGWmGiTVcWE4C6/vEq8ZuOq4d6d11rNIo0yHMMJ1MGFC2jBLbTBAwIZPMMrvFlP1ov1bn0sWktWMXMEf2B9/gBj8pHC</latexit>

= øf 2(p, p!)
<latexit sha1_base64="+BF3DoYlwAXlFxXvLrmaMpElQ+8=">AAAB+nicbVBNS8NAEN3Ur1q/Yj16WSxiBSlJEdSDUPDisYKxhTaEzXbTLt1slt2NWEL+ihcPKl79Jd78N27bHLT1wcDjvRlm5oWCUaUd59sqrayurW+UNytb2zu7e/Z+9UElqcTEwwlLZDdEijDKiaepZqQrJEFxyEgnHN9M/c4jkYom/F5PBPFjNOQ0ohhpIwV29Rr2QySzKA+asC7OxMlpYNechjMDXCZuQWqgQDuwv/qDBKcx4RozpFTPdYT2MyQ1xYzklX6qiEB4jIakZyhHMVF+Nrs9h8dGGcAokaa4hjP190SGYqUmcWg6Y6RHatGbiv95vVRHl35GuUg14Xi+KEoZ1AmcBgEHVBKs2cQQhCU1t0I8QhJhbeKqmBDcxZeXiddsXDXcu/Naq1mkUQaH4AjUgQsuQAvcgjbwAAZP4Bm8gjcrt16sd+tj3lqyipkD8AfW5w8LCpKk</latexit><latexit sha1_base64="+BF3DoYlwAXlFxXvLrmaMpElQ+8=">AAAB+nicbVBNS8NAEN3Ur1q/Yj16WSxiBSlJEdSDUPDisYKxhTaEzXbTLt1slt2NWEL+ihcPKl79Jd78N27bHLT1wcDjvRlm5oWCUaUd59sqrayurW+UNytb2zu7e/Z+9UElqcTEwwlLZDdEijDKiaepZqQrJEFxyEgnHN9M/c4jkYom/F5PBPFjNOQ0ohhpIwV29Rr2QySzKA+asC7OxMlpYNechjMDXCZuQWqgQDuwv/qDBKcx4RozpFTPdYT2MyQ1xYzklX6qiEB4jIakZyhHMVF+Nrs9h8dGGcAokaa4hjP190SGYqUmcWg6Y6RHatGbiv95vVRHl35GuUg14Xi+KEoZ1AmcBgEHVBKs2cQQhCU1t0I8QhJhbeKqmBDcxZeXiddsXDXcu/Naq1mkUQaH4AjUgQsuQAvcgjbwAAZP4Bm8gjcrt16sd+tj3lqyipkD8AfW5w8LCpKk</latexit><latexit sha1_base64="+BF3DoYlwAXlFxXvLrmaMpElQ+8=">AAAB+nicbVBNS8NAEN3Ur1q/Yj16WSxiBSlJEdSDUPDisYKxhTaEzXbTLt1slt2NWEL+ihcPKl79Jd78N27bHLT1wcDjvRlm5oWCUaUd59sqrayurW+UNytb2zu7e/Z+9UElqcTEwwlLZDdEijDKiaepZqQrJEFxyEgnHN9M/c4jkYom/F5PBPFjNOQ0ohhpIwV29Rr2QySzKA+asC7OxMlpYNechjMDXCZuQWqgQDuwv/qDBKcx4RozpFTPdYT2MyQ1xYzklX6qiEB4jIakZyhHMVF+Nrs9h8dGGcAokaa4hjP190SGYqUmcWg6Y6RHatGbiv95vVRHl35GuUg14Xi+KEoZ1AmcBgEHVBKs2cQQhCU1t0I8QhJhbeKqmBDcxZeXiddsXDXcu/Naq1mkUQaH4AjUgQsuQAvcgjbwAAZP4Bm8gjcrt16sd+tj3lqyipkD8AfW5w8LCpKk</latexit><latexit sha1_base64="+BF3DoYlwAXlFxXvLrmaMpElQ+8=">AAAB+nicbVBNS8NAEN3Ur1q/Yj16WSxiBSlJEdSDUPDisYKxhTaEzXbTLt1slt2NWEL+ihcPKl79Jd78N27bHLT1wcDjvRlm5oWCUaUd59sqrayurW+UNytb2zu7e/Z+9UElqcTEwwlLZDdEijDKiaepZqQrJEFxyEgnHN9M/c4jkYom/F5PBPFjNOQ0ohhpIwV29Rr2QySzKA+asC7OxMlpYNechjMDXCZuQWqgQDuwv/qDBKcx4RozpFTPdYT2MyQ1xYzklX6qiEB4jIakZyhHMVF+Nrs9h8dGGcAokaa4hjP190SGYqUmcWg6Y6RHatGbiv95vVRHl35GuUg14Xi+KEoZ1AmcBgEHVBKs2cQQhCU1t0I8QhJhbeKqmBDcxZeXiddsXDXcu/Naq1mkUQaH4AjUgQsuQAvcgjbwAAZP4Bm8gjcrt16sd+tj3lqyipkD8AfW5w8LCpKk</latexit>

S2(|f ! ) = ||f ! " p| ! " p! | ! # = E( öf (p) öf (p!) F (f )) =
1

Z [J ]
$2Z [J ]

$J (p)$J (p!)

!
!
!
!
J =0

=
1

m(p, p!)
=

<latexit sha1_base64="eGv9onVHzYKxYoRDtI1dbnxUt8U="></latexit><latexit sha1_base64="eGv9onVHzYKxYoRDtI1dbnxUt8U="></latexit><latexit sha1_base64="eGv9onVHzYKxYoRDtI1dbnxUt8U="></latexit><latexit sha1_base64="eGv9onVHzYKxYoRDtI1dbnxUt8U="></latexit>

m(p, p0)
<latexit sha1_base64="9GsBaYSiyxz7HikujRp2lm9bsdU=">AAAB7XicbVBNSwMxEJ31s9avqkcvwSJWKGVXBPVW8OKxgmsL7VKyabYNTbIhyQql9Ed48aDi1f/jzX9j2u5BWx8MPN6bYWZerDgz1ve/vZXVtfWNzcJWcXtnd2+/dHD4aNJMExqSlKe6FWNDOZM0tMxy2lKaYhFz2oyHt1O/+US1Yal8sCNFI4H7kiWMYOukpqioqjo775bKfs2fAS2TICdlyNHolr46vZRkgkpLODamHfjKRmOsLSOcToqdzFCFyRD3adtRiQU10Xh27gSdOqWHklS7khbN1N8TYyyMGYnYdQpsB2bRm4r/ee3MJtfRmEmVWSrJfFGScWRTNP0d9ZimxPKRI5ho5m5FZIA1JtYlVHQhBIsvL5PwonZTC+4vy/VqnkYBjuEEKhDAFdThDhoQAoEhPMMrvHnKe/HevY9564qXzxzBH3ifP2wqjm8=</latexit><latexit sha1_base64="9GsBaYSiyxz7HikujRp2lm9bsdU=">AAAB7XicbVBNSwMxEJ31s9avqkcvwSJWKGVXBPVW8OKxgmsL7VKyabYNTbIhyQql9Ed48aDi1f/jzX9j2u5BWx8MPN6bYWZerDgz1ve/vZXVtfWNzcJWcXtnd2+/dHD4aNJMExqSlKe6FWNDOZM0tMxy2lKaYhFz2oyHt1O/+US1Yal8sCNFI4H7kiWMYOukpqioqjo775bKfs2fAS2TICdlyNHolr46vZRkgkpLODamHfjKRmOsLSOcToqdzFCFyRD3adtRiQU10Xh27gSdOqWHklS7khbN1N8TYyyMGYnYdQpsB2bRm4r/ee3MJtfRmEmVWSrJfFGScWRTNP0d9ZimxPKRI5ho5m5FZIA1JtYlVHQhBIsvL5PwonZTC+4vy/VqnkYBjuEEKhDAFdThDhoQAoEhPMMrvHnKe/HevY9564qXzxzBH3ifP2wqjm8=</latexit><latexit sha1_base64="9GsBaYSiyxz7HikujRp2lm9bsdU=">AAAB7XicbVBNSwMxEJ31s9avqkcvwSJWKGVXBPVW8OKxgmsL7VKyabYNTbIhyQql9Ed48aDi1f/jzX9j2u5BWx8MPN6bYWZerDgz1ve/vZXVtfWNzcJWcXtnd2+/dHD4aNJMExqSlKe6FWNDOZM0tMxy2lKaYhFz2oyHt1O/+US1Yal8sCNFI4H7kiWMYOukpqioqjo775bKfs2fAS2TICdlyNHolr46vZRkgkpLODamHfjKRmOsLSOcToqdzFCFyRD3adtRiQU10Xh27gSdOqWHklS7khbN1N8TYyyMGYnYdQpsB2bRm4r/ee3MJtfRmEmVWSrJfFGScWRTNP0d9ZimxPKRI5ho5m5FZIA1JtYlVHQhBIsvL5PwonZTC+4vy/VqnkYBjuEEKhDAFdThDhoQAoEhPMMrvHnKe/HevY9564qXzxzBH3ifP2wqjm8=</latexit><latexit sha1_base64="9GsBaYSiyxz7HikujRp2lm9bsdU=">AAAB7XicbVBNSwMxEJ31s9avqkcvwSJWKGVXBPVW8OKxgmsL7VKyabYNTbIhyQql9Ed48aDi1f/jzX9j2u5BWx8MPN6bYWZerDgz1ve/vZXVtfWNzcJWcXtnd2+/dHD4aNJMExqSlKe6FWNDOZM0tMxy2lKaYhFz2oyHt1O/+US1Yal8sCNFI4H7kiWMYOukpqioqjo775bKfs2fAS2TICdlyNHolr46vZRkgkpLODamHfjKRmOsLSOcToqdzFCFyRD3adtRiQU10Xh27gSdOqWHklS7khbN1N8TYyyMGYnYdQpsB2bRm4r/ee3MJtfRmEmVWSrJfFGScWRTNP0d9ZimxPKRI5ho5m5FZIA1JtYlVHQhBIsvL5PwonZTC+4vy/VqnkYBjuEEKhDAFdThDhoQAoEhPMMrvHnKe/HevY9564qXzxzBH3ifP2wqjm8=</latexit>

f (p)
<latexit sha1_base64="5STqrvwagy08g6fvEzAJX02FuVs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahgpSkCOqt4MVjBWMLbSib7aZdursJuxuhhP4FLx5UvPqLvPlv3LQ5aOuDgcd7M8zMCxPOtHHdb6e0tr6xuVXeruzs7u0fVA+PHnWcKkJ9EvNYdUOsKWeS+oYZTruJoliEnHbCyW3ud56o0iyWD2aa0EDgkWQRI9jkUlRPzgfVmttw50CrxCtIDQq0B9Wv/jAmqaDSEI617nluYoIMK8MIp7NKP9U0wWSCR7RnqcSC6iCb3zpDZ1YZoihWtqRBc/X3RIaF1lMR2k6BzVgve7n4n9dLTXQdZEwmqaGSLBZFKUcmRvnjaMgUJYZPLcFEMXsrImOsMDE2nooNwVt+eZX4zcZNw7u/rLUuijTKcAKnUAcPrqAFd9AGHwiM4Rle4c0Rzovz7nwsWktOMXMMf+B8/gDHPo2H</latexit><latexit sha1_base64="5STqrvwagy08g6fvEzAJX02FuVs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahgpSkCOqt4MVjBWMLbSib7aZdursJuxuhhP4FLx5UvPqLvPlv3LQ5aOuDgcd7M8zMCxPOtHHdb6e0tr6xuVXeruzs7u0fVA+PHnWcKkJ9EvNYdUOsKWeS+oYZTruJoliEnHbCyW3ud56o0iyWD2aa0EDgkWQRI9jkUlRPzgfVmttw50CrxCtIDQq0B9Wv/jAmqaDSEI617nluYoIMK8MIp7NKP9U0wWSCR7RnqcSC6iCb3zpDZ1YZoihWtqRBc/X3RIaF1lMR2k6BzVgve7n4n9dLTXQdZEwmqaGSLBZFKUcmRvnjaMgUJYZPLcFEMXsrImOsMDE2nooNwVt+eZX4zcZNw7u/rLUuijTKcAKnUAcPrqAFd9AGHwiM4Rle4c0Rzovz7nwsWktOMXMMf+B8/gDHPo2H</latexit><latexit sha1_base64="5STqrvwagy08g6fvEzAJX02FuVs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahgpSkCOqt4MVjBWMLbSib7aZdursJuxuhhP4FLx5UvPqLvPlv3LQ5aOuDgcd7M8zMCxPOtHHdb6e0tr6xuVXeruzs7u0fVA+PHnWcKkJ9EvNYdUOsKWeS+oYZTruJoliEnHbCyW3ud56o0iyWD2aa0EDgkWQRI9jkUlRPzgfVmttw50CrxCtIDQq0B9Wv/jAmqaDSEI617nluYoIMK8MIp7NKP9U0wWSCR7RnqcSC6iCb3zpDZ1YZoihWtqRBc/X3RIaF1lMR2k6BzVgve7n4n9dLTXQdZEwmqaGSLBZFKUcmRvnjaMgUJYZPLcFEMXsrImOsMDE2nooNwVt+eZX4zcZNw7u/rLUuijTKcAKnUAcPrqAFd9AGHwiM4Rle4c0Rzovz7nwsWktOMXMMf+B8/gDHPo2H</latexit><latexit sha1_base64="5STqrvwagy08g6fvEzAJX02FuVs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahgpSkCOqt4MVjBWMLbSib7aZdursJuxuhhP4FLx5UvPqLvPlv3LQ5aOuDgcd7M8zMCxPOtHHdb6e0tr6xuVXeruzs7u0fVA+PHnWcKkJ9EvNYdUOsKWeS+oYZTruJoliEnHbCyW3ud56o0iyWD2aa0EDgkWQRI9jkUlRPzgfVmttw50CrxCtIDQq0B9Wv/jAmqaDSEI617nluYoIMK8MIp7NKP9U0wWSCR7RnqcSC6iCb3zpDZ1YZoihWtqRBc/X3RIaF1lMR2k6BzVgve7n4n9dLTXQdZEwmqaGSLBZFKUcmRvnjaMgUJYZPLcFEMXsrImOsMDE2nooNwVt+eZX4zcZNw7u/rLUuijTKcAKnUAcPrqAFd9AGHwiM4Rle4c0Rzovz7nwsWktOMXMMf+B8/gDHPo2H</latexit>

f (p!)
<latexit sha1_base64="1JDA5D0314HSM8rMbb6eOcx2ubY=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBaxgpREBPVW8OKxgrGFtpTNdtMu3WzC7kQoob/BiwcVr/4hb/4bt20O2vpg4PHeDDPzgkQKg6777RRWVtfWN4qbpa3tnd298v7Bo4lTzbjPYhnrVkANl0JxHwVK3ko0p1EgeTMY3U795hPXRsTqAccJ70Z0oEQoGEUr+WE1OT3rlStuzZ2BLBMvJxXI0eiVvzr9mKURV8gkNabtuQl2M6pRMMknpU5qeELZiA5421JFI2662ezYCTmxSp+EsbalkMzU3xMZjYwZR4HtjCgOzaI3Ff/z2imG191MqCRFrth8UZhKgjGZfk76QnOGcmwJZVrYWwkbUk0Z2nxKNgRv8eVl4l/Ubmre/WWlfp6nUYQjOIYqeHAFdbiDBvjAQMAzvMKbo5wX5935mLcWnHzmEP7A+fwBKFCNuA==</latexit><latexit sha1_base64="1JDA5D0314HSM8rMbb6eOcx2ubY=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBaxgpREBPVW8OKxgrGFtpTNdtMu3WzC7kQoob/BiwcVr/4hb/4bt20O2vpg4PHeDDPzgkQKg6777RRWVtfWN4qbpa3tnd298v7Bo4lTzbjPYhnrVkANl0JxHwVK3ko0p1EgeTMY3U795hPXRsTqAccJ70Z0oEQoGEUr+WE1OT3rlStuzZ2BLBMvJxXI0eiVvzr9mKURV8gkNabtuQl2M6pRMMknpU5qeELZiA5421JFI2662ezYCTmxSp+EsbalkMzU3xMZjYwZR4HtjCgOzaI3Ff/z2imG191MqCRFrth8UZhKgjGZfk76QnOGcmwJZVrYWwkbUk0Z2nxKNgRv8eVl4l/Ubmre/WWlfp6nUYQjOIYqeHAFdbiDBvjAQMAzvMKbo5wX5935mLcWnHzmEP7A+fwBKFCNuA==</latexit><latexit sha1_base64="1JDA5D0314HSM8rMbb6eOcx2ubY=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBaxgpREBPVW8OKxgrGFtpTNdtMu3WzC7kQoob/BiwcVr/4hb/4bt20O2vpg4PHeDDPzgkQKg6777RRWVtfWN4qbpa3tnd298v7Bo4lTzbjPYhnrVkANl0JxHwVK3ko0p1EgeTMY3U795hPXRsTqAccJ70Z0oEQoGEUr+WE1OT3rlStuzZ2BLBMvJxXI0eiVvzr9mKURV8gkNabtuQl2M6pRMMknpU5qeELZiA5421JFI2662ezYCTmxSp+EsbalkMzU3xMZjYwZR4HtjCgOzaI3Ff/z2imG191MqCRFrth8UZhKgjGZfk76QnOGcmwJZVrYWwkbUk0Z2nxKNgRv8eVl4l/Ubmre/WWlfp6nUYQjOIYqeHAFdbiDBvjAQMAzvMKbo5wX5935mLcWnHzmEP7A+fwBKFCNuA==</latexit><latexit sha1_base64="1JDA5D0314HSM8rMbb6eOcx2ubY=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBaxgpREBPVW8OKxgrGFtpTNdtMu3WzC7kQoob/BiwcVr/4hb/4bt20O2vpg4PHeDDPzgkQKg6777RRWVtfWN4qbpa3tnd298v7Bo4lTzbjPYhnrVkANl0JxHwVK3ko0p1EgeTMY3U795hPXRsTqAccJ70Z0oEQoGEUr+WE1OT3rlStuzZ2BLBMvJxXI0eiVvzr9mKURV8gkNabtuQl2M6pRMMknpU5qeELZiA5421JFI2662ezYCTmxSp+EsbalkMzU3xMZjYwZR4HtjCgOzaI3Ff/z2imG191MqCRFrth8UZhKgjGZfk76QnOGcmwJZVrYWwkbUk0Z2nxKNgRv8eVl4l/Ubmre/WWlfp6nUYQjOIYqeHAFdbiDBvjAQMAzvMKbo5wX5935mLcWnHzmEP7A+fwBKFCNuA==</latexit>

! 0(p)
<latexit sha1_base64="4BnHe7N7KqMv7U7e5BcF2/JYUYE=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBahgpREBPVW8OKxgrGFJpTNdtMu3WyW3U2hhP4NLx5UvPprvPlv3LY5aOuDgcd7M8zMiyRn2rjut1NaW9/Y3CpvV3Z29/YPqodHTzrNFKE+SXmqOhHWlDNBfcMMpx2pKE4iTtvR6G7mt8dUaZaKRzORNEzwQLCYEWysFARjrOSQ9dy6PO9Va27DnQOtEq8gNSjQ6lW/gn5KsoQKQzjWuuu50oQ5VoYRTqeVINNUYjLCA9q1VOCE6jCf3zxFZ1bpozhVtoRBc/X3RI4TrSdJZDsTbIZ62ZuJ/3ndzMQ3Yc6EzAwVZLEozjgyKZoFgPpMUWL4xBJMFLO3IjLEChNjY6rYELzll1eJf9m4bXgPV7XmRZFGGU7gFOrgwTU04R5a4AMBCc/wCm9O5rw4787HorXkFDPH8AfO5w+mtZDm</latexit><latexit sha1_base64="4BnHe7N7KqMv7U7e5BcF2/JYUYE=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBahgpREBPVW8OKxgrGFJpTNdtMu3WyW3U2hhP4NLx5UvPprvPlv3LY5aOuDgcd7M8zMiyRn2rjut1NaW9/Y3CpvV3Z29/YPqodHTzrNFKE+SXmqOhHWlDNBfcMMpx2pKE4iTtvR6G7mt8dUaZaKRzORNEzwQLCYEWysFARjrOSQ9dy6PO9Va27DnQOtEq8gNSjQ6lW/gn5KsoQKQzjWuuu50oQ5VoYRTqeVINNUYjLCA9q1VOCE6jCf3zxFZ1bpozhVtoRBc/X3RI4TrSdJZDsTbIZ62ZuJ/3ndzMQ3Yc6EzAwVZLEozjgyKZoFgPpMUWL4xBJMFLO3IjLEChNjY6rYELzll1eJf9m4bXgPV7XmRZFGGU7gFOrgwTU04R5a4AMBCc/wCm9O5rw4787HorXkFDPH8AfO5w+mtZDm</latexit><latexit sha1_base64="4BnHe7N7KqMv7U7e5BcF2/JYUYE=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBahgpREBPVW8OKxgrGFJpTNdtMu3WyW3U2hhP4NLx5UvPprvPlv3LY5aOuDgcd7M8zMiyRn2rjut1NaW9/Y3CpvV3Z29/YPqodHTzrNFKE+SXmqOhHWlDNBfcMMpx2pKE4iTtvR6G7mt8dUaZaKRzORNEzwQLCYEWysFARjrOSQ9dy6PO9Va27DnQOtEq8gNSjQ6lW/gn5KsoQKQzjWuuu50oQ5VoYRTqeVINNUYjLCA9q1VOCE6jCf3zxFZ1bpozhVtoRBc/X3RI4TrSdJZDsTbIZ62ZuJ/3ndzMQ3Yc6EzAwVZLEozjgyKZoFgPpMUWL4xBJMFLO3IjLEChNjY6rYELzll1eJf9m4bXgPV7XmRZFGGU7gFOrgwTU04R5a4AMBCc/wCm9O5rw4787HorXkFDPH8AfO5w+mtZDm</latexit><latexit sha1_base64="4BnHe7N7KqMv7U7e5BcF2/JYUYE=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBahgpREBPVW8OKxgrGFJpTNdtMu3WyW3U2hhP4NLx5UvPprvPlv3LY5aOuDgcd7M8zMiyRn2rjut1NaW9/Y3CpvV3Z29/YPqodHTzrNFKE+SXmqOhHWlDNBfcMMpx2pKE4iTtvR6G7mt8dUaZaKRzORNEzwQLCYEWysFARjrOSQ9dy6PO9Va27DnQOtEq8gNSjQ6lW/gn5KsoQKQzjWuuu50oQ5VoYRTqeVINNUYjLCA9q1VOCE6jCf3zxFZ1bpozhVtoRBc/X3RI4TrSdJZDsTbIZ62ZuJ/3ndzMQ3Yc6EzAwVZLEozjgyKZoFgPpMUWL4xBJMFLO3IjLEChNjY6rYELzll1eJf9m4bXgPV7XmRZFGGU7gFOrgwTU04R5a4AMBCc/wCm9O5rw4787HorXkFDPH8AfO5w+mtZDm</latexit>

! 0(p!)
<latexit sha1_base64="4CldHlUeJ07uGvJjsEJSYaFFS44=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRaxgpRdEdRbwYvHCq4ttEvJptk2NJuNSbZQlv4OLx5UvPpnvPlvTNs9aOuDgcd7M8zMCyVn2rjut1NYWV1b3yhulra2d3b3yvsHjzpJFaE+SXiiWiHWlDNBfcMMpy2pKI5DTpvh8HbqN0dUaZaIBzOWNIhxX7CIEWysFHRGWMkB67pVeXrWLVfcmjsDWiZeTiqQo9Etf3V6CUljKgzhWOu250oTZFgZRjidlDqpphKTIe7TtqUCx1QH2ezoCTqxSg9FibIlDJqpvycyHGs9jkPbGWMz0IveVPzPa6cmug4yJmRqqCDzRVHKkUnQNAHUY4oSw8eWYKKYvRWRAVaYGJtTyYbgLb68TPyL2k3Nu7+s1M/zNIpwBMdQBQ+uoA530AAfCDzBM7zCmzNyXpx352PeWnDymUP4A+fzBwrmkRc=</latexit><latexit sha1_base64="4CldHlUeJ07uGvJjsEJSYaFFS44=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRaxgpRdEdRbwYvHCq4ttEvJptk2NJuNSbZQlv4OLx5UvPpnvPlvTNs9aOuDgcd7M8zMCyVn2rjut1NYWV1b3yhulra2d3b3yvsHjzpJFaE+SXiiWiHWlDNBfcMMpy2pKI5DTpvh8HbqN0dUaZaIBzOWNIhxX7CIEWysFHRGWMkB67pVeXrWLVfcmjsDWiZeTiqQo9Etf3V6CUljKgzhWOu250oTZFgZRjidlDqpphKTIe7TtqUCx1QH2ezoCTqxSg9FibIlDJqpvycyHGs9jkPbGWMz0IveVPzPa6cmug4yJmRqqCDzRVHKkUnQNAHUY4oSw8eWYKKYvRWRAVaYGJtTyYbgLb68TPyL2k3Nu7+s1M/zNIpwBMdQBQ+uoA530AAfCDzBM7zCmzNyXpx352PeWnDymUP4A+fzBwrmkRc=</latexit><latexit sha1_base64="4CldHlUeJ07uGvJjsEJSYaFFS44=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRaxgpRdEdRbwYvHCq4ttEvJptk2NJuNSbZQlv4OLx5UvPpnvPlvTNs9aOuDgcd7M8zMCyVn2rjut1NYWV1b3yhulra2d3b3yvsHjzpJFaE+SXiiWiHWlDNBfcMMpy2pKI5DTpvh8HbqN0dUaZaIBzOWNIhxX7CIEWysFHRGWMkB67pVeXrWLVfcmjsDWiZeTiqQo9Etf3V6CUljKgzhWOu250oTZFgZRjidlDqpphKTIe7TtqUCx1QH2ezoCTqxSg9FibIlDJqpvycyHGs9jkPbGWMz0IveVPzPa6cmug4yJmRqqCDzRVHKkUnQNAHUY4oSw8eWYKKYvRWRAVaYGJtTyYbgLb68TPyL2k3Nu7+s1M/zNIpwBMdQBQ+uoA530AAfCDzBM7zCmzNyXpx352PeWnDymUP4A+fzBwrmkRc=</latexit><latexit sha1_base64="4CldHlUeJ07uGvJjsEJSYaFFS44=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRaxgpRdEdRbwYvHCq4ttEvJptk2NJuNSbZQlv4OLx5UvPpnvPlvTNs9aOuDgcd7M8zMCyVn2rjut1NYWV1b3yhulra2d3b3yvsHjzpJFaE+SXiiWiHWlDNBfcMMpy2pKI5DTpvh8HbqN0dUaZaIBzOWNIhxX7CIEWysFHRGWMkB67pVeXrWLVfcmjsDWiZeTiqQo9Etf3V6CUljKgzhWOu250oTZFgZRjidlDqpphKTIe7TtqUCx1QH2ezoCTqxSg9FibIlDJqpvycyHGs9jkPbGWMz0IveVPzPa6cmug4yJmRqqCDzRVHKkUnQNAHUY4oSw8eWYKKYvRWRAVaYGJtTyYbgLb68TPyL2k3Nu7+s1M/zNIpwBMdQBQ+uoA530AAfCDzBM7zCmzNyXpx352PeWnDymUP4A+fzBwrmkRc=</latexit>

! 0(p)

<latexit sha1_base64="BJEkjrnt3AspuBIDbonsScEAz+Q=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRahXsquFKq3ghePFewHdJeSTbNtaDYbkmyhLP0bXjwo4tU/481/Y9ruQVsfDDzem2FmXig508Z1v53C1vbO7l5xv3RweHR8Uj496+gkVYS2ScIT1QuxppwJ2jbMcNqTiuI45LQbTu4XfndKlWaJeDIzSYMYjwSLGMHGSr4/xUqO2cCtyutBueLW3CXQJvFyUoEcrUH5yx8mJI2pMIRjrfueK02QYWUY4XRe8lNNJSYTPKJ9SwWOqQ6y5c1zdGWVIYoSZUsYtFR/T2Q41noWh7Yzxmas172F+J/XT010G2RMyNRQQVaLopQjk6BFAGjIFCWGzyzBRDF7KyJjrDAxNqaSDcFbf3mTdG5qXr1291ivNKt5HEW4gEuoggcNaMIDtKANBCQ8wyu8Oanz4rw7H6vWgpPPnMMfOJ8/PtORGg==</latexit>

1/
!

m(p, p!)

<latexit sha1_base64="7Hl5d7M+86uavLlTFddjTTwZUf0=">AAACEXicbVDLSgMxFM3UV62vsS7dBItYodQZKai7ghuXFewD2qFk0kwbmszEJCOWoV/h3q3+gjtx6xf4B36GmXYW2nrgwuGce7n3Hl8wqrTjfFm5ldW19Y38ZmFre2d3z94vtlQUS0yaOGKR7PhIEUZD0tRUM9IRkiDuM9L2x9ep334gUtEovNMTQTyOhiENKEbaSH276MIz2FP3Uie8LCri5HTat0tO1ZkBLhM3IyWQodG3v3uDCMechBozpFTXdYT2EiQ1xYxMC71YEYHwGA1J19AQcaK8ZHb7FB4bZQCDSJoKNZypvycSxJWacN90cqRHatFLxX+9VJEqUAv7dXDpJTQUsSYhnq8PYgZ1BNN44IBKgjWbGIKwpOYDiEdIIqxNiAUTjbsYxDJpnVfdWvXqtlaqV7KQ8uAQHIEycMEFqIMb0ABNgMEjeAYv4NV6st6sd+tj3pqzspkD8AfW5w8XF5xn</latexit>



Algebraic topology:  how topology is quantified14

Algebraic topology is based on the analysis of the singularity 
structure of vector fields determined from index analysis.

Indexes are calculated by integrating curvature forms over cycles on the manifold.  They 
can be directly related to the homology group of the manifold.  For instance the Gauss-
Bonnet Theorem relates the integral of the curvature form to the Betti numbers of the 
manifold (which determine the homology group of the manifold).  Think by analogy to 
CauchyÕs Theorem on a complex plane.  In general this is the Atiyah-Singer Index Theorem.

1
2!

!

M
K dA = b0 ! b1 + b2

<latexit sha1_base64="x6zuzsoTr/14w1tfw2pzg8tPVf8=">AAACGHicbVBNS8NAEN3Ur1q/oh69DBZBEGtSClZEqHgRRFCwVWhK2Gw3dXGzCbsboYT8DC/+FS8eFPHqzX/jtuag1QczPN6bYXdekHCmtON8WqWp6ZnZufJ8ZWFxaXnFXl3rqDiVhLZJzGN5E2BFORO0rZnm9CaRFEcBp9fB3cnIv76nUrFYXOlhQnsRHggWMoK1kXx7zwslJpmbZ3XwEpaDx4T2z+EMvEPoH8MRBL4Du6a7sBP4dd+uOjVnDPhL3IJUUYEL3/7w+jFJIyo04VipruskupdhqRnhNK94qaIJJnd4QLuGChxR1cvGh+WwZZQ+hLE0JTSM1Z8bGY6UGkaBmYywvlWT3kj8z+umOmz2MiaSVFNBvh8KUw46hlFK0GeSEs2HhmAimfkrkFtsktImy4oJwZ08+S/p1Gtuo3Zw2ai2mkUcZbSBNtE2ctE+aqFTdIHaiKAH9IRe0Kv1aD1bb9b792jJKnbW0S9YH1/7uJyI</latexit>

H0 = H2 = G

<latexit sha1_base64="9egDdoKv63Gc1rDCoZVkS5k5e4U=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSL0VHZLQT0UCh7ssYL9kHZZsmm2DU2yS5IVSumv8OJBEa/+HG/+G9N2D9r6YODx3gwz88KEM21c99vZ2Nza3tnN7eX3Dw6Pjgsnp20dp4rQFol5rLoh1pQzSVuGGU67iaJYhJx2wvHt3O88UaVZLB/MJKG+wEPJIkawsdJjI3BrjaBSuwsKRbfsLoDWiZeRImRoBoWv/iAmqaDSEI617nluYvwpVoYRTmf5fqppgskYD2nPUokF1f50cfAMXVplgKJY2ZIGLdTfE1MstJ6I0HYKbEZ61ZuL/3m91ETX/pTJJDVUkuWiKOXIxGj+PRowRYnhE0swUczeisgIK0yMzShvQ/BWX14n7UrZq5Zv7qvFeimLIwfncAEl8OAK6tCAJrSAgIBneIU3RzkvzrvzsWzdcLKZM/gD5/MHEVaPNw==</latexit>

T 2

<latexit sha1_base64="SuzJr8VxF3gddqs0uYu7kgbxGXQ=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLePEYMS9I1jA7mU2GzM4uM71CCPkELx4U8eoXefNvnCR70MSChqKqm+6uIJHCoOt+O7mNza3tnfxuYW//4PCoeHzSMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb+d++4lrI2LVwEnC/YgOlQgFo2ilh8ZjpV8suWV3AbJOvIyUIEO9X/zqDWKWRlwhk9SYrucm6E+pRsEknxV6qeEJZWM65F1LFY248aeLU2fkwioDEsbalkKyUH9PTGlkzCQKbGdEcWRWvbn4n9dNMbz2p0IlKXLFlovCVBKMyfxvMhCaM5QTSyjTwt5K2IhqytCmU7AheKsvr5NWpexVyzf31VKtksWRhzM4h0vw4ApqcAd1aAKDITzDK7w50nlx3p2PZWvOyWZO4Q+czx/T2I14</latexit>

H1 = GA + GB

<latexit sha1_base64="ZLTHQWul15cdYTfFFqCvaaBeXqA=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSIUhLIrBfUgVD20xwr2Q9qlZNNsG5pklyQrlNJf4cWDIl79Od78N6btHrT1wcDjvRlm5gUxZ9q47rezsrq2vrGZ2cpu7+zu7ecODhs6ShShdRLxSLUCrClnktYNM5y2YkWxCDhtBsO7qd98okqzSD6YUUx9gfuShYxgY6XHate7rtycVW67ubxbdGdAy8RLSR5S1Lq5r04vIomg0hCOtW57bmz8MVaGEU4n2U6iaYzJEPdp21KJBdX+eHbwBJ1apYfCSNmSBs3U3xNjLLQeicB2CmwGetGbiv957cSEl/6YyTgxVJL5ojDhyERo+j3qMUWJ4SNLMFHM3orIACtMjM0oa0PwFl9eJo3zolcqXt2X8uVCGkcGjuEECuDBBZShCjWoAwEBz/AKb45yXpx352PeuuKkM0fwB87nD+Brjxc=</latexit>

b0 = b2 = 1 , b1 = 2

<latexit sha1_base64="ArENRdfQb8qpA8Pjx/bxOe+Ne6E=">AAAB+XicbVDLSgNBEOyNrxhfqx69DAYhBwm7IaAeAgEvHiOYByTLMjOZTYbMPpiZDYQlf+LFgyJe/RNv/o2TZA+aWNBQVHXT3UUSwZV2nG+rsLW9s7tX3C8dHB4dn9inZx0Vp5KyNo1FLHsEKyZ4xNqaa8F6iWQ4JIJ1yeR+4XenTCoeR096ljAvxKOIB5xibSTftonvNIhfa7jXiPhuo+bbZafqLIE2iZuTMuRo+fbXYBjTNGSRpgIr1XedRHsZlppTwealQapYgukEj1jf0AiHTHnZ8vI5ujLKEAWxNBVptFR/T2Q4VGoWEtMZYj1W695C/M/rpzq49TIeJalmEV0tClKBdIwWMaAhl4xqMTMEU8nNrYiOscRUm7BKJgR3/eVN0qlV3Xr17rFeblbyOIpwAZdQARduoAkP0II2UJjCM7zCm5VZL9a79bFqLVj5zDn8gfX5A1v1kXk=</latexit>

B ! is homologous toB

<latexit sha1_base64="njDhNBHOPDfY6hY956I5CbhNA00=">AAACB3icbVDLSgMxFM3UV62vUZeCBIvYVZmRgrordeOygn1AO5RMmrahmcmQ3BHL0J0bf8WNC0Xc+gvu/Bsz7Sy09UDgcM493NzjR4JrcJxvK7eyura+kd8sbG3v7O7Z+wdNLWNFWYNKIVXbJ5oJHrIGcBCsHSlGAl+wlj++Tv3WPVOay/AOJhHzAjIM+YBTAkbq2ce1M9wF9gAJ5hqPZGASQxlrDBJPca1nF52yMwNeJm5GiihDvWd/dfuSxgELgQqidcd1IvASooBTwaaFbqxZROiYDFnH0JAETHvJ7I4pPjVKHw+kMi8EPFN/JxISaD0JfDMZEBjpRS8V//M6MQwuvYSHUQwspPNFg1ikR6al4D5XjIKYGEKo4uavmI6IIhRMdQVTgrt48jJpnpfdSvnqtlKslrI68ugInaASctEFqqIbVEcNRNEjekav6M16sl6sd+tjPpqzsswh+gPr8wdw4ZhY</latexit>

C is homologous to 0

<latexit sha1_base64="+wGhNfcHTa4XjRD2Tehqy0VDYwo=">AAACBnicbVDLSsNAFJ3UV62vqEsRBovQVUmkoO4K3bisYB/QhjKZTtqhk0yYuRFL6MqNv+LGhSJu/QZ3/o2TNgttPTBwOOce7tzjx4JrcJxvq7C2vrG5Vdwu7ezu7R/Yh0dtLRNFWYtKIVXXJ5oJHrEWcBCsGytGQl+wjj9pZH7nninNZXQH05h5IRlFPOCUgJEG9mkD94E9QIq5xmMZmsBIJhqDxDPsDOyyU3XmwKvEzUkZ5WgO7K/+UNIkZBFQQbTuuU4MXkoUcCrYrNRPNIsJnZAR6xkakZBpL52fMcPnRhniQCrzIsBz9XciJaHW09A3kyGBsV72MvE/r5dAcOWlPIoTYBFdLAoSkR2ZdYKHXDEKYmoIoYqbv2I6JopQMM2VTAnu8smrpH1RdWvV69tauV7J6yiiE3SGKshFl6iOblATtRBFj+gZvaI368l6sd6tj8Vowcozx+gPrM8f8k2YFg==</latexit>

helicity, 3D topological index = H =
!

M 3
! 1 ! " 2 =

!

V
A áB = lim

N !"
!" ! 0

N"

i =1

N"

j =1

L ij (!" )2

<latexit sha1_base64="oyxazyObzOyr1s4EzZToWgEbJM0="></latexit>

there is a set of forms

<latexit sha1_base64="+EdOc6C1gqxebasxOygfd41IUGM=">AAACH3icbVDLSgNBEJyNrxhfqx69DAYhp7ArAfUW8OIxgnlAEsLspDcZMvtgplcMS67+h3ev+gvexGv+wM9wNtmDJhY0FFXdFF1eLIVGx5lbhY3Nre2d4m5pb//g8Mg+PmnpKFEcmjySkep4TIMUITRRoIROrIAFnoS2N7nN/PYjKC2i8AGnMfQDNgqFLzhDIw1s2kN4whTHoIAKTRnVgDTyqR+pQNMZHdhlp+osQNeJm5MyydEY2N+9YcSTAELkkmnddZ0Y+ylTKLiEWamXaIgZn7ARdA0NWQC6ny4+mdELowyzbDMh0oX6+yJlgdbTwDObAcOxXvUy8V8vU5T29Uo++tf9VIRxghDyZbyfSIoRzcqiQ6GAo5wawrgS5gPKx0wxjqbSkqnGXS1inbQuq26tenNfK9creUlFckbOSYW45IrUyR1pkCbh5Jm8kjfybr1YH9an9bVcLVj5zSn5A2v+AyQhotY=</latexit>

!
! 1, " 2, ! 1 ! " 2, " 2 ! " 2, ! 1 ! " 2 ! " 2, . . .

"

<latexit sha1_base64="fEQ7ZIfHfSJk26FUml6ymUAVGok="></latexit>

where ! 2 = d" 1

<latexit sha1_base64="luAtiMWmpFIUF4CVdism09gjuBE=">AAACI3icbVC7SgNBFJ31bXxFLW0Go5Aq7EpALQTBxkIwgkkENwmzs3eTwdkHM3fVsOQH/A97W/0FO7GxsPcznCRbaPTAhcM598E9XiKFRtv+sKamZ2bn5hcWC0vLK6trxfWNho5TxaHOYxmrK49pkCKCOgqUcJUoYKEnoendnAz95i0oLeLoEvsJtELWjUQgOEMjdYo7LsI9ZvSuBwrogLrnIXRZe+/Ip+6ZWeOztkM7xZJdsUegf4mTkxLJUesUv1w/5mkIEXLJtL527ARbGVMouIRBwU01JIzfsC5cGxqxEHQrG30zoLtG8WkQK1MR0pH6cyJjodb90DOdIcOenvSG4r/eUFE60BP3MThoZSJKUoSIj88HqaQY02Fg1BcKOMq+IYwrYT6gvMcU42hiLZhonMkg/pLGXsWpVg4vqqXjch7SAtki26RMHLJPjskpqZE64eSBPJFn8mI9Wq/Wm/U+bp2y8plN8gvW5zdKTaPe</latexit>

topological index ! H / (! a! b)

<latexit sha1_base64="x4fUm1A1SBlMrQQbi73j1cFonH8="></latexit>

H = ! (2! a! b)

<latexit sha1_base64="fUAE883Czd3UWc6EprCG3eF5wgQ=">AAACInicbVDLSsNAFL2pr1pfVZduBotQF5akFNSFUHDTZQX7gCaUyXTSDp08mJkIJfQD/A/3bvUX3IkrwQ/wM5ykWWjrhWEO55zLvfe4EWdSmeanUVhb39jcKm6Xdnb39g/Kh0ddGcaC0A4JeSj6LpaUs4B2FFOc9iNBse9y2nOnt6nee6BCsjC4V7OIOj4eB8xjBCtNDcsV28dqIolIWnN0gy5QFdWR3Z6wIV58LjrXLrNmZoVWgZWDCuTVHpa/7VFIYp8GinAs5cAyI+UkWChGOJ2X7FjSCJMpHtOBhgH2qXSS7Jg5OtPMCHmh0C9QKGN/dyTYl3Lmu9qZrb6speS/WsoI6cml+cq7chIWRLGiAVmM92KOVIjSvNCICUoUn2mAiWD6AkQmWGCidKolHY21HMQq6NZrVqN2fdeoNKt5SEU4gVOoggWX0IQWtKEDBB7hGV7g1Xgy3ox342NhLRh5zzH8KePrB2ZXojQ=</latexit>

H = 0

<latexit sha1_base64="UbyVkmQn4Ef8svD+8aq5FuzaMPg=">AAACDnicbVDLSsNAFL2pr1ofjbp0M1iErkoigroQCm66rGAf0IYymU7aoZNJmJkIJfQf3LvVX3Anbv0F/8DPcJJmoa0HLhzOuZd77/FjzpR2nC+rtLG5tb1T3q3s7R8cVu2j466KEkloh0Q8kn0fK8qZoB3NNKf9WFIc+pz2/Nld5vceqVQsEg96HlMvxBPBAkawNtLIrg5DrKeKyLS1QLfIGdk1p+HkQOvELUgNCrRH9vdwHJEkpEITjpUauE6svRRLzQini8owUTTGZIYndGCowCFVXpofvkDnRhmjIJKmhEa5+nsixaFS89A3nfmZq14m/utlilSBWtmvg2svZSJONBVkuT5IONIRyrJBYyYp0XxuCCaSmQ8QmWKJiTYJVkw07moQ66R70XAvGzf3l7VmvQipDKdwBnVw4Qqa0II2dIBAAs/wAq/Wk/VmvVsfy9aSVcycwB9Ynz/oW5vR</latexit>

H = +2(2 ! a! b)

<latexit sha1_base64="p0Xe6szq8E449/QJt72r+jiCJMM=">AAACJHicbVDLSsNAFJ34rPUVdelmsBQqQklKQV0IBTddVrAPaEKYTCft0MkkzEyEEvoF/od7t/oL7sSFG9d+hpM0C209cJnDOfdy5x4/ZlQqy/o01tY3Nre2Szvl3b39g0Pz6Lgno0Rg0sURi8TAR5IwyklXUcXIIBYEhT4jfX96m/n9ByIkjfi9msXEDdGY04BipLTkmVUnRGoisUjbc3gDL2AD1nQ5nQn10OLx4blnVqy6lQOuErsgFVCg45nfzijCSUi4wgxJObStWLkpEopiRuZlJ5EkRniKxmSoKUchkW6anzOHVa2MYBAJXVzBXP09kaJQylno687888teJv7rZYqQgVzar4IrN6U8ThTheLE+SBhUEcwSgyMqCFZspgnCguoLIJ4ggbDSuZZ1NPZyEKuk16jbzfr1XbPSqhUhlcApOAM1YINL0AJt0AFdgMEjeAYv4NV4Mt6Md+Nj0bpmFDMn4A+Mrx9CDqKY</latexit>



Relationship of MST to algebraic topology:  topological invariant (index)15

Solving field equations (quantum fluctuations), statistical systems (thermal fluctuations) or data 
assimilation with uncertainty (data and model fluctuations) can be recast into one of pure geometry, 
with the complication that the curvature is scale dependent.

S[! (p)] = ! ln Z [J ] +
!

dp J(p) ! (p)
<latexit sha1_base64="QPK4TAk5TNyt3TqLIpKgSh2OYp0=">AAACIXicbVBLSwMxGMzWV62vqkcvwSJU1LJbBO1BKHiRnipaW9xdSjZN29BsNiTZQln6W7z4V7x4UOlN/DOmD1BbB0KGmflIvgkEo0rb9qeVWlpeWV1Lr2c2Nre2d7K7ew8qiiUmNRyxSDYCpAijnNQ01Yw0hCQoDBipB73rsV/vE6loxO/1QBA/RB1O2xQjbaRmtnTnen0kRZfmxbF/Bc88xuGjW/HhCfQo10lLQO8UVow7vn+yw2Y2ZxfsCeAicWYkB2aoNrMjrxXhOCRcY4aUch1baD9BUlPMyDDjxYoIhHuoQ1xDOQqJ8pPJikN4ZJQWbEfSHK7hRP09kaBQqUEYmGSIdFfNe2PxP8+NdfvSTygXsSYcTx9qxwzqCI77gi0qCdZsYAjCkpq/QtxFEmFtWs2YEpz5lRdJrVgoFZzb81y5OGsjDQ7AIcgDB1yAMrgBVVADGDyBF/AG3q1n69X6sEbTaMqazeyDP7C+vgGCMqC3</latexit><latexit sha1_base64="QPK4TAk5TNyt3TqLIpKgSh2OYp0=">AAACIXicbVBLSwMxGMzWV62vqkcvwSJU1LJbBO1BKHiRnipaW9xdSjZN29BsNiTZQln6W7z4V7x4UOlN/DOmD1BbB0KGmflIvgkEo0rb9qeVWlpeWV1Lr2c2Nre2d7K7ew8qiiUmNRyxSDYCpAijnNQ01Yw0hCQoDBipB73rsV/vE6loxO/1QBA/RB1O2xQjbaRmtnTnen0kRZfmxbF/Bc88xuGjW/HhCfQo10lLQO8UVow7vn+yw2Y2ZxfsCeAicWYkB2aoNrMjrxXhOCRcY4aUch1baD9BUlPMyDDjxYoIhHuoQ1xDOQqJ8pPJikN4ZJQWbEfSHK7hRP09kaBQqUEYmGSIdFfNe2PxP8+NdfvSTygXsSYcTx9qxwzqCI77gi0qCdZsYAjCkpq/QtxFEmFtWs2YEpz5lRdJrVgoFZzb81y5OGsjDQ7AIcgDB1yAMrgBVVADGDyBF/AG3q1n69X6sEbTaMqazeyDP7C+vgGCMqC3</latexit><latexit sha1_base64="QPK4TAk5TNyt3TqLIpKgSh2OYp0=">AAACIXicbVBLSwMxGMzWV62vqkcvwSJU1LJbBO1BKHiRnipaW9xdSjZN29BsNiTZQln6W7z4V7x4UOlN/DOmD1BbB0KGmflIvgkEo0rb9qeVWlpeWV1Lr2c2Nre2d7K7ew8qiiUmNRyxSDYCpAijnNQ01Yw0hCQoDBipB73rsV/vE6loxO/1QBA/RB1O2xQjbaRmtnTnen0kRZfmxbF/Bc88xuGjW/HhCfQo10lLQO8UVow7vn+yw2Y2ZxfsCeAicWYkB2aoNrMjrxXhOCRcY4aUch1baD9BUlPMyDDjxYoIhHuoQ1xDOQqJ8pPJikN4ZJQWbEfSHK7hRP09kaBQqUEYmGSIdFfNe2PxP8+NdfvSTygXsSYcTx9qxwzqCI77gi0qCdZsYAjCkpq/QtxFEmFtWs2YEpz5lRdJrVgoFZzb81y5OGsjDQ7AIcgDB1yAMrgBVVADGDyBF/AG3q1n69X6sEbTaMqazeyDP7C+vgGCMqC3</latexit><latexit sha1_base64="QPK4TAk5TNyt3TqLIpKgSh2OYp0=">AAACIXicbVBLSwMxGMzWV62vqkcvwSJU1LJbBO1BKHiRnipaW9xdSjZN29BsNiTZQln6W7z4V7x4UOlN/DOmD1BbB0KGmflIvgkEo0rb9qeVWlpeWV1Lr2c2Nre2d7K7ew8qiiUmNRyxSDYCpAijnNQ01Yw0hCQoDBipB73rsV/vE6loxO/1QBA/RB1O2xQjbaRmtnTnen0kRZfmxbF/Bc88xuGjW/HhCfQo10lLQO8UVow7vn+yw2Y2ZxfsCeAicWYkB2aoNrMjrxXhOCRcY4aUch1baD9BUlPMyDDjxYoIhHuoQ1xDOQqJ8pPJikN4ZJQWbEfSHK7hRP09kaBQqUEYmGSIdFfNe2PxP8+NdfvSTygXsSYcTx9qxwzqCI77gi0qCdZsYAjCkpq/QtxFEmFtWs2YEpz5lRdJrVgoFZzb81y5OGsjDQ7AIcgDB1yAMrgBVVADGDyBF/AG3q1n69X6sEbTaMqazeyDP7C+vgGCMqC3</latexit>

The effective action, entropy, or inverse ÒFisher InformationÓ was previously introduced

The action in the path integral,             , can be expanded around the stationary path          such that
! S
!"

!
!
!
!
! 0

= 0

<latexit sha1_base64="j73eQmELkjBA9cXV9WBLU8VPQpk=">AAACJ3icbZBNS8NAEIY3flu/qh69LBbBU0lKQT0oghePFa0WmhI220m7uPlgd1IoMf/Gi3/Fi6AievSfuG0jqPWFhYd3Zpid10+k0GjbH9bM7Nz8wuLScmlldW19o7y5da3jVHFo8ljGquUzDVJE0ESBElqJAhb6Em7827NR/WYASos4usJhAp2Q9SIRCM7QWF75xJUQYJW6gWI8c7sgkdHL/JvcAVNJX+TUVaLXxzsvKxzPzukxtb1yxa7aY9FpcAqokEINr/zsdmOehhAhl0zrtmMn2MmYQsEl5CU31ZAwfst60DYYsRB0JxvfmdM943RpECvzIqRj9+dExkKth6FvOkOGff23NjL/q7VTDA47mYiSFCHik0VBKinGdBQa7QoFHOXQAONKmL9S3mcmMTTRlkwIzt+Tp+G6VnXq1aOLeuW0VsSxRHbILtknDjkgp+ScNEiTcHJPHskLebUerCfrzXqftM5Yxcw2+SXr8wtJyaYk</latexit>

! 0(p)

<latexit sha1_base64="kOGqJjwPxDa/F4q5Ffh6z7oNRis=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEI9VKSUlBvBS8eK9gPaEPYbDft0s0m7G4KNfSXePGgiFd/ijf/jds2B219MPB4b4aZeUHCmdKO820VtrZ3dveK+6WDw6Pjsn1y2lFxKgltk5jHshdgRTkTtK2Z5rSXSIqjgNNuMLlb+N0plYrF4lHPEupFeCRYyAjWRvLt8mCKZTJmvoOqyRVCvl1xas4SaJO4OalAjpZvfw2GMUkjKjThWKm+6yTay7DUjHA6Lw1SRRNMJnhE+4YKHFHlZcvD5+jSKEMUxtKU0Gip/p7IcKTULApMZ4T1WK17C/E/r5/q8MbLmEhSTQVZLQpTjnSMFimgIZOUaD4zBBPJzK2IjLHERJusSiYEd/3lTdKp19xG7fahUWnW8ziKcA4XUAUXrqEJ99CCNhBI4Rle4c16sl6sd+tj1Vqw8pkz+APr8wfGrpHT</latexit>

S0[! (p)]

<latexit sha1_base64="zuTi2rKUzBYWURo+BSqyLgiACWc=">AAAB+HicbVBNT8JAEJ3iF+IHVY9eNhITvJCWkKg3Ei8eMQqSQNNsly1s2G6b3S0JNvwSLx40xqs/xZv/xgV6UPAlk7y8N5OZeUHCmdKO820VNja3tneKu6W9/YPDsn103FFxKgltk5jHshtgRTkTtK2Z5rSbSIqjgNPHYHwz9x8nVCoWiwc9TagX4aFgISNYG8m3y/e+0+tPsExGrJpceL5dcWrOAmiduDmpQI6Wb3/1BzFJIyo04Vipnusk2suw1IxwOiv1U0UTTMZ4SHuGChxR5WWLw2fo3CgDFMbSlNBoof6eyHCk1DQKTGeE9UitenPxP6+X6vDKy5hIUk0FWS4KU450jOYpoAGTlGg+NQQTycytiIywxESbrEomBHf15XXSqdfcRu36rlFp1vM4inAKZ1AFFy6hCbfQgjYQSOEZXuHNerJerHfrY9lasPKZE/gD6/MHyJ2Sfg==</latexit>

where
is the integrated curvature,  
that is topological index !!

! 0(p)

<latexit sha1_base64="BJEkjrnt3AspuBIDbonsScEAz+Q=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRahXsquFKq3ghePFewHdJeSTbNtaDYbkmyhLP0bXjwo4tU/481/Y9ruQVsfDDzem2FmXig508Z1v53C1vbO7l5xv3RweHR8Uj496+gkVYS2ScIT1QuxppwJ2jbMcNqTiuI45LQbTu4XfndKlWaJeDIzSYMYjwSLGMHGSr4/xUqO2cCtyutBueLW3CXQJvFyUoEcrUH5yx8mJI2pMIRjrfueK02QYWUY4XRe8lNNJSYTPKJ9SwWOqQ6y5c1zdGWVIYoSZUsYtFR/T2Q41noWh7Yzxmas172F+J/XT010G2RMyNRQQVaLopQjk6BFAGjIFCWGzyzBRDF7KyJjrDAxNqaSDcFbf3mTdG5qXr1291ivNKt5HEW4gEuoggcNaMIDtKANBCQ8wyu8Oanz4rw7H6vWgpPPnMMfOJ8/PtORGg==</latexit>

S0[! (p)] = S0[! 0(p)] !
1
2

!
dp dp!(! (p) ! ! 0(p)) S" 1

2 (p, p!) ( ! (p!) ! ! 0(p!))

<latexit sha1_base64="zancqmo4KdgiHUTyXT/GKhJrnRw="></latexit>

S2(p, p!) ! "
!

! 2S0[" 0(p)]
!" (p) !" (p!)

" " 1

=
1

Z [J ]
! 2Z [J ]

! J (p) ! J (p!)

#
#
#
#
J =0

<latexit sha1_base64="pgQOL9ZIzPKbW7kfq6NEq5erDPI="></latexit>

S1/ 2
2 (p, p!)

<latexit sha1_base64="eG5vpUwosK/hRkD3oU0hETdiSBs=">AAAB+HicbVDLSgMxFM3UV62Pjrp0EyxiBakzpaDuCm5cVrQPaMchk2ba0EwmJBmhDv0SNy4UceunuPNvTNtZaOuBC4dz7uXeewLBqNKO823lVlbX1jfym4Wt7Z3dor2331JxIjFp4pjFshMgRRjlpKmpZqQjJEFRwEg7GF1P/fYjkYrG/F6PBfEiNOA0pBhpI/l28c6vPqTueXVSFmfi5NS3S07FmQEuEzcjJZCh4dtfvX6Mk4hwjRlSqus6QnspkppiRiaFXqKIQHiEBqRrKEcRUV46O3wCj43Sh2EsTXENZ+rviRRFSo2jwHRGSA/VojcV//O6iQ4vvZRykWjC8XxRmDCoYzhNAfapJFizsSEIS2puhXiIJMLaZFUwIbiLLy+TVrXi1ipXt7VSvZzFkQeH4AiUgQsuQB3cgAZoAgwS8AxewZv1ZL1Y79bHvDVnZTMH4A+szx9TLpGD</latexit>

S2(p, p!)
! 0(p)

<latexit sha1_base64="cKZYhPIAufy9OLt/zL7pElpOCP8=">AAACHXicbZDLSsNAFIYn9VbrLepSkMEitiAlKQV1V3DjsqK9QBPCZDppByfJMDMplNCd7+Herb6CO3ErvoGP4aTNQlt/OPDzn3M4nM/njEplWV9GYWV1bX2juFna2t7Z3TP3DzoyTgQmbRyzWPR8JAmjEWkrqhjpcUFQ6DPS9R+us353TISkcXSvJpy4IRpGNKAYKR155rETCITTO69e4ef8rDpNnTESfEQ9q8KrU88sWzVrJrhs7NyUQa6WZ347gxgnIYkUZkjKvm1x5aZIKIoZmZacRBKO8AMakr62EQqJdNPZH1N4qpMBDGKhK1Jwlv7eSFEo5ST09WSI1Egu9rLw316WCBnIhfsquHRTGvFEkQjPzwcJgyqGGSo4oIJgxSbaICyo/gDiEdK4lAZa0mjsRRDLplOv2Y3a1W2j3KznkIrgCJyACrDBBWiCG9ACbYDBI3gGL+DVeDLejHfjYz5aMPKdQ/BHxucPBdahvA==</latexit>

needs to be normalized to



Second order MST is integration of a Òfunctional curvatureÓ over non-Riemannian  dynamical 
manifold16

¥ ÒFunctional curvatureÓ is scale dependent , and the limit in the functional derivative is well defined 
¥ Underlying dynamics and geometric connection is multi-scale   
¥ The manifold is non-Riemannian, there is no well defined differentiable metric or connection

The topology of the manifold is dependent on the scale on which it is analyzed:

¥ Scale dependance of the topology = physics is dependent on the scale on which it is measured    
¥ Form of the equations do not change, the scale of the fields and constants in the equations do change 
¥ How the fields and constants change as a function of scale = Lagrangian 
¥ Scale dependance is well behaved and predictable, ÒextrapolatableÓ to larger and smaller scales,  

¥ Unless scales so small or large that additional topology would be exposed associated with new 
physics (e.g., strong force and gravitational force, if one is dealing with the E&M force)

graph with edges of 
two different lengths

long edge topology short edge topology



Relationship to traditional Topological Data Analysis17

Traditional Topological Data Analysis focuses on the 
extrinsic embedding of a Riemannian manifold with a well 
defined differentiable metric and curvature.

This topological analysis focuses on the intrinsic indexes of 
a non-Riemannian manifold with a scale dependent 
functional curvature.



Reflections on the meaning of the two-scale correlation18

1. How can the temporal evolution be obtained from a single state of the system at one 
time? The system very quickly builds into the system two-scale correlations that are a 
signature of the dynamics.  Think, by analogy, of a plasma governed by electrostatic 
forces.  It very quickly builds in two-point correlations Ñ DeBye shielding. 

2. Why are two-scale correlations enough?  This is connected to statistical realizability.  
Either the system has finite complexity, in which case the distribution must truncate 
at second order, or the system has infinite complexity, in which case the distribution 
must have all terms.  We do not deal with infinitely complex systems so the 
distribution must truncate at second order. 

3. What if the system is strongly correlated so the BBGKY expansion parameter is greater 
than 1?  Expand in the inverse correlations, so that the analysis is done in terms of the 
vibrations about the correlated structure, that is the phonons.

! (2) (1, 2) = ! (1) (1) ! (1) (2) (1 + P(|"x1 ! "x1|))

<latexit sha1_base64="HC9B6SaqEuQcm3ahoMMMiuTWujU="></latexit>

where P(r ) is the two point correlation function

<latexit sha1_base64="svWDdt3AjnG1mNZryKxrh187H7g="></latexit>

P (r )

<latexit sha1_base64="jO6J+Y7FVdkOoBoCkFFzDeQ8l4Y=">AAACAXicbVDLSgNBEOyJrxhfUY9eBoMQQcKuBNRbwIvHCOYByRJmJ7PJkNnZZWZWCEtO3r3qL3gTr36Jf+BnOJvsQRMLGoqqbrq7/FhwbRznCxXW1jc2t4rbpZ3dvf2D8uFRW0eJoqxFIxGprk80E1yyluFGsG6sGAl9wTr+5DbzO49MaR7JBzONmReSkeQBp8RkUrOqzgflilNz5sCrxM1JBXI0B+Xv/jCiScikoYJo3XOd2HgpUYZTwWalfqJZTOiEjFjPUklCpr10fusMn1lliINI2ZIGz9XfEykJtZ6Gvu0MiRnrZS8T//UyRelAL+03wbWXchknhkm6WB8kApsIZ3HgIVeMGjG1hFDF7QeYjoki1NjQSjYadzmIVdK+rLn12s19vdK4yEMqwgmcQhVcuIIG3EETWkBhDM/wAq/oCb2hd/SxaC2gfOYY/gB9/gAHSpcO</latexit>

r

<latexit sha1_base64="umi/HFs5O9iNcHevwOvfSVhuKuU=">AAAB/nicbVBNS8NAEJ3Ur1q/qh69LBbBg5RECuqt4MVjC7YW2lA220m7dLMJuxuhlIJ3r/oXvIlX/4r/wJ/hps1BWx8MPN6bYWZekAiujet+OYW19Y3NreJ2aWd3b/+gfHjU1nGqGLZYLGLVCahGwSW2DDcCO4lCGgUCH4LxbeY/PKLSPJb3ZpKgH9Gh5CFn1Fipqfrlilt15yCrxMtJBXI0+uXv3iBmaYTSMEG17npuYvwpVYYzgbNSL9WYUDamQ+xaKmmE2p/OD52RM6sMSBgrW9KQufp7YkojrSdRYDsjakZ62cvEf71MUTrUS/tNeO1PuUxSg5It1oepICYmWRZkwBUyIyaWUKa4/YCwEVWUGZtYyUbjLQexStqXVa9WvWnWKvWLPKQinMApnIMHV1CHO2hACxggPMMLvDpPzpvz7nwsWgtOPnMMf+B8/gCUrJZP</latexit>

! D

<latexit sha1_base64="ZFz2IweyuUnUx8PzdSgqSgJnoV4=">AAACBnicbVDLSgMxFL1TX7W+qi7dBIvgQsqMFNRdQRcuK9iHtEPJZDJtaJIZkoxQSvfu3eovuBO3/oZ/4GeYaWehrQcCh3PO5d6cIOFMG9f9cgorq2vrG8XN0tb2zu5eef+gpeNUEdokMY9VJ8CaciZp0zDDaSdRFIuA03Ywus789iNVmsXy3owT6gs8kCxiBBsrPfS4jYa4f9MvV9yqOwNaJl5OKpCj0S9/98KYpIJKQzjWuuu5ifEnWBlGOJ2WeqmmCSYjPKBdSyUWVPuT2cFTdGKVEEWxsk8aNFN/T0yw0HosApsU2Az1opeJ/3qZonSkF/ab6NKfMJmkhkoyXx+lHJkYZZ2gkClKDB9bgoli9geIDLHCxNjmSrYab7GIZdI6r3q16tVdrVI/y0sqwhEcwyl4cAF1uIUGNIGAgGd4gVfnyXlz3p2PebTg5DOH8AfO5w98SpmN</latexit>

e! r/ ! D

<latexit sha1_base64="xA/Nb9gHJXFM2W0RvB/O6ajDO10=">AAACEXicbVDLSsNAFL2pr1pfsS7dDBbBhdZECuquoAuXFewD2hgm00k7dPJgZiKW0K9w71Z/wZ249Qv8Az/DSZuFth4YOJxzD/fO8WLOpLKsL6OwtLyyulZcL21sbm3vmLvllowSQWiTRDwSHQ9LyllIm4opTjuxoDjwOG17o6vMbz9QIVkU3qlxTJ0AD0LmM4KVllyzTO/TE4FOUY/rUB+71xPXrFhVawq0SOycVCBHwzW/e/2IJAENFeFYyq5txcpJsVCMcDop9RJJY0xGeEC7moY4oNJJp7dP0KFW+siPhH6hQlP1dyLFgZTjwNOTAVZDOe9l4r9epgjpy7n9yr9wUhbGiaIhma33E45UhLJ6UJ8JShQfa4KJYPoHiAyxwETpEku6Gnu+iEXSOqvaterlba1SP85LKsI+HMAR2HAOdbiBBjSBwCM8wwu8Gk/Gm/FufMxGC0ae2YM/MD5/AN8bnOE=</latexit>

1/r

<latexit sha1_base64="RWBSQ8kxVjMgv4OoRSnrkXFax3I=">AAACAnicbVBNS8NAEJ34WetX1aOXxSJ4kJpIQb0VvHisYNpCG8pmu2mXbnbD7kYooTfvXvUveBOv/hH/gT/DTZuDtj4YeLw3w8y8MOFMG9f9clZW19Y3Nktb5e2d3b39ysFhS8tUEeoTyaXqhFhTzgT1DTOcdhJFcRxy2g7Ht7nffqRKMykezCShQYyHgkWMYGMl30MXSPUrVbfmzoCWiVeQKhRo9ivfvYEkaUyFIRxr3fXcxAQZVoYRTqflXqppgskYD2nXUoFjqoNsduwUnVplgCKpbAmDZurviQzHWk/i0HbG2Iz0opeL/3q5onSkF/ab6DrImEhSQwWZr49SjoxEeR5owBQlhk8swUQx+wEiI6wwMTa1so3GWwximbQua169dnNfrzbOi5BKcAwncAYeXEED7qAJPhBg8Awv8Oo8OW/Ou/Mxb11xipkj+APn8wcqoJcX</latexit>

a ! n1/ 3
e

<latexit sha1_base64="aitqtciHq01fjmK52hl7TkQIzSw=">AAACD3icbVDLSsNAFJ3UV62vqEs3g0VwITXRgroruHFZwT6gjWEyvWmHTiZhZlIooR/h3q3+gjtx6yf4B36G0zYLbT1w4XDOvdx7T5BwprTjfFmFldW19Y3iZmlre2d3z94/aKo4lRQaNOaxbAdEAWcCGpppDu1EAokCDq1geDv1WyOQisXiQY8T8CLSFyxklGgj+bZNcFexCAsfHjP3/HLi22Wn4syAl4mbkzLKUfft724vpmkEQlNOlOq4TqK9jEjNKIdJqZsqSAgdkj50DBUkAuVls8sn+MQoPRzG0pTQeKb+nshIpNQ4CkxnRPRALXpT8V9vqkgVqoX9Orz2MiaSVIOg8/VhyrGO8TQc3GMSqOZjQwiVzHyA6YBIQrWJsGSicReDWCbNi4pbrdzcV8u1szykIjpCx+gUuegK1dAdqqMGomiEntELerWerDfr3fqYtxasfOYQ/YH1+QNKvpwF</latexit>

a is the nearest neighbor distance

<latexit sha1_base64="R0XFSVOHIwqjFaEH7E7IuZUTu6o=">AAACKXicbVDLSgNBEJz1bXxFPXoZDIKIhF0JqDfBi0cFYwJJCL2T3mRwdnaZ6RXDkn/wP7x71V/wpl69+BlOHgeN1qWLqm66u8JUSUu+/+7NzM7NLywuLRdWVtfWN4qbWzc2yYzAqkhUYuohWFRSY5UkKaynBiEOFdbC2/OhX7tDY2Wir6mfYiuGrpaRFEBOahcPgDcJ7ynn0nLqIdcIBi25Kru9MDG8444ALXDQLpb8sj8C/0uCCSmxCS7bxa9mJxFZjJqEAmsbgZ9SKwdDUigcFJqZxRTELXSx4aiGGG0rH/004HtO6fDIHRAlmvhI/TmRQ2xtPw5dZwzUs9PeUPzXGyrGRnZqP0UnrVzqNCPUYrw+yhSnhA9jcykYFKT6joAw0n3ARQ8MCHLhFlw0wXQQf8nNUTmolE+vKqWzw0lIS2yH7bJ9FrBjdsYu2CWrMsEe2BN7Zi/eo/fqvXkf49YZbzKzzX7B+/wG/DKnig==</latexit>

! D is the DeBye length =

!
kB T

4" nee2

<latexit sha1_base64="DKur1Cpj4rQKHIQUMYjEEvPM3ns="></latexit>



Relationship of Generalized Master Equation to complexity (i.e., emergent behavior and self 
organization)19

Generalized Master Equation

øf 1(p, t) ! f 0(p, t) + ! f (p, t)
<latexit sha1_base64="FZ1LfOvla7U4mAZGYb5kX4XsLmk=">AAACGHicbZDLSsQwFIbT8T7eRl26CQ6CooytCLoccONSwbnAtJTTNNVg2obkVBzKPIYbX8WNC0Xczs63MXNZePsh8OU/55CcP1JSGHTdT6cyMzs3v7C4VF1eWV1br21stk1eaMZbLJe57kZguBQZb6FAybtKc0gjyTvR3fmo3rnn2og8u8a+4kEKN5lIBAO0Vlg78iPQZTIIvT11iPvUB6V0/kCT0J0YB9SPuUSgyfge1upuwx2L/gVvCnUy1WVYG/pxzoqUZ8gkGNPzXIVBCRoFk3xQ9QvDFbA7uOE9ixmk3ATleLEB3bVOTJNc25MhHbvfJ0pIjemnke1MAW/N79rI/K/WKzA5C0qRqQJ5xiYPJYWkmNNRSjQWmjOUfQvAtLB/pewWNDC0WVZtCN7vlf9C+7jhWb46qTcPp3Eskm2yQ/aIR05Jk1yQS9IijDySZ/JK3pwn58V5dz4mrRVnOrNFfsgZfgGv2J2P</latexit><latexit sha1_base64="FZ1LfOvla7U4mAZGYb5kX4XsLmk=">AAACGHicbZDLSsQwFIbT8T7eRl26CQ6CooytCLoccONSwbnAtJTTNNVg2obkVBzKPIYbX8WNC0Xczs63MXNZePsh8OU/55CcP1JSGHTdT6cyMzs3v7C4VF1eWV1br21stk1eaMZbLJe57kZguBQZb6FAybtKc0gjyTvR3fmo3rnn2og8u8a+4kEKN5lIBAO0Vlg78iPQZTIIvT11iPvUB6V0/kCT0J0YB9SPuUSgyfge1upuwx2L/gVvCnUy1WVYG/pxzoqUZ8gkGNPzXIVBCRoFk3xQ9QvDFbA7uOE9ixmk3ATleLEB3bVOTJNc25MhHbvfJ0pIjemnke1MAW/N79rI/K/WKzA5C0qRqQJ5xiYPJYWkmNNRSjQWmjOUfQvAtLB/pewWNDC0WVZtCN7vlf9C+7jhWb46qTcPp3Eskm2yQ/aIR05Jk1yQS9IijDySZ/JK3pwn58V5dz4mrRVnOrNFfsgZfgGv2J2P</latexit><latexit sha1_base64="FZ1LfOvla7U4mAZGYb5kX4XsLmk=">AAACGHicbZDLSsQwFIbT8T7eRl26CQ6CooytCLoccONSwbnAtJTTNNVg2obkVBzKPIYbX8WNC0Xczs63MXNZePsh8OU/55CcP1JSGHTdT6cyMzs3v7C4VF1eWV1br21stk1eaMZbLJe57kZguBQZb6FAybtKc0gjyTvR3fmo3rnn2og8u8a+4kEKN5lIBAO0Vlg78iPQZTIIvT11iPvUB6V0/kCT0J0YB9SPuUSgyfge1upuwx2L/gVvCnUy1WVYG/pxzoqUZ8gkGNPzXIVBCRoFk3xQ9QvDFbA7uOE9ixmk3ATleLEB3bVOTJNc25MhHbvfJ0pIjemnke1MAW/N79rI/K/WKzA5C0qRqQJ5xiYPJYWkmNNRSjQWmjOUfQvAtLB/pewWNDC0WVZtCN7vlf9C+7jhWb46qTcPp3Eskm2yQ/aIR05Jk1yQS9IijDySZ/JK3pwn58V5dz4mrRVnOrNFfsgZfgGv2J2P</latexit><latexit sha1_base64="FZ1LfOvla7U4mAZGYb5kX4XsLmk=">AAACGHicbZDLSsQwFIbT8T7eRl26CQ6CooytCLoccONSwbnAtJTTNNVg2obkVBzKPIYbX8WNC0Xczs63MXNZePsh8OU/55CcP1JSGHTdT6cyMzs3v7C4VF1eWV1br21stk1eaMZbLJe57kZguBQZb6FAybtKc0gjyTvR3fmo3rnn2og8u8a+4kEKN5lIBAO0Vlg78iPQZTIIvT11iPvUB6V0/kCT0J0YB9SPuUSgyfge1upuwx2L/gVvCnUy1WVYG/pxzoqUZ8gkGNPzXIVBCRoFk3xQ9QvDFbA7uOE9ixmk3ATleLEB3bVOTJNc25MhHbvfJ0pIjemnke1MAW/N79rI/K/WKzA5C0qRqQJ5xiYPJYWkmNNRSjQWmjOUfQvAtLB/pewWNDC0WVZtCN7vlf9C+7jhWb46qTcPp3Eskm2yQ/aIR05Jk1yQS9IijDySZ/JK3pwn58V5dz4mrRVnOrNFfsgZfgGv2J2P</latexit>

, where ! f /f 0 ! 1
<latexit sha1_base64="jH90wwSSlZhSFonanzIz57Topcg=">AAACDnicbZA9SwNBEIb34leMX1FLm8EgWIjeiaBlwMYygkmEXAh7mzmzZO+D3Tk1HPkFNv4VGwtFbK3t/Ddu4hV+vbDw8M4Ms/MGqZKGXPfDKc3Mzs0vlBcrS8srq2vV9Y2WSTItsCkSlejLgBtUMsYmSVJ4mWrkUaCwHQxPJ/X2NWojk/iCRil2I34Vy1AKTtbqVXd8wlvK9+BmgBoBxuD3URGHEA4g7LngKwVer1pz992p4C94BdRYoUav+u73E5FFGJNQ3JiO56bUzbkmKRSOK35mMOViyK+wYzHmEZpuPj1nDDvW6UOYaPtigqn7fSLnkTGjKLCdEaeB+V2bmP/VOhmFJ91cxmlGGIuvRWGmgBKYZAN9qVGQGlngQkv7VxADrrkgm2DFhuD9PvkvtA73PcvnR7X6XhFHmW2xbbbLPHbM6uyMNViTCXbHHtgTe3bunUfnxXn9ai05xcwm+yHn7ROvxpnc</latexit><latexit sha1_base64="jH90wwSSlZhSFonanzIz57Topcg=">AAACDnicbZA9SwNBEIb34leMX1FLm8EgWIjeiaBlwMYygkmEXAh7mzmzZO+D3Tk1HPkFNv4VGwtFbK3t/Ddu4hV+vbDw8M4Ms/MGqZKGXPfDKc3Mzs0vlBcrS8srq2vV9Y2WSTItsCkSlejLgBtUMsYmSVJ4mWrkUaCwHQxPJ/X2NWojk/iCRil2I34Vy1AKTtbqVXd8wlvK9+BmgBoBxuD3URGHEA4g7LngKwVer1pz992p4C94BdRYoUav+u73E5FFGJNQ3JiO56bUzbkmKRSOK35mMOViyK+wYzHmEZpuPj1nDDvW6UOYaPtigqn7fSLnkTGjKLCdEaeB+V2bmP/VOhmFJ91cxmlGGIuvRWGmgBKYZAN9qVGQGlngQkv7VxADrrkgm2DFhuD9PvkvtA73PcvnR7X6XhFHmW2xbbbLPHbM6uyMNViTCXbHHtgTe3bunUfnxXn9ai05xcwm+yHn7ROvxpnc</latexit><latexit sha1_base64="jH90wwSSlZhSFonanzIz57Topcg=">AAACDnicbZA9SwNBEIb34leMX1FLm8EgWIjeiaBlwMYygkmEXAh7mzmzZO+D3Tk1HPkFNv4VGwtFbK3t/Ddu4hV+vbDw8M4Ms/MGqZKGXPfDKc3Mzs0vlBcrS8srq2vV9Y2WSTItsCkSlejLgBtUMsYmSVJ4mWrkUaCwHQxPJ/X2NWojk/iCRil2I34Vy1AKTtbqVXd8wlvK9+BmgBoBxuD3URGHEA4g7LngKwVer1pz992p4C94BdRYoUav+u73E5FFGJNQ3JiO56bUzbkmKRSOK35mMOViyK+wYzHmEZpuPj1nDDvW6UOYaPtigqn7fSLnkTGjKLCdEaeB+V2bmP/VOhmFJ91cxmlGGIuvRWGmgBKYZAN9qVGQGlngQkv7VxADrrkgm2DFhuD9PvkvtA73PcvnR7X6XhFHmW2xbbbLPHbM6uyMNViTCXbHHtgTe3bunUfnxXn9ai05xcwm+yHn7ROvxpnc</latexit><latexit sha1_base64="jH90wwSSlZhSFonanzIz57Topcg=">AAACDnicbZA9SwNBEIb34leMX1FLm8EgWIjeiaBlwMYygkmEXAh7mzmzZO+D3Tk1HPkFNv4VGwtFbK3t/Ddu4hV+vbDw8M4Ms/MGqZKGXPfDKc3Mzs0vlBcrS8srq2vV9Y2WSTItsCkSlejLgBtUMsYmSVJ4mWrkUaCwHQxPJ/X2NWojk/iCRil2I34Vy1AKTtbqVXd8wlvK9+BmgBoBxuD3URGHEA4g7LngKwVer1pz992p4C94BdRYoUav+u73E5FFGJNQ3JiO56bUzbkmKRSOK35mMOViyK+wYzHmEZpuPj1nDDvW6UOYaPtigqn7fSLnkTGjKLCdEaeB+V2bmP/VOhmFJ91cxmlGGIuvRWGmgBKYZAN9qVGQGlngQkv7VxADrrkgm2DFhuD9PvkvtA73PcvnR7X6XhFHmW2xbbbLPHbM6uyMNViTCXbHHtgTe3bunUfnxXn9ai05xcwm+yHn7ROvxpnc</latexit>

! dispersion relation,D (p, t) = 0 ! p = p0(t)
<latexit sha1_base64="B8q9VTKT1G1WP/yXZJOIa9srF5A="></latexit><latexit sha1_base64="B8q9VTKT1G1WP/yXZJOIa9srF5A="></latexit><latexit sha1_base64="B8q9VTKT1G1WP/yXZJOIa9srF5A="></latexit><latexit sha1_base64="B8q9VTKT1G1WP/yXZJOIa9srF5A="></latexit>

p0 = k + i !
<latexit sha1_base64="aYTS3pZgVB3ejeUNbJgCCiWZ738=">AAAB+3icbZDLSgMxFIbPeK31Ntalm2ARBKHMFEE3QsGNywr2Au0wZNJMG5pkhiQjlqGv4saFIm59EXe+jWk7C239IfDxn3M4J3+UcqaN5307a+sbm1vbpZ3y7t7+waF7VGnrJFOEtkjCE9WNsKacSdoyzHDaTRXFIuK0E41vZ/XOI1WaJfLBTFIaCDyULGYEG2uFbiUNPXSDxugCMdQfYiFw6Fa9mjcXWgW/gCoUaobuV3+QkExQaQjHWvd8LzVBjpVhhNNpuZ9pmmIyxkPasyixoDrI57dP0Zl1BihOlH3SoLn7eyLHQuuJiGynwGakl2sz879aLzPxdZAzmWaGSrJYFGccmQTNgkADpigxfGIBE8XsrYiMsMLE2LjKNgR/+cur0K7XfMv3l9VGvYijBCdwCufgwxU04A6a0AICT/AMr/DmTJ0X5935WLSuOcXMMfyR8/kDLLSSiQ==</latexit><latexit sha1_base64="aYTS3pZgVB3ejeUNbJgCCiWZ738=">AAAB+3icbZDLSgMxFIbPeK31Ntalm2ARBKHMFEE3QsGNywr2Au0wZNJMG5pkhiQjlqGv4saFIm59EXe+jWk7C239IfDxn3M4J3+UcqaN5307a+sbm1vbpZ3y7t7+waF7VGnrJFOEtkjCE9WNsKacSdoyzHDaTRXFIuK0E41vZ/XOI1WaJfLBTFIaCDyULGYEG2uFbiUNPXSDxugCMdQfYiFw6Fa9mjcXWgW/gCoUaobuV3+QkExQaQjHWvd8LzVBjpVhhNNpuZ9pmmIyxkPasyixoDrI57dP0Zl1BihOlH3SoLn7eyLHQuuJiGynwGakl2sz879aLzPxdZAzmWaGSrJYFGccmQTNgkADpigxfGIBE8XsrYiMsMLE2LjKNgR/+cur0K7XfMv3l9VGvYijBCdwCufgwxU04A6a0AICT/AMr/DmTJ0X5935WLSuOcXMMfyR8/kDLLSSiQ==</latexit><latexit sha1_base64="aYTS3pZgVB3ejeUNbJgCCiWZ738=">AAAB+3icbZDLSgMxFIbPeK31Ntalm2ARBKHMFEE3QsGNywr2Au0wZNJMG5pkhiQjlqGv4saFIm59EXe+jWk7C239IfDxn3M4J3+UcqaN5307a+sbm1vbpZ3y7t7+waF7VGnrJFOEtkjCE9WNsKacSdoyzHDaTRXFIuK0E41vZ/XOI1WaJfLBTFIaCDyULGYEG2uFbiUNPXSDxugCMdQfYiFw6Fa9mjcXWgW/gCoUaobuV3+QkExQaQjHWvd8LzVBjpVhhNNpuZ9pmmIyxkPasyixoDrI57dP0Zl1BihOlH3SoLn7eyLHQuuJiGynwGakl2sz879aLzPxdZAzmWaGSrJYFGccmQTNgkADpigxfGIBE8XsrYiMsMLE2LjKNgR/+cur0K7XfMv3l9VGvYijBCdwCufgwxU04A6a0AICT/AMr/DmTJ0X5935WLSuOcXMMfyR8/kDLLSSiQ==</latexit><latexit sha1_base64="aYTS3pZgVB3ejeUNbJgCCiWZ738=">AAAB+3icbZDLSgMxFIbPeK31Ntalm2ARBKHMFEE3QsGNywr2Au0wZNJMG5pkhiQjlqGv4saFIm59EXe+jWk7C239IfDxn3M4J3+UcqaN5307a+sbm1vbpZ3y7t7+waF7VGnrJFOEtkjCE9WNsKacSdoyzHDaTRXFIuK0E41vZ/XOI1WaJfLBTFIaCDyULGYEG2uFbiUNPXSDxugCMdQfYiFw6Fa9mjcXWgW/gCoUaobuV3+QkExQaQjHWvd8LzVBjpVhhNNpuZ9pmmIyxkPasyixoDrI57dP0Zl1BihOlH3SoLn7eyLHQuuJiGynwGakl2sz879aLzPxdZAzmWaGSrJYFGccmQTNgkADpigxfGIBE8XsrYiMsMLE2LjKNgR/+cur0K7XfMv3l9VGvYijBCdwCufgwxU04A6a0AICT/AMr/DmTJ0X5935WLSuOcXMMfyR8/kDLLSSiQ==</latexit>

oscillation instability/stability

linear instability analysis

p
<latexit sha1_base64="VwNUXymSjzxFz8Q81rELbxvqFQY=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8CAlkYIeC148tmA/oA1ls520azebsLsRSugv8OJBEa/+JG/+G7dtDtr6wsLDOzPszBskgmvjut9OYWNza3unuFva2z84PCofn7R1nCqGLRaLWHUDqlFwiS3DjcBuopBGgcBOMLmb1ztPqDSP5YOZJuhHdCR5yBk11momg3LFrboLkXXwcqhArsag/NUfxiyNUBomqNY9z02Mn1FlOBM4K/VTjQllEzrCnkVJI9R+tlh0Ri6sMyRhrOyThizc3xMZjbSeRoHtjKgZ69Xa3Pyv1ktNeOtnXCapQcmWH4WpICYm86vJkCtkRkwtUKa43ZWwMVWUGZtNyYbgrZ68Du3rqme5WavUr/I4inAG53AJHtxAHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyR8/kD032M3g==</latexit><latexit sha1_base64="VwNUXymSjzxFz8Q81rELbxvqFQY=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8CAlkYIeC148tmA/oA1ls520azebsLsRSugv8OJBEa/+JG/+G7dtDtr6wsLDOzPszBskgmvjut9OYWNza3unuFva2z84PCofn7R1nCqGLRaLWHUDqlFwiS3DjcBuopBGgcBOMLmb1ztPqDSP5YOZJuhHdCR5yBk11momg3LFrboLkXXwcqhArsag/NUfxiyNUBomqNY9z02Mn1FlOBM4K/VTjQllEzrCnkVJI9R+tlh0Ri6sMyRhrOyThizc3xMZjbSeRoHtjKgZ69Xa3Pyv1ktNeOtnXCapQcmWH4WpICYm86vJkCtkRkwtUKa43ZWwMVWUGZtNyYbgrZ68Du3rqme5WavUr/I4inAG53AJHtxAHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyR8/kD032M3g==</latexit><latexit sha1_base64="VwNUXymSjzxFz8Q81rELbxvqFQY=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8CAlkYIeC148tmA/oA1ls520azebsLsRSugv8OJBEa/+JG/+G7dtDtr6wsLDOzPszBskgmvjut9OYWNza3unuFva2z84PCofn7R1nCqGLRaLWHUDqlFwiS3DjcBuopBGgcBOMLmb1ztPqDSP5YOZJuhHdCR5yBk11momg3LFrboLkXXwcqhArsag/NUfxiyNUBomqNY9z02Mn1FlOBM4K/VTjQllEzrCnkVJI9R+tlh0Ri6sMyRhrOyThizc3xMZjbSeRoHtjKgZ69Xa3Pyv1ktNeOtnXCapQcmWH4WpICYm86vJkCtkRkwtUKa43ZWwMVWUGZtNyYbgrZ68Du3rqme5WavUr/I4inAG53AJHtxAHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyR8/kD032M3g==</latexit><latexit sha1_base64="VwNUXymSjzxFz8Q81rELbxvqFQY=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8CAlkYIeC148tmA/oA1ls520azebsLsRSugv8OJBEa/+JG/+G7dtDtr6wsLDOzPszBskgmvjut9OYWNza3unuFva2z84PCofn7R1nCqGLRaLWHUDqlFwiS3DjcBuopBGgcBOMLmb1ztPqDSP5YOZJuhHdCR5yBk11momg3LFrboLkXXwcqhArsag/NUfxiyNUBomqNY9z02Mn1FlOBM4K/VTjQllEzrCnkVJI9R+tlh0Ri6sMyRhrOyThizc3xMZjbSeRoHtjKgZ69Xa3Pyv1ktNeOtnXCapQcmWH4WpICYm86vJkCtkRkwtUKa43ZWwMVWUGZtNyYbgrZ68Du3rqme5WavUr/I4inAG53AJHtxAHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyR8/kD032M3g==</latexit>

p!
<latexit sha1_base64="NCs7Gonr4EJaPZ70qNvj3A3q5Bc=">AAAB6XicbZBNS8NAEIYn9avWr6pHL4tF9CAlKYIeC148VrEf0Iay2W7apZtN2J0IJfQfePGgiFf/kTf/jds2B219YeHhnRl25g0SKQy67rdTWFvf2Nwqbpd2dvf2D8qHRy0Tp5rxJotlrDsBNVwKxZsoUPJOojmNAsnbwfh2Vm8/cW1ErB5xknA/okMlQsEoWushOe+XK27VnYusgpdDBXI1+uWv3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aVDTixs/mm07JmXUGJIy1fQrJ3P09kdHImEkU2M6I4sgs12bmf7VuiuGNnwmVpMgVW3wUppJgTGZnk4HQnKGcWKBMC7srYSOqKUMbTsmG4C2fvAqtWtWzfH9VqV/mcRThBE7hAjy4hjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwR87nDzP8jQ8=</latexit><latexit sha1_base64="NCs7Gonr4EJaPZ70qNvj3A3q5Bc=">AAAB6XicbZBNS8NAEIYn9avWr6pHL4tF9CAlKYIeC148VrEf0Iay2W7apZtN2J0IJfQfePGgiFf/kTf/jds2B219YeHhnRl25g0SKQy67rdTWFvf2Nwqbpd2dvf2D8qHRy0Tp5rxJotlrDsBNVwKxZsoUPJOojmNAsnbwfh2Vm8/cW1ErB5xknA/okMlQsEoWushOe+XK27VnYusgpdDBXI1+uWv3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aVDTixs/mm07JmXUGJIy1fQrJ3P09kdHImEkU2M6I4sgs12bmf7VuiuGNnwmVpMgVW3wUppJgTGZnk4HQnKGcWKBMC7srYSOqKUMbTsmG4C2fvAqtWtWzfH9VqV/mcRThBE7hAjy4hjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwR87nDzP8jQ8=</latexit><latexit sha1_base64="NCs7Gonr4EJaPZ70qNvj3A3q5Bc=">AAAB6XicbZBNS8NAEIYn9avWr6pHL4tF9CAlKYIeC148VrEf0Iay2W7apZtN2J0IJfQfePGgiFf/kTf/jds2B219YeHhnRl25g0SKQy67rdTWFvf2Nwqbpd2dvf2D8qHRy0Tp5rxJotlrDsBNVwKxZsoUPJOojmNAsnbwfh2Vm8/cW1ErB5xknA/okMlQsEoWushOe+XK27VnYusgpdDBXI1+uWv3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aVDTixs/mm07JmXUGJIy1fQrJ3P09kdHImEkU2M6I4sgs12bmf7VuiuGNnwmVpMgVW3wUppJgTGZnk4HQnKGcWKBMC7srYSOqKUMbTsmG4C2fvAqtWtWzfH9VqV/mcRThBE7hAjy4hjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwR87nDzP8jQ8=</latexit><latexit sha1_base64="NCs7Gonr4EJaPZ70qNvj3A3q5Bc=">AAAB6XicbZBNS8NAEIYn9avWr6pHL4tF9CAlKYIeC148VrEf0Iay2W7apZtN2J0IJfQfePGgiFf/kTf/jds2B219YeHhnRl25g0SKQy67rdTWFvf2Nwqbpd2dvf2D8qHRy0Tp5rxJotlrDsBNVwKxZsoUPJOojmNAsnbwfh2Vm8/cW1ErB5xknA/okMlQsEoWushOe+XK27VnYusgpdDBXI1+uWv3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aVDTixs/mm07JmXUGJIy1fQrJ3P09kdHImEkU2M6I4sgs12bmf7VuiuGNnwmVpMgVW3wUppJgTGZnk4HQnKGcWKBMC7srYSOqKUMbTsmG4C2fvAqtWtWzfH9VqV/mcRThBE7hAjy4hjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwR87nDzP8jQ8=</latexit>

k(p!, p)
<latexit sha1_base64="o5FYHtpqyQsI2IDpl6cQPjwGPPw=">AAAB7nicbZDLSgMxFIbP1Futt6pLN8EiVihlpgi6LLhxWcFeoB1KJs20YTKZkGSEMvQh3LhQxK3P4863MW1noa0/BD7+cw455w8kZ9q47rdT2Njc2t4p7pb29g8Oj8rHJx2dpIrQNkl4onoB1pQzQduGGU57UlEcB5x2g+huXu8+UaVZIh7NVFI/xmPBQkawsVY3qsrLmrwalitu3V0IrYOXQwVytYblr8EoIWlMhSEca933XGn8DCvDCKez0iDVVGIS4THtWxQ4ptrPFuvO0IV1RihMlH3CoIX7eyLDsdbTOLCdMTYTvVqbm//V+qkJb/2MCZkaKsjyozDlyCRofjsaMUWJ4VMLmChmd0VkghUmxiZUsiF4qyevQ6dR9yw/XFeatTyOIpzBOVTBgxtowj20oA0EIniGV3hzpPPivDsfy9aCk8+cwh85nz/7446Z</latexit><latexit sha1_base64="o5FYHtpqyQsI2IDpl6cQPjwGPPw=">AAAB7nicbZDLSgMxFIbP1Futt6pLN8EiVihlpgi6LLhxWcFeoB1KJs20YTKZkGSEMvQh3LhQxK3P4863MW1noa0/BD7+cw455w8kZ9q47rdT2Njc2t4p7pb29g8Oj8rHJx2dpIrQNkl4onoB1pQzQduGGU57UlEcB5x2g+huXu8+UaVZIh7NVFI/xmPBQkawsVY3qsrLmrwalitu3V0IrYOXQwVytYblr8EoIWlMhSEca933XGn8DCvDCKez0iDVVGIS4THtWxQ4ptrPFuvO0IV1RihMlH3CoIX7eyLDsdbTOLCdMTYTvVqbm//V+qkJb/2MCZkaKsjyozDlyCRofjsaMUWJ4VMLmChmd0VkghUmxiZUsiF4qyevQ6dR9yw/XFeatTyOIpzBOVTBgxtowj20oA0EIniGV3hzpPPivDsfy9aCk8+cwh85nz/7446Z</latexit><latexit sha1_base64="o5FYHtpqyQsI2IDpl6cQPjwGPPw=">AAAB7nicbZDLSgMxFIbP1Futt6pLN8EiVihlpgi6LLhxWcFeoB1KJs20YTKZkGSEMvQh3LhQxK3P4863MW1noa0/BD7+cw455w8kZ9q47rdT2Njc2t4p7pb29g8Oj8rHJx2dpIrQNkl4onoB1pQzQduGGU57UlEcB5x2g+huXu8+UaVZIh7NVFI/xmPBQkawsVY3qsrLmrwalitu3V0IrYOXQwVytYblr8EoIWlMhSEca933XGn8DCvDCKez0iDVVGIS4THtWxQ4ptrPFuvO0IV1RihMlH3CoIX7eyLDsdbTOLCdMTYTvVqbm//V+qkJb/2MCZkaKsjyozDlyCRofjsaMUWJ4VMLmChmd0VkghUmxiZUsiF4qyevQ6dR9yw/XFeatTyOIpzBOVTBgxtowj20oA0EIniGV3hzpPPivDsfy9aCk8+cwh85nz/7446Z</latexit><latexit sha1_base64="o5FYHtpqyQsI2IDpl6cQPjwGPPw=">AAAB7nicbZDLSgMxFIbP1Futt6pLN8EiVihlpgi6LLhxWcFeoB1KJs20YTKZkGSEMvQh3LhQxK3P4863MW1noa0/BD7+cw455w8kZ9q47rdT2Njc2t4p7pb29g8Oj8rHJx2dpIrQNkl4onoB1pQzQduGGU57UlEcB5x2g+huXu8+UaVZIh7NVFI/xmPBQkawsVY3qsrLmrwalitu3V0IrYOXQwVytYblr8EoIWlMhSEca933XGn8DCvDCKez0iDVVGIS4THtWxQ4ptrPFuvO0IV1RihMlH3CoIX7eyLDsdbTOLCdMTYTvVqbm//V+qkJb/2MCZkaKsjyozDlyCRofjsaMUWJ4VMLmChmd0VkghUmxiZUsiF4qyevQ6dR9yw/XFeatTyOIpzBOVTBgxtowj20oA0EIniGV3hzpPPivDsfy9aCk8+cwh85nz/7446Z</latexit>

k(p, p!)
<latexit sha1_base64="8ZoAs/3PTUDpBHtJKzjDYgtxK/8=">AAAB7nicbZDLSgMxFIbP1Futt6pLN8EiVihlpgi6LLhxWcFeoB1KJs20YTKZkGSEMvQh3LhQxK3P4863MW1noa0/BD7+cw455w8kZ9q47rdT2Njc2t4p7pb29g8Oj8rHJx2dpIrQNkl4onoB1pQzQduGGU57UlEcB5x2g+huXu8+UaVZIh7NVFI/xmPBQkawsVY3qsqavLwalitu3V0IrYOXQwVytYblr8EoIWlMhSEca933XGn8DCvDCKez0iDVVGIS4THtWxQ4ptrPFuvO0IV1RihMlH3CoIX7eyLDsdbTOLCdMTYTvVqbm//V+qkJb/2MCZkaKsjyozDlyCRofjsaMUWJ4VMLmChmd0VkghUmxiZUsiF4qyevQ6dR9yw/XFeatTyOIpzBOVTBgxtowj20oA0EIniGV3hzpPPivDsfy9aCk8+cwh85nz/8MY6Z</latexit><latexit sha1_base64="8ZoAs/3PTUDpBHtJKzjDYgtxK/8=">AAAB7nicbZDLSgMxFIbP1Futt6pLN8EiVihlpgi6LLhxWcFeoB1KJs20YTKZkGSEMvQh3LhQxK3P4863MW1noa0/BD7+cw455w8kZ9q47rdT2Njc2t4p7pb29g8Oj8rHJx2dpIrQNkl4onoB1pQzQduGGU57UlEcB5x2g+huXu8+UaVZIh7NVFI/xmPBQkawsVY3qsqavLwalitu3V0IrYOXQwVytYblr8EoIWlMhSEca933XGn8DCvDCKez0iDVVGIS4THtWxQ4ptrPFuvO0IV1RihMlH3CoIX7eyLDsdbTOLCdMTYTvVqbm//V+qkJb/2MCZkaKsjyozDlyCRofjsaMUWJ4VMLmChmd0VkghUmxiZUsiF4qyevQ6dR9yw/XFeatTyOIpzBOVTBgxtowj20oA0EIniGV3hzpPPivDsfy9aCk8+cwh85nz/8MY6Z</latexit><latexit sha1_base64="8ZoAs/3PTUDpBHtJKzjDYgtxK/8=">AAAB7nicbZDLSgMxFIbP1Futt6pLN8EiVihlpgi6LLhxWcFeoB1KJs20YTKZkGSEMvQh3LhQxK3P4863MW1noa0/BD7+cw455w8kZ9q47rdT2Njc2t4p7pb29g8Oj8rHJx2dpIrQNkl4onoB1pQzQduGGU57UlEcB5x2g+huXu8+UaVZIh7NVFI/xmPBQkawsVY3qsqavLwalitu3V0IrYOXQwVytYblr8EoIWlMhSEca933XGn8DCvDCKez0iDVVGIS4THtWxQ4ptrPFuvO0IV1RihMlH3CoIX7eyLDsdbTOLCdMTYTvVqbm//V+qkJb/2MCZkaKsjyozDlyCRofjsaMUWJ4VMLmChmd0VkghUmxiZUsiF4qyevQ6dR9yw/XFeatTyOIpzBOVTBgxtowj20oA0EIniGV3hzpPPivDsfy9aCk8+cwh85nz/8MY6Z</latexit><latexit sha1_base64="8ZoAs/3PTUDpBHtJKzjDYgtxK/8=">AAAB7nicbZDLSgMxFIbP1Futt6pLN8EiVihlpgi6LLhxWcFeoB1KJs20YTKZkGSEMvQh3LhQxK3P4863MW1noa0/BD7+cw455w8kZ9q47rdT2Njc2t4p7pb29g8Oj8rHJx2dpIrQNkl4onoB1pQzQduGGU57UlEcB5x2g+huXu8+UaVZIh7NVFI/xmPBQkawsVY3qsqavLwalitu3V0IrYOXQwVytYblr8EoIWlMhSEca933XGn8DCvDCKez0iDVVGIS4THtWxQ4ptrPFuvO0IV1RihMlH3CoIX7eyLDsdbTOLCdMTYTvVqbm//V+qkJb/2MCZkaKsjyozDlyCRofjsaMUWJ4VMLmChmd0VkghUmxiZUsiF4qyevQ6dR9yw/XFeatTyOIpzBOVTBgxtowj20oA0EIniGV3hzpPPivDsfy9aCk8+cwh85nz/8MY6Z</latexit>

øf 1(p)
<latexit sha1_base64="faoLyYUqag7zBilOspEOwOy7NaE=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahXkpSBT0WvHisYD+gCWWz3bRLN5tldyOU0L/hxYMiXv0z3vw3btMctPXBwOO9GWbmhZIzbVz32yltbG5t75R3K3v7B4dH1eOTrk5SRWiHJDxR/RBrypmgHcMMp32pKI5DTnvh9G7h956o0iwRj2YmaRDjsWARI9hYyfdDrLJoPvTq8nJYrbkNNwdaJ15BalCgPax++aOEpDEVhnCs9cBzpQkyrAwjnM4rfqqpxGSKx3RgqcAx1UGW3zxHF1YZoShRtoRBufp7IsOx1rM4tJ0xNhO96i3E/7xBaqLbIGNCpoYKslwUpRyZBC0CQCOmKDF8ZgkmitlbEZlghYmxMVVsCN7qy+uk22x4V43mw3WtVS/iKMMZnEMdPLiBFtxDGzpAQMIzvMKbkzovzrvzsWwtOcXMKfyB8/kDS0mRHA==</latexit>

øf 1(p!)
<latexit sha1_base64="xhBzPJcY1Kv7876Js2Gy2uMAjbs=">AAAB9HicbVDLSgNBEOz1GeMr6tHLYBDjJexGQY8BLx4jmAckS5idzCZDZmfXmd5AWPIdXjwo4tWP8ebfOHkcNLGgoajqprsrSKQw6Lrfztr6xubWdm4nv7u3f3BYODpumDjVjNdZLGPdCqjhUiheR4GStxLNaRRI3gyGd1O/OeLaiFg94jjhfkT7SoSCUbSS3wmozsJJ1yslF5fdQtEtuzOQVeItSBEWqHULX51ezNKIK2SSGtP23AT9jGoUTPJJvpManlA2pH3etlTRiBs/mx09IedW6ZEw1rYUkpn6eyKjkTHjKLCdEcWBWfam4n9eO8Xw1s+ESlLkis0XhakkGJNpAqQnNGcox5ZQpoW9lbAB1ZShzSlvQ/CWX14ljUrZuypXHq6L1dIijhycwhmUwIMbqMI91KAODJ7gGV7hzRk5L8678zFvXXMWMyfwB87nD6+dkU0=</latexit>

t
<latexit sha1_base64="ums+g39svkxd4tfYCiEH/GHZS60=">AAAB6HicbZBNS8NAEIYnftb6VfXoJVgED1ISEfRY8OKxBfsBbSib7aRdu9mE3YlQSn+BFw+KePUnefPfuG1z0NYXFh7emWFn3jCVwpDnfTtr6xubW9uFneLu3v7BYenouGmSTHNs8EQmuh0yg1IobJAgie1UI4tDia1wdDert55QG5GoBxqnGMRsoEQkOCNr1alXKnsVby53FfwcypCr1it9dfsJz2JUxCUzpuN7KQUTpklwidNiNzOYMj5iA+xYVCxGE0zmi07dc+v03SjR9ily5+7viQmLjRnHoe2MGQ3Ncm1m/lfrZBTdBhOh0oxQ8cVHUSZdStzZ1W5faOQkxxYY18Lu6vIh04yTzaZoQ/CXT16F5lXFt1y/Llcv8zgKcApncAE+3EAV7qEGDeCA8Ayv8OY8Oi/Ou/OxaF1z8pkT+CPn8wfZjYzi</latexit><latexit sha1_base64="ums+g39svkxd4tfYCiEH/GHZS60=">AAAB6HicbZBNS8NAEIYnftb6VfXoJVgED1ISEfRY8OKxBfsBbSib7aRdu9mE3YlQSn+BFw+KePUnefPfuG1z0NYXFh7emWFn3jCVwpDnfTtr6xubW9uFneLu3v7BYenouGmSTHNs8EQmuh0yg1IobJAgie1UI4tDia1wdDert55QG5GoBxqnGMRsoEQkOCNr1alXKnsVby53FfwcypCr1it9dfsJz2JUxCUzpuN7KQUTpklwidNiNzOYMj5iA+xYVCxGE0zmi07dc+v03SjR9ily5+7viQmLjRnHoe2MGQ3Ncm1m/lfrZBTdBhOh0oxQ8cVHUSZdStzZ1W5faOQkxxYY18Lu6vIh04yTzaZoQ/CXT16F5lXFt1y/Llcv8zgKcApncAE+3EAV7qEGDeCA8Ayv8OY8Oi/Ou/OxaF1z8pkT+CPn8wfZjYzi</latexit><latexit sha1_base64="ums+g39svkxd4tfYCiEH/GHZS60=">AAAB6HicbZBNS8NAEIYnftb6VfXoJVgED1ISEfRY8OKxBfsBbSib7aRdu9mE3YlQSn+BFw+KePUnefPfuG1z0NYXFh7emWFn3jCVwpDnfTtr6xubW9uFneLu3v7BYenouGmSTHNs8EQmuh0yg1IobJAgie1UI4tDia1wdDert55QG5GoBxqnGMRsoEQkOCNr1alXKnsVby53FfwcypCr1it9dfsJz2JUxCUzpuN7KQUTpklwidNiNzOYMj5iA+xYVCxGE0zmi07dc+v03SjR9ily5+7viQmLjRnHoe2MGQ3Ncm1m/lfrZBTdBhOh0oxQ8cVHUSZdStzZ1W5faOQkxxYY18Lu6vIh04yTzaZoQ/CXT16F5lXFt1y/Llcv8zgKcApncAE+3EAV7qEGDeCA8Ayv8OY8Oi/Ou/OxaF1z8pkT+CPn8wfZjYzi</latexit><latexit sha1_base64="ums+g39svkxd4tfYCiEH/GHZS60=">AAAB6HicbZBNS8NAEIYnftb6VfXoJVgED1ISEfRY8OKxBfsBbSib7aRdu9mE3YlQSn+BFw+KePUnefPfuG1z0NYXFh7emWFn3jCVwpDnfTtr6xubW9uFneLu3v7BYenouGmSTHNs8EQmuh0yg1IobJAgie1UI4tDia1wdDert55QG5GoBxqnGMRsoEQkOCNr1alXKnsVby53FfwcypCr1it9dfsJz2JUxCUzpuN7KQUTpklwidNiNzOYMj5iA+xYVCxGE0zmi07dc+v03SjR9ily5+7viQmLjRnHoe2MGQ3Ncm1m/lfrZBTdBhOh0oxQ8cVHUSZdStzZ1W5faOQkxxYY18Lu6vIh04yTzaZoQ/CXT16F5lXFt1y/Llcv8zgKcApncAE+3EAV7qEGDeCA8Ayv8OY8Oi/Ou/OxaF1z8pkT+CPn8wfZjYzi</latexit>

large scale self organization 
(e.g., 2D Navier-Stokes)

inverse cascade

p
<latexit sha1_base64="VwNUXymSjzxFz8Q81rELbxvqFQY=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8CAlkYIeC148tmA/oA1ls520azebsLsRSugv8OJBEa/+JG/+G7dtDtr6wsLDOzPszBskgmvjut9OYWNza3unuFva2z84PCofn7R1nCqGLRaLWHUDqlFwiS3DjcBuopBGgcBOMLmb1ztPqDSP5YOZJuhHdCR5yBk11momg3LFrboLkXXwcqhArsag/NUfxiyNUBomqNY9z02Mn1FlOBM4K/VTjQllEzrCnkVJI9R+tlh0Ri6sMyRhrOyThizc3xMZjbSeRoHtjKgZ69Xa3Pyv1ktNeOtnXCapQcmWH4WpICYm86vJkCtkRkwtUKa43ZWwMVWUGZtNyYbgrZ68Du3rqme5WavUr/I4inAG53AJHtxAHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyR8/kD032M3g==</latexit><latexit sha1_base64="VwNUXymSjzxFz8Q81rELbxvqFQY=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8CAlkYIeC148tmA/oA1ls520azebsLsRSugv8OJBEa/+JG/+G7dtDtr6wsLDOzPszBskgmvjut9OYWNza3unuFva2z84PCofn7R1nCqGLRaLWHUDqlFwiS3DjcBuopBGgcBOMLmb1ztPqDSP5YOZJuhHdCR5yBk11momg3LFrboLkXXwcqhArsag/NUfxiyNUBomqNY9z02Mn1FlOBM4K/VTjQllEzrCnkVJI9R+tlh0Ri6sMyRhrOyThizc3xMZjbSeRoHtjKgZ69Xa3Pyv1ktNeOtnXCapQcmWH4WpICYm86vJkCtkRkwtUKa43ZWwMVWUGZtNyYbgrZ68Du3rqme5WavUr/I4inAG53AJHtxAHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyR8/kD032M3g==</latexit><latexit sha1_base64="VwNUXymSjzxFz8Q81rELbxvqFQY=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8CAlkYIeC148tmA/oA1ls520azebsLsRSugv8OJBEa/+JG/+G7dtDtr6wsLDOzPszBskgmvjut9OYWNza3unuFva2z84PCofn7R1nCqGLRaLWHUDqlFwiS3DjcBuopBGgcBOMLmb1ztPqDSP5YOZJuhHdCR5yBk11momg3LFrboLkXXwcqhArsag/NUfxiyNUBomqNY9z02Mn1FlOBM4K/VTjQllEzrCnkVJI9R+tlh0Ri6sMyRhrOyThizc3xMZjbSeRoHtjKgZ69Xa3Pyv1ktNeOtnXCapQcmWH4WpICYm86vJkCtkRkwtUKa43ZWwMVWUGZtNyYbgrZ68Du3rqme5WavUr/I4inAG53AJHtxAHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyR8/kD032M3g==</latexit><latexit sha1_base64="VwNUXymSjzxFz8Q81rELbxvqFQY=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8CAlkYIeC148tmA/oA1ls520azebsLsRSugv8OJBEa/+JG/+G7dtDtr6wsLDOzPszBskgmvjut9OYWNza3unuFva2z84PCofn7R1nCqGLRaLWHUDqlFwiS3DjcBuopBGgcBOMLmb1ztPqDSP5YOZJuhHdCR5yBk11momg3LFrboLkXXwcqhArsag/NUfxiyNUBomqNY9z02Mn1FlOBM4K/VTjQllEzrCnkVJI9R+tlh0Ri6sMyRhrOyThizc3xMZjbSeRoHtjKgZ69Xa3Pyv1ktNeOtnXCapQcmWH4WpICYm86vJkCtkRkwtUKa43ZWwMVWUGZtNyYbgrZ68Du3rqme5WavUr/I4inAG53AJHtxAHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyR8/kD032M3g==</latexit>

! f s/ ! t
<latexit sha1_base64="s3xo8Fxc2O3GfxaQXzuOdhBJDkE=">AAACAnicdVDNS8MwHE39nPOr6km8BIew02xr2eZt4MXjBPcBWylplm5haVqSVBhlePFf8eJBEa/+Fd78b0y3KSr6IPDyfh/Je0HCqFSW9W4sLa+srq0XNoqbW9s7u+beflvGqcCkhWMWi26AJGGUk5aiipFuIgiKAkY6wfgir3duiJA05tdqkhAvQkNOQ4qR0pJvHvYTJBRFDIa+hKfw66p8s2RVzutVx61Cq2JZNduxc+LU3DMX2lrJUQILNH3zrT+IcRoRrjBDUvZsK1Felu/DjEyL/VSSBOExGpKephxFRHrZzMIUnmhlAMNY6MMVnKnfJzIUSTmJAt0ZITWSv2u5+Fetl6qw7mWUJ6kiHM8fClPtL4Z5HnBABcGKTTRBWFD9V4hHSCCsdGpFHcKnU/g/aTsVW/Mrt9QoL+IogCNwDMrABjXQAJegCVoAg1twDx7Bk3FnPBjPxsu8dclYzByAHzBePwBuYJa6</latexit><latexit sha1_base64="s3xo8Fxc2O3GfxaQXzuOdhBJDkE=">AAACAnicdVDNS8MwHE39nPOr6km8BIew02xr2eZt4MXjBPcBWylplm5haVqSVBhlePFf8eJBEa/+Fd78b0y3KSr6IPDyfh/Je0HCqFSW9W4sLa+srq0XNoqbW9s7u+beflvGqcCkhWMWi26AJGGUk5aiipFuIgiKAkY6wfgir3duiJA05tdqkhAvQkNOQ4qR0pJvHvYTJBRFDIa+hKfw66p8s2RVzutVx61Cq2JZNduxc+LU3DMX2lrJUQILNH3zrT+IcRoRrjBDUvZsK1Felu/DjEyL/VSSBOExGpKephxFRHrZzMIUnmhlAMNY6MMVnKnfJzIUSTmJAt0ZITWSv2u5+Fetl6qw7mWUJ6kiHM8fClPtL4Z5HnBABcGKTTRBWFD9V4hHSCCsdGpFHcKnU/g/aTsVW/Mrt9QoL+IogCNwDMrABjXQAJegCVoAg1twDx7Bk3FnPBjPxsu8dclYzByAHzBePwBuYJa6</latexit><latexit sha1_base64="s3xo8Fxc2O3GfxaQXzuOdhBJDkE=">AAACAnicdVDNS8MwHE39nPOr6km8BIew02xr2eZt4MXjBPcBWylplm5haVqSVBhlePFf8eJBEa/+Fd78b0y3KSr6IPDyfh/Je0HCqFSW9W4sLa+srq0XNoqbW9s7u+beflvGqcCkhWMWi26AJGGUk5aiipFuIgiKAkY6wfgir3duiJA05tdqkhAvQkNOQ4qR0pJvHvYTJBRFDIa+hKfw66p8s2RVzutVx61Cq2JZNduxc+LU3DMX2lrJUQILNH3zrT+IcRoRrjBDUvZsK1Felu/DjEyL/VSSBOExGpKephxFRHrZzMIUnmhlAMNY6MMVnKnfJzIUSTmJAt0ZITWSv2u5+Fetl6qw7mWUJ6kiHM8fClPtL4Z5HnBABcGKTTRBWFD9V4hHSCCsdGpFHcKnU/g/aTsVW/Mrt9QoL+IogCNwDMrABjXQAJegCVoAg1twDx7Bk3FnPBjPxsu8dclYzByAHzBePwBuYJa6</latexit><latexit sha1_base64="s3xo8Fxc2O3GfxaQXzuOdhBJDkE=">AAACAnicdVDNS8MwHE39nPOr6km8BIew02xr2eZt4MXjBPcBWylplm5haVqSVBhlePFf8eJBEa/+Fd78b0y3KSr6IPDyfh/Je0HCqFSW9W4sLa+srq0XNoqbW9s7u+beflvGqcCkhWMWi26AJGGUk5aiipFuIgiKAkY6wfgir3duiJA05tdqkhAvQkNOQ4qR0pJvHvYTJBRFDIa+hKfw66p8s2RVzutVx61Cq2JZNduxc+LU3DMX2lrJUQILNH3zrT+IcRoRrjBDUvZsK1Felu/DjEyL/VSSBOExGpKephxFRHrZzMIUnmhlAMNY6MMVnKnfJzIUSTmJAt0ZITWSv2u5+Fetl6qw7mWUJ6kiHM8fClPtL4Z5HnBABcGKTTRBWFD9V4hHSCCsdGpFHcKnU/g/aTsVW/Mrt9QoL+IogCNwDMrABjXQAJegCVoAg1twDx7Bk3FnPBjPxsu8dclYzByAHzBePwBuYJa6</latexit>

f ss
<latexit sha1_base64="wHnWH5CYcF9hRACP+hD2tZhWjqo=">AAAB8nicbVBNS8NAEN3Ur1q/qh69BIvgQUpSBT0WvHisYD+gDWWznbRLN7thdyKW0J/hxYMiXv013vw3btsctPXBwOO9GWbmhYngBj3v2ymsrW9sbhW3Szu7e/sH5cOjllGpZtBkSijdCakBwSU0kaOATqKBxqGAdji+nfntR9CGK/mAkwSCmA4ljzijaKVu1O8hPGFmzLRfrnhVbw53lfg5qZAcjX75qzdQLI1BIhPUmK7vJRhkVCNnAqalXmogoWxMh9C1VNIYTJDNT566Z1YZuJHStiS6c/X3REZjYyZxaDtjiiOz7M3E/7xuitFNkHGZpAiSLRZFqXBRubP/3QHXwFBMLKFMc3ury0ZUU4Y2pZINwV9+eZW0alX/slq7v6rUL/I4iuSEnJJz4pNrUid3pEGahBFFnskreXPQeXHenY9Fa8HJZ47JHzifP+yCkZo=</latexit>

t
<latexit sha1_base64="ums+g39svkxd4tfYCiEH/GHZS60=">AAAB6HicbZBNS8NAEIYnftb6VfXoJVgED1ISEfRY8OKxBfsBbSib7aRdu9mE3YlQSn+BFw+KePUnefPfuG1z0NYXFh7emWFn3jCVwpDnfTtr6xubW9uFneLu3v7BYenouGmSTHNs8EQmuh0yg1IobJAgie1UI4tDia1wdDert55QG5GoBxqnGMRsoEQkOCNr1alXKnsVby53FfwcypCr1it9dfsJz2JUxCUzpuN7KQUTpklwidNiNzOYMj5iA+xYVCxGE0zmi07dc+v03SjR9ily5+7viQmLjRnHoe2MGQ3Ncm1m/lfrZBTdBhOh0oxQ8cVHUSZdStzZ1W5faOQkxxYY18Lu6vIh04yTzaZoQ/CXT16F5lXFt1y/Llcv8zgKcApncAE+3EAV7qEGDeCA8Ayv8OY8Oi/Ou/OxaF1z8pkT+CPn8wfZjYzi</latexit><latexit sha1_base64="ums+g39svkxd4tfYCiEH/GHZS60=">AAAB6HicbZBNS8NAEIYnftb6VfXoJVgED1ISEfRY8OKxBfsBbSib7aRdu9mE3YlQSn+BFw+KePUnefPfuG1z0NYXFh7emWFn3jCVwpDnfTtr6xubW9uFneLu3v7BYenouGmSTHNs8EQmuh0yg1IobJAgie1UI4tDia1wdDert55QG5GoBxqnGMRsoEQkOCNr1alXKnsVby53FfwcypCr1it9dfsJz2JUxCUzpuN7KQUTpklwidNiNzOYMj5iA+xYVCxGE0zmi07dc+v03SjR9ily5+7viQmLjRnHoe2MGQ3Ncm1m/lfrZBTdBhOh0oxQ8cVHUSZdStzZ1W5faOQkxxYY18Lu6vIh04yTzaZoQ/CXT16F5lXFt1y/Llcv8zgKcApncAE+3EAV7qEGDeCA8Ayv8OY8Oi/Ou/OxaF1z8pkT+CPn8wfZjYzi</latexit><latexit sha1_base64="ums+g39svkxd4tfYCiEH/GHZS60=">AAAB6HicbZBNS8NAEIYnftb6VfXoJVgED1ISEfRY8OKxBfsBbSib7aRdu9mE3YlQSn+BFw+KePUnefPfuG1z0NYXFh7emWFn3jCVwpDnfTtr6xubW9uFneLu3v7BYenouGmSTHNs8EQmuh0yg1IobJAgie1UI4tDia1wdDert55QG5GoBxqnGMRsoEQkOCNr1alXKnsVby53FfwcypCr1it9dfsJz2JUxCUzpuN7KQUTpklwidNiNzOYMj5iA+xYVCxGE0zmi07dc+v03SjR9ily5+7viQmLjRnHoe2MGQ3Ncm1m/lfrZBTdBhOh0oxQ8cVHUSZdStzZ1W5faOQkxxYY18Lu6vIh04yTzaZoQ/CXT16F5lXFt1y/Llcv8zgKcApncAE+3EAV7qEGDeCA8Ayv8OY8Oi/Ou/OxaF1z8pkT+CPn8wfZjYzi</latexit><latexit sha1_base64="ums+g39svkxd4tfYCiEH/GHZS60=">AAAB6HicbZBNS8NAEIYnftb6VfXoJVgED1ISEfRY8OKxBfsBbSib7aRdu9mE3YlQSn+BFw+KePUnefPfuG1z0NYXFh7emWFn3jCVwpDnfTtr6xubW9uFneLu3v7BYenouGmSTHNs8EQmuh0yg1IobJAgie1UI4tDia1wdDert55QG5GoBxqnGMRsoEQkOCNr1alXKnsVby53FfwcypCr1it9dfsJz2JUxCUzpuN7KQUTpklwidNiNzOYMj5iA+xYVCxGE0zmi07dc+v03SjR9ily5+7viQmLjRnHoe2MGQ3Ncm1m/lfrZBTdBhOh0oxQ8cVHUSZdStzZ1W5faOQkxxYY18Lu6vIh04yTzaZoQ/CXT16F5lXFt1y/Llcv8zgKcApncAE+3EAV7qEGDeCA8Ayv8OY8Oi/Ou/OxaF1z8pkT+CPn8wfZjYzi</latexit>

emergent behavior 
(e.g., 3D Kolmogorov scaling)

cascade

p
<latexit sha1_base64="VwNUXymSjzxFz8Q81rELbxvqFQY=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8CAlkYIeC148tmA/oA1ls520azebsLsRSugv8OJBEa/+JG/+G7dtDtr6wsLDOzPszBskgmvjut9OYWNza3unuFva2z84PCofn7R1nCqGLRaLWHUDqlFwiS3DjcBuopBGgcBOMLmb1ztPqDSP5YOZJuhHdCR5yBk11momg3LFrboLkXXwcqhArsag/NUfxiyNUBomqNY9z02Mn1FlOBM4K/VTjQllEzrCnkVJI9R+tlh0Ri6sMyRhrOyThizc3xMZjbSeRoHtjKgZ69Xa3Pyv1ktNeOtnXCapQcmWH4WpICYm86vJkCtkRkwtUKa43ZWwMVWUGZtNyYbgrZ68Du3rqme5WavUr/I4inAG53AJHtxAHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyR8/kD032M3g==</latexit><latexit sha1_base64="VwNUXymSjzxFz8Q81rELbxvqFQY=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8CAlkYIeC148tmA/oA1ls520azebsLsRSugv8OJBEa/+JG/+G7dtDtr6wsLDOzPszBskgmvjut9OYWNza3unuFva2z84PCofn7R1nCqGLRaLWHUDqlFwiS3DjcBuopBGgcBOMLmb1ztPqDSP5YOZJuhHdCR5yBk11momg3LFrboLkXXwcqhArsag/NUfxiyNUBomqNY9z02Mn1FlOBM4K/VTjQllEzrCnkVJI9R+tlh0Ri6sMyRhrOyThizc3xMZjbSeRoHtjKgZ69Xa3Pyv1ktNeOtnXCapQcmWH4WpICYm86vJkCtkRkwtUKa43ZWwMVWUGZtNyYbgrZ68Du3rqme5WavUr/I4inAG53AJHtxAHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyR8/kD032M3g==</latexit><latexit sha1_base64="VwNUXymSjzxFz8Q81rELbxvqFQY=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8CAlkYIeC148tmA/oA1ls520azebsLsRSugv8OJBEa/+JG/+G7dtDtr6wsLDOzPszBskgmvjut9OYWNza3unuFva2z84PCofn7R1nCqGLRaLWHUDqlFwiS3DjcBuopBGgcBOMLmb1ztPqDSP5YOZJuhHdCR5yBk11momg3LFrboLkXXwcqhArsag/NUfxiyNUBomqNY9z02Mn1FlOBM4K/VTjQllEzrCnkVJI9R+tlh0Ri6sMyRhrOyThizc3xMZjbSeRoHtjKgZ69Xa3Pyv1ktNeOtnXCapQcmWH4WpICYm86vJkCtkRkwtUKa43ZWwMVWUGZtNyYbgrZ68Du3rqme5WavUr/I4inAG53AJHtxAHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyR8/kD032M3g==</latexit><latexit sha1_base64="VwNUXymSjzxFz8Q81rELbxvqFQY=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8CAlkYIeC148tmA/oA1ls520azebsLsRSugv8OJBEa/+JG/+G7dtDtr6wsLDOzPszBskgmvjut9OYWNza3unuFva2z84PCofn7R1nCqGLRaLWHUDqlFwiS3DjcBuopBGgcBOMLmb1ztPqDSP5YOZJuhHdCR5yBk11momg3LFrboLkXXwcqhArsag/NUfxiyNUBomqNY9z02Mn1FlOBM4K/VTjQllEzrCnkVJI9R+tlh0Ri6sMyRhrOyThizc3xMZjbSeRoHtjKgZ69Xa3Pyv1ktNeOtnXCapQcmWH4WpICYm86vJkCtkRkwtUKa43ZWwMVWUGZtNyYbgrZ68Du3rqme5WavUr/I4inAG53AJHtxAHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyR8/kD032M3g==</latexit>

! f s/ ! t
<latexit sha1_base64="s3xo8Fxc2O3GfxaQXzuOdhBJDkE=">AAACAnicdVDNS8MwHE39nPOr6km8BIew02xr2eZt4MXjBPcBWylplm5haVqSVBhlePFf8eJBEa/+Fd78b0y3KSr6IPDyfh/Je0HCqFSW9W4sLa+srq0XNoqbW9s7u+beflvGqcCkhWMWi26AJGGUk5aiipFuIgiKAkY6wfgir3duiJA05tdqkhAvQkNOQ4qR0pJvHvYTJBRFDIa+hKfw66p8s2RVzutVx61Cq2JZNduxc+LU3DMX2lrJUQILNH3zrT+IcRoRrjBDUvZsK1Felu/DjEyL/VSSBOExGpKephxFRHrZzMIUnmhlAMNY6MMVnKnfJzIUSTmJAt0ZITWSv2u5+Fetl6qw7mWUJ6kiHM8fClPtL4Z5HnBABcGKTTRBWFD9V4hHSCCsdGpFHcKnU/g/aTsVW/Mrt9QoL+IogCNwDMrABjXQAJegCVoAg1twDx7Bk3FnPBjPxsu8dclYzByAHzBePwBuYJa6</latexit><latexit sha1_base64="s3xo8Fxc2O3GfxaQXzuOdhBJDkE=">AAACAnicdVDNS8MwHE39nPOr6km8BIew02xr2eZt4MXjBPcBWylplm5haVqSVBhlePFf8eJBEa/+Fd78b0y3KSr6IPDyfh/Je0HCqFSW9W4sLa+srq0XNoqbW9s7u+beflvGqcCkhWMWi26AJGGUk5aiipFuIgiKAkY6wfgir3duiJA05tdqkhAvQkNOQ4qR0pJvHvYTJBRFDIa+hKfw66p8s2RVzutVx61Cq2JZNduxc+LU3DMX2lrJUQILNH3zrT+IcRoRrjBDUvZsK1Felu/DjEyL/VSSBOExGpKephxFRHrZzMIUnmhlAMNY6MMVnKnfJzIUSTmJAt0ZITWSv2u5+Fetl6qw7mWUJ6kiHM8fClPtL4Z5HnBABcGKTTRBWFD9V4hHSCCsdGpFHcKnU/g/aTsVW/Mrt9QoL+IogCNwDMrABjXQAJegCVoAg1twDx7Bk3FnPBjPxsu8dclYzByAHzBePwBuYJa6</latexit><latexit sha1_base64="s3xo8Fxc2O3GfxaQXzuOdhBJDkE=">AAACAnicdVDNS8MwHE39nPOr6km8BIew02xr2eZt4MXjBPcBWylplm5haVqSVBhlePFf8eJBEa/+Fd78b0y3KSr6IPDyfh/Je0HCqFSW9W4sLa+srq0XNoqbW9s7u+beflvGqcCkhWMWi26AJGGUk5aiipFuIgiKAkY6wfgir3duiJA05tdqkhAvQkNOQ4qR0pJvHvYTJBRFDIa+hKfw66p8s2RVzutVx61Cq2JZNduxc+LU3DMX2lrJUQILNH3zrT+IcRoRrjBDUvZsK1Felu/DjEyL/VSSBOExGpKephxFRHrZzMIUnmhlAMNY6MMVnKnfJzIUSTmJAt0ZITWSv2u5+Fetl6qw7mWUJ6kiHM8fClPtL4Z5HnBABcGKTTRBWFD9V4hHSCCsdGpFHcKnU/g/aTsVW/Mrt9QoL+IogCNwDMrABjXQAJegCVoAg1twDx7Bk3FnPBjPxsu8dclYzByAHzBePwBuYJa6</latexit><latexit sha1_base64="s3xo8Fxc2O3GfxaQXzuOdhBJDkE=">AAACAnicdVDNS8MwHE39nPOr6km8BIew02xr2eZt4MXjBPcBWylplm5haVqSVBhlePFf8eJBEa/+Fd78b0y3KSr6IPDyfh/Je0HCqFSW9W4sLa+srq0XNoqbW9s7u+beflvGqcCkhWMWi26AJGGUk5aiipFuIgiKAkY6wfgir3duiJA05tdqkhAvQkNOQ4qR0pJvHvYTJBRFDIa+hKfw66p8s2RVzutVx61Cq2JZNduxc+LU3DMX2lrJUQILNH3zrT+IcRoRrjBDUvZsK1Felu/DjEyL/VSSBOExGpKephxFRHrZzMIUnmhlAMNY6MMVnKnfJzIUSTmJAt0ZITWSv2u5+Fetl6qw7mWUJ6kiHM8fClPtL4Z5HnBABcGKTTRBWFD9V4hHSCCsdGpFHcKnU/g/aTsVW/Mrt9QoL+IogCNwDMrABjXQAJegCVoAg1twDx7Bk3FnPBjPxsu8dclYzByAHzBePwBuYJa6</latexit>

dissipation

! p! 5/ 3
<latexit sha1_base64="fjzsSX56PrpLaLTS2G+a2ClMkBo=">AAAB/XicbZDLSgMxFIbP1Futt/GycxMsQjfWGS/osuDGZQV7gXYsmTTThiaZIckIdSi+ihsXirj1Pdz5NqaXhVZ/CHz85xzOyR8mnGnjeV9ObmFxaXklv1pYW9/Y3HK3d+o6ThWhNRLzWDVDrClnktYMM5w2E0WxCDlthIOrcb1xT5Vmsbw1w4QGAvckixjBxloddw+1Q0wGmgmEUHKXHZ0fn446btErexOhv+DPoAgzVTvuZ7sbk1RQaQjHWrd8LzFBhpVhhNNRoZ1qmtg1uEdbFiUWVAfZ5PoROrROF0Wxsk8aNHF/TmRYaD0Uoe0U2PT1fG1s/ldrpSa6DDImk9RQSaaLopQjE6NxFKjLFCWGDy1gopi9FZE+VpgYG1jBhuDPf/kv1E/KvuWbs2KlNIsjD/twACXw4QIqcA1VqAGBB3iCF3h1Hp1n5815n7bmnNnMLvyS8/ENFlCTmQ==</latexit><latexit sha1_base64="fjzsSX56PrpLaLTS2G+a2ClMkBo=">AAAB/XicbZDLSgMxFIbP1Futt/GycxMsQjfWGS/osuDGZQV7gXYsmTTThiaZIckIdSi+ihsXirj1Pdz5NqaXhVZ/CHz85xzOyR8mnGnjeV9ObmFxaXklv1pYW9/Y3HK3d+o6ThWhNRLzWDVDrClnktYMM5w2E0WxCDlthIOrcb1xT5Vmsbw1w4QGAvckixjBxloddw+1Q0wGmgmEUHKXHZ0fn446btErexOhv+DPoAgzVTvuZ7sbk1RQaQjHWrd8LzFBhpVhhNNRoZ1qmtg1uEdbFiUWVAfZ5PoROrROF0Wxsk8aNHF/TmRYaD0Uoe0U2PT1fG1s/ldrpSa6DDImk9RQSaaLopQjE6NxFKjLFCWGDy1gopi9FZE+VpgYG1jBhuDPf/kv1E/KvuWbs2KlNIsjD/twACXw4QIqcA1VqAGBB3iCF3h1Hp1n5815n7bmnNnMLvyS8/ENFlCTmQ==</latexit><latexit sha1_base64="fjzsSX56PrpLaLTS2G+a2ClMkBo=">AAAB/XicbZDLSgMxFIbP1Futt/GycxMsQjfWGS/osuDGZQV7gXYsmTTThiaZIckIdSi+ihsXirj1Pdz5NqaXhVZ/CHz85xzOyR8mnGnjeV9ObmFxaXklv1pYW9/Y3HK3d+o6ThWhNRLzWDVDrClnktYMM5w2E0WxCDlthIOrcb1xT5Vmsbw1w4QGAvckixjBxloddw+1Q0wGmgmEUHKXHZ0fn446btErexOhv+DPoAgzVTvuZ7sbk1RQaQjHWrd8LzFBhpVhhNNRoZ1qmtg1uEdbFiUWVAfZ5PoROrROF0Wxsk8aNHF/TmRYaD0Uoe0U2PT1fG1s/ldrpSa6DDImk9RQSaaLopQjE6NxFKjLFCWGDy1gopi9FZE+VpgYG1jBhuDPf/kv1E/KvuWbs2KlNIsjD/twACXw4QIqcA1VqAGBB3iCF3h1Hp1n5815n7bmnNnMLvyS8/ENFlCTmQ==</latexit><latexit sha1_base64="fjzsSX56PrpLaLTS2G+a2ClMkBo=">AAAB/XicbZDLSgMxFIbP1Futt/GycxMsQjfWGS/osuDGZQV7gXYsmTTThiaZIckIdSi+ihsXirj1Pdz5NqaXhVZ/CHz85xzOyR8mnGnjeV9ObmFxaXklv1pYW9/Y3HK3d+o6ThWhNRLzWDVDrClnktYMM5w2E0WxCDlthIOrcb1xT5Vmsbw1w4QGAvckixjBxloddw+1Q0wGmgmEUHKXHZ0fn446btErexOhv+DPoAgzVTvuZ7sbk1RQaQjHWrd8LzFBhpVhhNNRoZ1qmtg1uEdbFiUWVAfZ5PoROrROF0Wxsk8aNHF/TmRYaD0Uoe0U2PT1fG1s/ldrpSa6DDImk9RQSaaLopQjE6NxFKjLFCWGDy1gopi9FZE+VpgYG1jBhuDPf/kv1E/KvuWbs2KlNIsjD/twACXw4QIqcA1VqAGBB3iCF3h1Hp1n5815n7bmnNnMLvyS8/ENFlCTmQ==</latexit>

f ss
<latexit sha1_base64="wHnWH5CYcF9hRACP+hD2tZhWjqo=">AAAB8nicbVBNS8NAEN3Ur1q/qh69BIvgQUpSBT0WvHisYD+gDWWznbRLN7thdyKW0J/hxYMiXv013vw3btsctPXBwOO9GWbmhYngBj3v2ymsrW9sbhW3Szu7e/sH5cOjllGpZtBkSijdCakBwSU0kaOATqKBxqGAdji+nfntR9CGK/mAkwSCmA4ljzijaKVu1O8hPGFmzLRfrnhVbw53lfg5qZAcjX75qzdQLI1BIhPUmK7vJRhkVCNnAqalXmogoWxMh9C1VNIYTJDNT566Z1YZuJHStiS6c/X3REZjYyZxaDtjiiOz7M3E/7xuitFNkHGZpAiSLRZFqXBRubP/3QHXwFBMLKFMc3ury0ZUU4Y2pZINwV9+eZW0alX/slq7v6rUL/I4iuSEnJJz4pNrUid3pEGahBFFnskreXPQeXHenY9Fa8HJZ47JHzifP+yCkZo=</latexit>

p ! ! , 1/scale, canonical momentum, or quantum numbers

<latexit sha1_base64="zyZu58u9caMvTwsJWLMfvg/2YFs="></latexit>

k(p, p!) !
øf 2
2 (p, p!, t)
øf 2
1 (p, t)

<latexit sha1_base64="NAjwwhEMppwsQskQGiZm0Fj2dnU="></latexit>

! øf 2
1 (p, t)
! t

!
! øf 2

source (p, t)
! t

"
!

dp! øf 2
1 (p!, t) k(p!, p) ! øf 2

1 (p, t) k(p, p!)

<latexit sha1_base64="beF4NqmkCIGaU3UG+k5Fqp/wgrg="></latexit>

nonlinear steady state analysis

f ss(p) ! lim
t !"

øf 1(p, t)

<latexit sha1_base64="GmCAL+pFhV2vQwvwwoTtISvFbtQ="></latexit>

!
dp! øf 2

ss(p) k(p, p!) ! øf 2
ss(p

!) k(p!, p) "
! øf 2

source (p)
! t

<latexit sha1_base64="lkf1o8yMEo1Sx7saP9LhsLKEaXA="></latexit>



Some more thoughts on the Generalized Master Equation:  normalization, rates, and linear 
form20

! W(p, t)
! t

=
!

dp! W (p!, t) k(p!, p) ! W (p, t) k(p, p!)

<latexit sha1_base64="CI5wOmo+DhA/I19OsSHQz2olPBM="></latexit>

W (p, t) ! µ(p) øf 2
1 (p, t)

<latexit sha1_base64="Kq0djm3Y4P/q08ZqObne/mPdg9M=">AAACKHicbVDLSsNAFJ3UV62vqEs3g0VooZSkFFTcFNy4rGAf0MQwmU7aoZOHM5NCCf0G/8O9W/0Fd9KtKz/DSZqFth4YOHPOuVzucSNGhTSMhVbY2Nza3inulvb2Dw6P9OOTrghjjkkHhyzkfRcJwmhAOpJKRvoRJ8h3Gem5k9vU700JFzQMHuQsIraPRgH1KEZSSY5e7VWimqxCizzFdAqh5ceVSH1voOUinnhzx3xsZBFHLxt1IwNcJ2ZOyiBH29G/rWGIY58EEjMkxMA0ImkniEuKGZmXrFiQCOEJGpGBogHyibCT7KQ5vFDKEHohVy+QMFN/TyTIF2LmuyrpIzkWq14q/uulCheeWNkvvSs7oUEUSxLg5XovZlCGMG0NDiknWLKZIghzqi6AeIw4wlJ1W1LVmKtFrJNuo24269f3zXKrlpdUBGfgHFSACS5BC9yBNugADJ7BK3gD79qL9qF9aotltKDlM6fgD7SvH9DdpII=</latexit>

µ(p) ! measure or density of states

<latexit sha1_base64="KAuUHVx/6cgQKXncXuT6jSx+X5E="></latexit>

detailed balance => W th (p) k(p, p!) = Wth (p!) k(p!, p)

<latexit sha1_base64="w4k5khDcQ7kyIY4w6oGLmZndPK8="></latexit>

p

<latexit sha1_base64="I1c1sbs0PNJUpEK3comSiqXF72U=">AAAB/nicbVBNS8NAEJ3Ur1q/qh69LBbBg5RECuqt4MVjC7YW2lA220m7dLMJuxuhlIJ3r/oXvIlX/4r/wJ/hps1BWx8MPN6bYWZekAiujet+OYW19Y3NreJ2aWd3b/+gfHjU1nGqGLZYLGLVCahGwSW2DDcCO4lCGgUCH4LxbeY/PKLSPJb3ZpKgH9Gh5CFn1FipmfTLFbfqzkFWiZeTCuRo9MvfvUHM0gilYYJq3fXcxPhTqgxnAmelXqoxoWxMh9i1VNIItT+dHzojZ1YZkDBWtqQhc/X3xJRGWk+iwHZG1Iz0speJ/3qZonSol/ab8NqfcpmkBiVbrA9TQUxMsizIgCtkRkwsoUxx+wFhI6ooMzaxko3GWw5ilbQvq16tetOsVeoXeUhFOIFTOAcPrqAOd9CAFjBAeIYXeHWenDfn3flYtBacfOYY/sD5/AGReJZN</latexit>

p!

<latexit sha1_base64="UtXwjd9GANAcEuCrhiZ26PanNQQ=">AAAB/3icbVDLSgNBEOyJrxhfUY9eBoPoQcKuBNRbwIvHKOYByRJmJ7PJkNnZZWZWCEsO3r3qL3gTr36Kf+BnOJvsQRMLGoqqbrq7/FhwbRznCxVWVtfWN4qbpa3tnd298v5BS0eJoqxJIxGpjk80E1yypuFGsE6sGAl9wdr++Cbz249MaR7JBzOJmReSoeQBp8RY6T4+7ZcrTtWZAS8TNycVyNHol797g4gmIZOGCqJ113Vi46VEGU4Fm5Z6iWYxoWMyZF1LJQmZ9tLZpVN8YpUBDiJlSxo8U39PpCTUehL6tjMkZqQXvUz818sUpQO9sN8EV17KZZwYJul8fZAIbCKchYEHXDFqxMQSQhW3H2A6IopQYyMr2WjcxSCWSeui6taq13e1Sv08D6kIR3AMZ+DCJdThFhrQBAoBPMMLvKIn9Ibe0ce8tYDymUP4A/T5A/VYln4=</latexit>

Wth (p) ! µ(p) e! S(p) /k B T or µ(p) e( i/ ! )S(p) or µ(p) e! S(p) / ! 2

<latexit sha1_base64="tnSW0jlRqxE4BMhSUa5elGqRBp4="></latexit>

! Wp(t)
! t

= K pp! Wp! (t)

<latexit sha1_base64="TQmHeBINGrP/R19xJwwTn0WgflA="></latexit>

k(p, p!) !

!
"

#

øf 2
2 (p,p ! )
øf 2
1 (p) for p! < p

µ(p! )
µ (p) e! S/k B T øf 2

2 (p! ,p)
øf 2
1 (p! ) for p! > p

<latexit sha1_base64="IpWCyxz7hRHk0fTNQGyNrukdzC8="></latexit>

where K =

!

"
"
"
#

. . . . . . k(p!, p)
... !

$
p!! "= p k(p, p!! )

...

k(p!, p) . . .
. . .

%

&
&
&
'

<latexit sha1_base64="ehjJu2k2Z9A54AC4dV0OcIFjzB0="></latexit>

=

!

"
"
"
"
#

. . . . . .
øf 2
2 (p! ,p)
øf 2
1 (p! )

... !
$

p!! != p k(p, p"")
...

µ (p)
µ (p! ) e! S/k B T øf 2

2 (p,p ! )
øf 2
1 (p) . . .

. . .

%

&
&
&
&
'

<latexit sha1_base64="WeCfi2LmoPCaq54u57Es30RC29U="></latexit>

and ! S ! S(p!) " S(p)

<latexit sha1_base64="wpVUPS79oTfjFuPxolXw0FNPT4o=">AAACJ3icbVBNS8NAEN34bf2qevSyWMQWtCRSUG+CHjwqWi2YUjbbiS7dbOLupFhC/4L/w7tX/QveRI/e/Bluag9afTDM470ZhnlBIoVB1313xsYnJqemZ2YLc/MLi0vF5ZULE6eaQ53HMtaNgBmQQkEdBUpoJBpYFEi4DDqHuX/ZBW1ErM6xl0AzYtdKhIIztFKrWPYR7jBjqk371D8CiYyeUR9uU9GlZ+Vks0K3815pFUtu1R2A/iXekJTIECet4qffjnkagUIumTFXnptgM2MaBZfQL/ipgYTxDruGK0sVi8A0s8FHfbphlTYNY21LIR2oPzcyFhnTiwI7GTG8MaNeLv7r5Yo2oRm5j+FeMxMqSREU/z4fppJiTPPQaFto4Ch7ljCuhf2A8humGUcbbcFG440G8Zdc7FS9WnX/tFY62BqGNEPWyDopE4/skgNyTE5InXByTx7JE3l2HpwX59V5+x4dc4Y7q+QXnI8vkMOkWw==</latexit>



Some more thoughts on the Generalized Master Equation:  fit of rates, and solution21

µp from Dirac normalization

<latexit sha1_base64="keJJDvXDjuBqz6uzC3ik/a+GGH0=">AAACJXicbVC7SgNBFJ31GeMramkzGBQLCbsSULuAFpYRzAOSEGYns8mQeSwzd8W45A/8D3tb/QU7Eaxs/Qwnj0ITD1w4nHMul3vCWHALvv/pLSwuLa+sZtay6xubW9u5nd2q1YmhrEK10KYeEssEV6wCHASrx4YRGQpWC/uXI792x4zlWt3CIGYtSbqKR5wScFI7d9SUSTvGTWD3kOLIaImvuCEUK20kEfxhnBu2c3m/4I+B50kwJXk0Rbmd+252NE0kU0AFsbYR+DG0UmKAU8GG2WZiWUxon3RZw1FFJLOtdPzPEB86pYMjbdwowGP190ZKpLUDGbqkJNCzs95I/NcbKcZGduY+ROetlKs4Aabo5HyUCAwajyrDHW4YBTFwhFDD3QeY9ogrCVyxWVdNMFvEPKmeFoJi4eKmmC+dTEvKoH10gI5RgM5QCV2jMqogih7RM3pBr96T9+a9ex+T6II33dlDf+B9/QBqLKZE</latexit>

kB T from data, largest of quantum, thermal or measurement ßuctuations

<latexit sha1_base64="S2K0oYQwfGtDdW05rep60EIO/74="></latexit>

with ! p = 0 (that is, emergent behavior)

<latexit sha1_base64="VKB2OLZnGVqzZztWhbhQpebojI8="></latexit>

! 0

<latexit sha1_base64="mGgHCammbRFHg3XeJe8relaHMgk=">AAACBnicbVDLSgMxFL1TX7W+qi7dBIvgQsqMFNRdwY0LFxXsQ9qhZDKZNjTJDElGKKV79271F9yJW3/DP/AzzLSz0NYDgcM553JvTpBwpo3rfjmFldW19Y3iZmlre2d3r7x/0NJxqghtkpjHqhNgTTmTtGmY4bSTKIpFwGk7GF1nfvuRKs1ieW/GCfUFHkgWMYKNlR56tzYa4r7bL1fcqjsDWiZeTiqQo9Evf/fCmKSCSkM41rrruYnxJ1gZRjidlnqppgkmIzygXUslFlT7k9nBU3RilRBFsbJPGjRTf09MsNB6LAKbFNgM9aKXif96maJ0pBf2m+jSnzCZpIZKMl8fpRyZGGWdoJApSgwfW4KJYvYHiAyxwsTY5kq2Gm+xiGXSOq96terVXa1SP8tLKsIRHMMpeHABdbiBBjSBgIBneIFX58l5c96dj3m04OQzh/AHzucPKCKZWQ==</latexit>

M

<latexit sha1_base64="H5fV7USPebqhYs0sZOlXwAPg+Gs=">AAAB/nicbVBNS8NAEJ3Ur1q/qh69BIvgQUoiBfVW8OJFaMF+QBvKZjtpl242YXcjlFDw7lX/gjfx6l/xH/gz3LQ5aOuDgcd7M8zM82POlHacL6uwtr6xuVXcLu3s7u0flA+P2ipKJMUWjXgkuz5RyJnAlmaaYzeWSEKfY8ef3GZ+5xGlYpF40NMYvZCMBAsYJdpIzftBueJUnTnsVeLmpAI5GoPyd38Y0SREoSknSvVcJ9ZeSqRmlOOs1E8UxoROyAh7hgoSovLS+aEz+8woQzuIpCmh7bn6eyIloVLT0DedIdFjtexl4r9epkgVqKX9Orj2UibiRKOgi/VBwm0d2VkW9pBJpJpPDSFUMvOBTcdEEqpNYiUTjbscxCppX1bdWvWmWavUL/KQinACp3AOLlxBHe6gAS2ggPAML/BqPVlv1rv1sWgtWPnMMfyB9fkDWWqWKg==</latexit>

|f 0!

<latexit sha1_base64="8c3fPfmqByqilXfzOkG+FTEJqx4=">AAACEXicbVDLSsNAFJ3UV62vWJduBovgQkoiBXUjBTcuK9gHNCFMppN26OTBzI1YYr/CvVv9BXfi1i/wD/wMJ20W2nrgwuGce7n3Hj8RXIFlfRmlldW19Y3yZmVre2d3z9yvdlScSsraNBax7PlEMcEj1gYOgvUSyUjoC9b1x9e5371nUvE4uoNJwtyQDCMecEpAS55ZdQQL4BEHnoUdyYcjuPLMmlW3ZsDLxC5IDRVoeea3M4hpGrIIqCBK9W0rATcjEjgVbFpxUsUSQsdkyPqaRiRkys1mt0/xsVYGOIilrgjwTP09kZFQqUno686QwEgtern4r5crUgVqYT8EF27GoyQFFtH5+iAVGGKcx4MHXDIKYqIJoZLrDzAdEUko6BArOhp7MYhl0jmr24365W2j1jwtQiqjQ3SETpCNzlET3aAWaiOKHtAzekGvxpPxZrwbH/PWklHMHKA/MD5/AFZCnSg=</latexit>

Wp(t) converges exponentially onto null space ofK , ! 0,

<latexit sha1_base64="azTnxkun3OVXF835HeaC2DMCI38="></latexit>

K pp! = f (µp, ( øf 2/ øf 1)pp! , ( øf 2/ øf 1)p! p) or f (µp, ( øf 2/ øf 1)pp! , Sp/k B T) for p! > p

<latexit sha1_base64="F+pv47TVP/LKQvtju6VhaFFh1WU="></latexit>

the emergent behavior is the projection of the initial state onto the null space manifold,! 0 ! M

<latexit sha1_base64="hm3m1QyPgO8WgDbtsy18bSJML+Q="></latexit>

Þnite di! erence of the Generalized Master Equation stable if" t ! 1/ |! p|max

<latexit sha1_base64="bjdowXNo3TPg0cda6sFARO2p9UA="></latexit>

decomposeK = U ! UT where ! = diag( ! p) and rotate !Wp(t) = UT Wp(t)

<latexit sha1_base64="lpUywPx8QPssxT8xrNpJd58S7fY="></latexit>

! !Wp(t)
! t

= ! !Wp(t) with solution !Wp(t) = e! p t , where " p ! 0

<latexit sha1_base64="JsoxpRduu0PbnoKqZU2edAUscKc="></latexit>

( øf 2/ øf 1)pp! from MST, or ( øf 2/ øf 1)pp! and Sp from Lagrangian

<latexit sha1_base64="kz5A7QPVn2aZKwMroLS7/jw+dVg="></latexit>



University of Michigan experiments track mode merger (inverse cascade) of liner structure22

both with 1 T axial magnetic field and without

! 1/p
<latexit sha1_base64="kln5XuRtp6XiWF4VlIz6+ZXSHcc=">AAAB83icbZDLSgMxFIbP1Futt6pLN8EiuJA6I4IuC25cVrAX6Awlk2ba0CQTkoxQhr6GGxeKuPVl3Pk2pu0stPVA4OP/z0lO/lhxZqzvf3ultfWNza3ydmVnd2//oHp41DZppgltkZSnuhtjQzmTtGWZ5bSrNMUi5rQTj+9mfueJasNS+WgnikYCDyVLGMHWSWEYYzI2TKDgUvWrNb/uzwutQlBADYpq9qtf4SAlmaDSEo6N6QW+slGOtWWE02klzAxV7n48pD2HEgtqony+8xSdOWWAklS7Iy2aq78nciyMmYjYdQpsR2bZm4n/eb3MJrdRzqTKLJVk8VCScWRTNAsADZimxPKJA0w0c7siMsIaE+tiqrgQguUvr0L7qh44friuNS6KOMpwAqdwDgHcQAPuoQktIKDgGV7hzcu8F+/d+1i0lrxi5hj+lPf5AyKhkQI=</latexit><latexit sha1_base64="kln5XuRtp6XiWF4VlIz6+ZXSHcc=">AAAB83icbZDLSgMxFIbP1Futt6pLN8EiuJA6I4IuC25cVrAX6Awlk2ba0CQTkoxQhr6GGxeKuPVl3Pk2pu0stPVA4OP/z0lO/lhxZqzvf3ultfWNza3ydmVnd2//oHp41DZppgltkZSnuhtjQzmTtGWZ5bSrNMUi5rQTj+9mfueJasNS+WgnikYCDyVLGMHWSWEYYzI2TKDgUvWrNb/uzwutQlBADYpq9qtf4SAlmaDSEo6N6QW+slGOtWWE02klzAxV7n48pD2HEgtqony+8xSdOWWAklS7Iy2aq78nciyMmYjYdQpsR2bZm4n/eb3MJrdRzqTKLJVk8VCScWRTNAsADZimxPKJA0w0c7siMsIaE+tiqrgQguUvr0L7qh44friuNS6KOMpwAqdwDgHcQAPuoQktIKDgGV7hzcu8F+/d+1i0lrxi5hj+lPf5AyKhkQI=</latexit><latexit sha1_base64="kln5XuRtp6XiWF4VlIz6+ZXSHcc=">AAAB83icbZDLSgMxFIbP1Futt6pLN8EiuJA6I4IuC25cVrAX6Awlk2ba0CQTkoxQhr6GGxeKuPVl3Pk2pu0stPVA4OP/z0lO/lhxZqzvf3ultfWNza3ydmVnd2//oHp41DZppgltkZSnuhtjQzmTtGWZ5bSrNMUi5rQTj+9mfueJasNS+WgnikYCDyVLGMHWSWEYYzI2TKDgUvWrNb/uzwutQlBADYpq9qtf4SAlmaDSEo6N6QW+slGOtWWE02klzAxV7n48pD2HEgtqony+8xSdOWWAklS7Iy2aq78nciyMmYjYdQpsR2bZm4n/eb3MJrdRzqTKLJVk8VCScWRTNAsADZimxPKJA0w0c7siMsIaE+tiqrgQguUvr0L7qh44friuNS6KOMpwAqdwDgHcQAPuoQktIKDgGV7hzcu8F+/d+1i0lrxi5hj+lPf5AyKhkQI=</latexit><latexit sha1_base64="kln5XuRtp6XiWF4VlIz6+ZXSHcc=">AAAB83icbZDLSgMxFIbP1Futt6pLN8EiuJA6I4IuC25cVrAX6Awlk2ba0CQTkoxQhr6GGxeKuPVl3Pk2pu0stPVA4OP/z0lO/lhxZqzvf3ultfWNza3ydmVnd2//oHp41DZppgltkZSnuhtjQzmTtGWZ5bSrNMUi5rQTj+9mfueJasNS+WgnikYCDyVLGMHWSWEYYzI2TKDgUvWrNb/uzwutQlBADYpq9qtf4SAlmaDSEo6N6QW+slGOtWWE02klzAxV7n48pD2HEgtqony+8xSdOWWAklS7Iy2aq78nciyMmYjYdQpsR2bZm4n/eb3MJrdRzqTKLJVk8VCScWRTNAsADZimxPKJA0w0c7siMsIaE+tiqrgQguUvr0L7qh44friuNS6KOMpwAqdwDgHcQAPuoQktIKDgGV7hzcu8F+/d+1i0lrxi5hj+lPf5AyKhkQI=</latexit>

!
ø f 1

(p
,t

)
<latexit sha1_base64="qeyY8qhMoVrOX0Ajfilzw6JoQV0=">AAACAHicbZDLSsNAFIZP6q3WW9SFCzeDRahQSiKCLgtuXFawF2hDmEwn7dCZJMxMhBKy8VXcuFDErY/hzrdx2mahrT8MfPznHM6cP0g4U9pxvq3S2vrG5lZ5u7Kzu7d/YB8edVScSkLbJOax7AVYUc4i2tZMc9pLJMUi4LQbTG5n9e4jlYrF0YOeJtQTeBSxkBGsjeXbJ4MAk4liAhmQWZj7bi2p6wvfrjoNZy60Cm4BVSjU8u2vwTAmqaCRJhwr1XedRHsZlpoRTvPKIFU0MavwiPYNRlhQ5WXzA3J0bpwhCmNpXqTR3P09kWGh1FQEplNgPVbLtZn5X62f6vDGy1iUpJpGZLEoTDnSMZqlgYZMUqL51AAmkpm/IjLGEhNtMquYENzlk1ehc9lwDd9fVZv1Io4ynMIZ1MCFa2jCHbSgDQRyeIZXeLOerBfr3fpYtJasYuYY/sj6/AGiD5Wx</latexit><latexit sha1_base64="qeyY8qhMoVrOX0Ajfilzw6JoQV0=">AAACAHicbZDLSsNAFIZP6q3WW9SFCzeDRahQSiKCLgtuXFawF2hDmEwn7dCZJMxMhBKy8VXcuFDErY/hzrdx2mahrT8MfPznHM6cP0g4U9pxvq3S2vrG5lZ5u7Kzu7d/YB8edVScSkLbJOax7AVYUc4i2tZMc9pLJMUi4LQbTG5n9e4jlYrF0YOeJtQTeBSxkBGsjeXbJ4MAk4liAhmQWZj7bi2p6wvfrjoNZy60Cm4BVSjU8u2vwTAmqaCRJhwr1XedRHsZlpoRTvPKIFU0MavwiPYNRlhQ5WXzA3J0bpwhCmNpXqTR3P09kWGh1FQEplNgPVbLtZn5X62f6vDGy1iUpJpGZLEoTDnSMZqlgYZMUqL51AAmkpm/IjLGEhNtMquYENzlk1ehc9lwDd9fVZv1Io4ynMIZ1MCFa2jCHbSgDQRyeIZXeLOerBfr3fpYtJasYuYY/sj6/AGiD5Wx</latexit><latexit sha1_base64="qeyY8qhMoVrOX0Ajfilzw6JoQV0=">AAACAHicbZDLSsNAFIZP6q3WW9SFCzeDRahQSiKCLgtuXFawF2hDmEwn7dCZJMxMhBKy8VXcuFDErY/hzrdx2mahrT8MfPznHM6cP0g4U9pxvq3S2vrG5lZ5u7Kzu7d/YB8edVScSkLbJOax7AVYUc4i2tZMc9pLJMUi4LQbTG5n9e4jlYrF0YOeJtQTeBSxkBGsjeXbJ4MAk4liAhmQWZj7bi2p6wvfrjoNZy60Cm4BVSjU8u2vwTAmqaCRJhwr1XedRHsZlpoRTvPKIFU0MavwiPYNRlhQ5WXzA3J0bpwhCmNpXqTR3P09kWGh1FQEplNgPVbLtZn5X62f6vDGy1iUpJpGZLEoTDnSMZqlgYZMUqL51AAmkpm/IjLGEhNtMquYENzlk1ehc9lwDd9fVZv1Io4ynMIZ1MCFa2jCHbSgDQRyeIZXeLOerBfr3fpYtJasYuYY/sj6/AGiD5Wx</latexit><latexit sha1_base64="qeyY8qhMoVrOX0Ajfilzw6JoQV0=">AAACAHicbZDLSsNAFIZP6q3WW9SFCzeDRahQSiKCLgtuXFawF2hDmEwn7dCZJMxMhBKy8VXcuFDErY/hzrdx2mahrT8MfPznHM6cP0g4U9pxvq3S2vrG5lZ5u7Kzu7d/YB8edVScSkLbJOax7AVYUc4i2tZMc9pLJMUi4LQbTG5n9e4jlYrF0YOeJtQTeBSxkBGsjeXbJ4MAk4liAhmQWZj7bi2p6wvfrjoNZy60Cm4BVSjU8u2vwTAmqaCRJhwr1XedRHsZlpoRTvPKIFU0MavwiPYNRlhQ5WXzA3J0bpwhCmNpXqTR3P09kWGh1FQEplNgPVbLtZn5X62f6vDGy1iUpJpGZLEoTDnSMZqlgYZMUqL51AAmkpm/IjLGEhNtMquYENzlk1ehc9lwDd9fVZv1Io4ynMIZ1MCFa2jCHbSgDQRyeIZXeLOerBfr3fpYtJasYuYY/sj6/AGiD5Wx</latexit>

! ! f s/ ! t
<latexit sha1_base64="HIrewlpxn9gILtmhBaQAxcACy8w=">AAACC3icdVC7TsMwFHV4lvIKMLJYrZAYUElC1JatEgtjkehDaqLKcZ3Wqp1EtoNURd1Z+BUWBhBi5QfY+BuctoiH4EqWjs+519fnBAmjUlnWu7G0vLK6tl7YKG5ube/smnv7bRmnApMWjlksugGShNGItBRVjHQTQRAPGOkE44tc79wQIWkcXatJQnyOhhENKUZKU32z5AUIjyXl0EuQUBQxGPYlPP26qr5Ztirn9arjVqFVsaya7dg5cGrumQttzeRVBotq9s03bxDjlJNIYYak7NlWovwsfw8zMi16qSSJ3oqGpKdhhDiRfjbzMoVHmhnAMBb6RArO2O8TGeJSTnigOzlSI/lby8m/tF6qwrqf0ShJFYnwfFGYan8xzIOBAyoIVmyiAcKC6r9CPEICYaXjK+oQPp3C/0HbqdgaX7nlxskijgI4BCVwDGxQAw1wCZqgBTC4BffgETwZd8aD8Wy8zFuXjMXMAfhRxusHLtWabg==</latexit><latexit sha1_base64="HIrewlpxn9gILtmhBaQAxcACy8w=">AAACC3icdVC7TsMwFHV4lvIKMLJYrZAYUElC1JatEgtjkehDaqLKcZ3Wqp1EtoNURd1Z+BUWBhBi5QfY+BuctoiH4EqWjs+519fnBAmjUlnWu7G0vLK6tl7YKG5ube/smnv7bRmnApMWjlksugGShNGItBRVjHQTQRAPGOkE44tc79wQIWkcXatJQnyOhhENKUZKU32z5AUIjyXl0EuQUBQxGPYlPP26qr5Ztirn9arjVqFVsaya7dg5cGrumQttzeRVBotq9s03bxDjlJNIYYak7NlWovwsfw8zMi16qSSJ3oqGpKdhhDiRfjbzMoVHmhnAMBb6RArO2O8TGeJSTnigOzlSI/lby8m/tF6qwrqf0ShJFYnwfFGYan8xzIOBAyoIVmyiAcKC6r9CPEICYaXjK+oQPp3C/0HbqdgaX7nlxskijgI4BCVwDGxQAw1wCZqgBTC4BffgETwZd8aD8Wy8zFuXjMXMAfhRxusHLtWabg==</latexit><latexit sha1_base64="HIrewlpxn9gILtmhBaQAxcACy8w=">AAACC3icdVC7TsMwFHV4lvIKMLJYrZAYUElC1JatEgtjkehDaqLKcZ3Wqp1EtoNURd1Z+BUWBhBi5QfY+BuctoiH4EqWjs+519fnBAmjUlnWu7G0vLK6tl7YKG5ube/smnv7bRmnApMWjlksugGShNGItBRVjHQTQRAPGOkE44tc79wQIWkcXatJQnyOhhENKUZKU32z5AUIjyXl0EuQUBQxGPYlPP26qr5Ztirn9arjVqFVsaya7dg5cGrumQttzeRVBotq9s03bxDjlJNIYYak7NlWovwsfw8zMi16qSSJ3oqGpKdhhDiRfjbzMoVHmhnAMBb6RArO2O8TGeJSTnigOzlSI/lby8m/tF6qwrqf0ShJFYnwfFGYan8xzIOBAyoIVmyiAcKC6r9CPEICYaXjK+oQPp3C/0HbqdgaX7nlxskijgI4BCVwDGxQAw1wCZqgBTC4BffgETwZd8aD8Wy8zFuXjMXMAfhRxusHLtWabg==</latexit><latexit sha1_base64="HIrewlpxn9gILtmhBaQAxcACy8w=">AAACC3icdVC7TsMwFHV4lvIKMLJYrZAYUElC1JatEgtjkehDaqLKcZ3Wqp1EtoNURd1Z+BUWBhBi5QfY+BuctoiH4EqWjs+519fnBAmjUlnWu7G0vLK6tl7YKG5ube/smnv7bRmnApMWjlksugGShNGItBRVjHQTQRAPGOkE44tc79wQIWkcXatJQnyOhhENKUZKU32z5AUIjyXl0EuQUBQxGPYlPP26qr5Ztirn9arjVqFVsaya7dg5cGrumQttzeRVBotq9s03bxDjlJNIYYak7NlWovwsfw8zMi16qSSJ3oqGpKdhhDiRfjbzMoVHmhnAMBb6RArO2O8TGeJSTnigOzlSI/lby8m/tF6qwrqf0ShJFYnwfFGYan8xzIOBAyoIVmyiAcKC6r9CPEICYaXjK+oQPp3C/0HbqdgaX7nlxskijgI4BCVwDGxQAw1wCZqgBTC4BffgETwZd8aD8Wy8zFuXjMXMAfhRxusHLtWabg==</latexit>

! f ss(p)

<latexit sha1_base64="JhW9S3th1lDAsZXTlp/eS08FO8A=">AAAAAHicbVDLSsNAFJ34rPUVHzs3g0WoICUpBV0W3LisYB/QhDCZTtqhk0mYuRFrKP6KGxeKuPU/3Pk3Th8LbT1w4XDOvdx7T5gKrsFxvq2V1bX1jc3CVnF7Z3dv3z44bOkkU5Q1aSIS1QmJZoJL1gQOgnVSxUgcCtYOh9cTv33PlOaJvINRyvyY9CWPOCVgpMA+9jSPcRR4wB4g13qMy+l5YJecijMFXibunJTQHI3A/vJ6Cc1iJoEKonXXdVLwc6KAU8HGRS/TLCV0SPqsa6gkMdN+Pr1+jM+M0sNRokxJwFP190ROYq1HcWg6YwIDvehNxP+8bgbRlZ9zmWbAJJ0tijKBIcGTKHCPK0ZBjAwhVHFzK6YDoggFE1jRhOAuvrxMWtWKW6tUb2ul+sU8jgI6QaeojFx0ieroBjVQE1H0iJ7RK3qznqwX6936mLWuWPOZI/QH1ucP6NuUzA==</latexit>

Yager-Elorriaga et al., Physics of Plasmas 25, 056307 (2018)



Evolution of distribution function to steady state (i.e., emergent behavior and self 
organization)23

inverse cascade

p
<latexit sha1_base64="VwNUXymSjzxFz8Q81rELbxvqFQY=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8CAlkYIeC148tmA/oA1ls520azebsLsRSugv8OJBEa/+JG/+G7dtDtr6wsLDOzPszBskgmvjut9OYWNza3unuFva2z84PCofn7R1nCqGLRaLWHUDqlFwiS3DjcBuopBGgcBOMLmb1ztPqDSP5YOZJuhHdCR5yBk11momg3LFrboLkXXwcqhArsag/NUfxiyNUBomqNY9z02Mn1FlOBM4K/VTjQllEzrCnkVJI9R+tlh0Ri6sMyRhrOyThizc3xMZjbSeRoHtjKgZ69Xa3Pyv1ktNeOtnXCapQcmWH4WpICYm86vJkCtkRkwtUKa43ZWwMVWUGZtNyYbgrZ68Du3rqme5WavUr/I4inAG53AJHtxAHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyR8/kD032M3g==</latexit><latexit sha1_base64="VwNUXymSjzxFz8Q81rELbxvqFQY=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8CAlkYIeC148tmA/oA1ls520azebsLsRSugv8OJBEa/+JG/+G7dtDtr6wsLDOzPszBskgmvjut9OYWNza3unuFva2z84PCofn7R1nCqGLRaLWHUDqlFwiS3DjcBuopBGgcBOMLmb1ztPqDSP5YOZJuhHdCR5yBk11momg3LFrboLkXXwcqhArsag/NUfxiyNUBomqNY9z02Mn1FlOBM4K/VTjQllEzrCnkVJI9R+tlh0Ri6sMyRhrOyThizc3xMZjbSeRoHtjKgZ69Xa3Pyv1ktNeOtnXCapQcmWH4WpICYm86vJkCtkRkwtUKa43ZWwMVWUGZtNyYbgrZ68Du3rqme5WavUr/I4inAG53AJHtxAHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyR8/kD032M3g==</latexit><latexit sha1_base64="VwNUXymSjzxFz8Q81rELbxvqFQY=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8CAlkYIeC148tmA/oA1ls520azebsLsRSugv8OJBEa/+JG/+G7dtDtr6wsLDOzPszBskgmvjut9OYWNza3unuFva2z84PCofn7R1nCqGLRaLWHUDqlFwiS3DjcBuopBGgcBOMLmb1ztPqDSP5YOZJuhHdCR5yBk11momg3LFrboLkXXwcqhArsag/NUfxiyNUBomqNY9z02Mn1FlOBM4K/VTjQllEzrCnkVJI9R+tlh0Ri6sMyRhrOyThizc3xMZjbSeRoHtjKgZ69Xa3Pyv1ktNeOtnXCapQcmWH4WpICYm86vJkCtkRkwtUKa43ZWwMVWUGZtNyYbgrZ68Du3rqme5WavUr/I4inAG53AJHtxAHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyR8/kD032M3g==</latexit><latexit sha1_base64="VwNUXymSjzxFz8Q81rELbxvqFQY=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8CAlkYIeC148tmA/oA1ls520azebsLsRSugv8OJBEa/+JG/+G7dtDtr6wsLDOzPszBskgmvjut9OYWNza3unuFva2z84PCofn7R1nCqGLRaLWHUDqlFwiS3DjcBuopBGgcBOMLmb1ztPqDSP5YOZJuhHdCR5yBk11momg3LFrboLkXXwcqhArsag/NUfxiyNUBomqNY9z02Mn1FlOBM4K/VTjQllEzrCnkVJI9R+tlh0Ri6sMyRhrOyThizc3xMZjbSeRoHtjKgZ69Xa3Pyv1ktNeOtnXCapQcmWH4WpICYm86vJkCtkRkwtUKa43ZWwMVWUGZtNyYbgrZ68Du3rqme5WavUr/I4inAG53AJHtxAHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyR8/kD032M3g==</latexit>

! f s/ ! t
<latexit sha1_base64="s3xo8Fxc2O3GfxaQXzuOdhBJDkE=">AAACAnicdVDNS8MwHE39nPOr6km8BIew02xr2eZt4MXjBPcBWylplm5haVqSVBhlePFf8eJBEa/+Fd78b0y3KSr6IPDyfh/Je0HCqFSW9W4sLa+srq0XNoqbW9s7u+beflvGqcCkhWMWi26AJGGUk5aiipFuIgiKAkY6wfgir3duiJA05tdqkhAvQkNOQ4qR0pJvHvYTJBRFDIa+hKfw66p8s2RVzutVx61Cq2JZNduxc+LU3DMX2lrJUQILNH3zrT+IcRoRrjBDUvZsK1Felu/DjEyL/VSSBOExGpKephxFRHrZzMIUnmhlAMNY6MMVnKnfJzIUSTmJAt0ZITWSv2u5+Fetl6qw7mWUJ6kiHM8fClPtL4Z5HnBABcGKTTRBWFD9V4hHSCCsdGpFHcKnU/g/aTsVW/Mrt9QoL+IogCNwDMrABjXQAJegCVoAg1twDx7Bk3FnPBjPxsu8dclYzByAHzBePwBuYJa6</latexit><latexit sha1_base64="s3xo8Fxc2O3GfxaQXzuOdhBJDkE=">AAACAnicdVDNS8MwHE39nPOr6km8BIew02xr2eZt4MXjBPcBWylplm5haVqSVBhlePFf8eJBEa/+Fd78b0y3KSr6IPDyfh/Je0HCqFSW9W4sLa+srq0XNoqbW9s7u+beflvGqcCkhWMWi26AJGGUk5aiipFuIgiKAkY6wfgir3duiJA05tdqkhAvQkNOQ4qR0pJvHvYTJBRFDIa+hKfw66p8s2RVzutVx61Cq2JZNduxc+LU3DMX2lrJUQILNH3zrT+IcRoRrjBDUvZsK1Felu/DjEyL/VSSBOExGpKephxFRHrZzMIUnmhlAMNY6MMVnKnfJzIUSTmJAt0ZITWSv2u5+Fetl6qw7mWUJ6kiHM8fClPtL4Z5HnBABcGKTTRBWFD9V4hHSCCsdGpFHcKnU/g/aTsVW/Mrt9QoL+IogCNwDMrABjXQAJegCVoAg1twDx7Bk3FnPBjPxsu8dclYzByAHzBePwBuYJa6</latexit><latexit sha1_base64="s3xo8Fxc2O3GfxaQXzuOdhBJDkE=">AAACAnicdVDNS8MwHE39nPOr6km8BIew02xr2eZt4MXjBPcBWylplm5haVqSVBhlePFf8eJBEa/+Fd78b0y3KSr6IPDyfh/Je0HCqFSW9W4sLa+srq0XNoqbW9s7u+beflvGqcCkhWMWi26AJGGUk5aiipFuIgiKAkY6wfgir3duiJA05tdqkhAvQkNOQ4qR0pJvHvYTJBRFDIa+hKfw66p8s2RVzutVx61Cq2JZNduxc+LU3DMX2lrJUQILNH3zrT+IcRoRrjBDUvZsK1Felu/DjEyL/VSSBOExGpKephxFRHrZzMIUnmhlAMNY6MMVnKnfJzIUSTmJAt0ZITWSv2u5+Fetl6qw7mWUJ6kiHM8fClPtL4Z5HnBABcGKTTRBWFD9V4hHSCCsdGpFHcKnU/g/aTsVW/Mrt9QoL+IogCNwDMrABjXQAJegCVoAg1twDx7Bk3FnPBjPxsu8dclYzByAHzBePwBuYJa6</latexit><latexit sha1_base64="s3xo8Fxc2O3GfxaQXzuOdhBJDkE=">AAACAnicdVDNS8MwHE39nPOr6km8BIew02xr2eZt4MXjBPcBWylplm5haVqSVBhlePFf8eJBEa/+Fd78b0y3KSr6IPDyfh/Je0HCqFSW9W4sLa+srq0XNoqbW9s7u+beflvGqcCkhWMWi26AJGGUk5aiipFuIgiKAkY6wfgir3duiJA05tdqkhAvQkNOQ4qR0pJvHvYTJBRFDIa+hKfw66p8s2RVzutVx61Cq2JZNduxc+LU3DMX2lrJUQILNH3zrT+IcRoRrjBDUvZsK1Felu/DjEyL/VSSBOExGpKephxFRHrZzMIUnmhlAMNY6MMVnKnfJzIUSTmJAt0ZITWSv2u5+Fetl6qw7mWUJ6kiHM8fClPtL4Z5HnBABcGKTTRBWFD9V4hHSCCsdGpFHcKnU/g/aTsVW/Mrt9QoL+IogCNwDMrABjXQAJegCVoAg1twDx7Bk3FnPBjPxsu8dclYzByAHzBePwBuYJa6</latexit>

Bz=0, no limit on size of probability container

!
ø f 1

(p
,t

)
<latexit sha1_base64="qeyY8qhMoVrOX0Ajfilzw6JoQV0=">AAACAHicbZDLSsNAFIZP6q3WW9SFCzeDRahQSiKCLgtuXFawF2hDmEwn7dCZJMxMhBKy8VXcuFDErY/hzrdx2mahrT8MfPznHM6cP0g4U9pxvq3S2vrG5lZ5u7Kzu7d/YB8edVScSkLbJOax7AVYUc4i2tZMc9pLJMUi4LQbTG5n9e4jlYrF0YOeJtQTeBSxkBGsjeXbJ4MAk4liAhmQWZj7bi2p6wvfrjoNZy60Cm4BVSjU8u2vwTAmqaCRJhwr1XedRHsZlpoRTvPKIFU0MavwiPYNRlhQ5WXzA3J0bpwhCmNpXqTR3P09kWGh1FQEplNgPVbLtZn5X62f6vDGy1iUpJpGZLEoTDnSMZqlgYZMUqL51AAmkpm/IjLGEhNtMquYENzlk1ehc9lwDd9fVZv1Io4ynMIZ1MCFa2jCHbSgDQRyeIZXeLOerBfr3fpYtJasYuYY/sj6/AGiD5Wx</latexit><latexit sha1_base64="qeyY8qhMoVrOX0Ajfilzw6JoQV0=">AAACAHicbZDLSsNAFIZP6q3WW9SFCzeDRahQSiKCLgtuXFawF2hDmEwn7dCZJMxMhBKy8VXcuFDErY/hzrdx2mahrT8MfPznHM6cP0g4U9pxvq3S2vrG5lZ5u7Kzu7d/YB8edVScSkLbJOax7AVYUc4i2tZMc9pLJMUi4LQbTG5n9e4jlYrF0YOeJtQTeBSxkBGsjeXbJ4MAk4liAhmQWZj7bi2p6wvfrjoNZy60Cm4BVSjU8u2vwTAmqaCRJhwr1XedRHsZlpoRTvPKIFU0MavwiPYNRlhQ5WXzA3J0bpwhCmNpXqTR3P09kWGh1FQEplNgPVbLtZn5X62f6vDGy1iUpJpGZLEoTDnSMZqlgYZMUqL51AAmkpm/IjLGEhNtMquYENzlk1ehc9lwDd9fVZv1Io4ynMIZ1MCFa2jCHbSgDQRyeIZXeLOerBfr3fpYtJasYuYY/sj6/AGiD5Wx</latexit><latexit sha1_base64="qeyY8qhMoVrOX0Ajfilzw6JoQV0=">AAACAHicbZDLSsNAFIZP6q3WW9SFCzeDRahQSiKCLgtuXFawF2hDmEwn7dCZJMxMhBKy8VXcuFDErY/hzrdx2mahrT8MfPznHM6cP0g4U9pxvq3S2vrG5lZ5u7Kzu7d/YB8edVScSkLbJOax7AVYUc4i2tZMc9pLJMUi4LQbTG5n9e4jlYrF0YOeJtQTeBSxkBGsjeXbJ4MAk4liAhmQWZj7bi2p6wvfrjoNZy60Cm4BVSjU8u2vwTAmqaCRJhwr1XedRHsZlpoRTvPKIFU0MavwiPYNRlhQ5WXzA3J0bpwhCmNpXqTR3P09kWGh1FQEplNgPVbLtZn5X62f6vDGy1iUpJpGZLEoTDnSMZqlgYZMUqL51AAmkpm/IjLGEhNtMquYENzlk1ehc9lwDd9fVZv1Io4ynMIZ1MCFa2jCHbSgDQRyeIZXeLOerBfr3fpYtJasYuYY/sj6/AGiD5Wx</latexit><latexit sha1_base64="qeyY8qhMoVrOX0Ajfilzw6JoQV0=">AAACAHicbZDLSsNAFIZP6q3WW9SFCzeDRahQSiKCLgtuXFawF2hDmEwn7dCZJMxMhBKy8VXcuFDErY/hzrdx2mahrT8MfPznHM6cP0g4U9pxvq3S2vrG5lZ5u7Kzu7d/YB8edVScSkLbJOax7AVYUc4i2tZMc9pLJMUi4LQbTG5n9e4jlYrF0YOeJtQTeBSxkBGsjeXbJ4MAk4liAhmQWZj7bi2p6wvfrjoNZy60Cm4BVSjU8u2vwTAmqaCRJhwr1XedRHsZlpoRTvPKIFU0MavwiPYNRlhQ5WXzA3J0bpwhCmNpXqTR3P09kWGh1FQEplNgPVbLtZn5X62f6vDGy1iUpJpGZLEoTDnSMZqlgYZMUqL51AAmkpm/IjLGEhNtMquYENzlk1ehc9lwDd9fVZv1Io4ynMIZ1MCFa2jCHbSgDQRyeIZXeLOerBfr3fpYtJasYuYY/sj6/AGiD5Wx</latexit>

! ! f s/ ! t
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Main questions: 
1. What is the steady state? (1st order MST, fixed point of 2nd order MST) 
2. How does the physical system get there?  (2nd order MST, kinetics)

! f ss(p)
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Efficient, professional implementation of MST with visualization24

¥OpenSource Python package using Karas/TensorFlow, BluSky, that implements the 1D and 2D MST along 
with visualization to arbitrary order 

¥implementation is compatible with efficient inversion of  the transformation because of  the availability of  
derivatives (adjoints) 

¥implemented in time domain as a convolutional network, so that richer network structures can be investigated 
¥can be found at: https://github.com/enthought/sandia-blusky 

https://github.com/enthought/sandia-blusky
https://github.com/enthought/sandia-blusky


Connection of MST to causal dynamics (classical & QFT) and MLDL25

¥useful for Machine and Deep Learning of  causal physics 
¥important tool for theoretical physics, for the analysis of: 

! turbulence, emergent behavior, self-organization, renormalization, and dynamical topology

S2(p, p!) = S2(|f ! ) = ||f ! " p| ! " p! | ! # = øf 2(p, p!) = 1 /m (p, p!)
<latexit sha1_base64="W+prR8x/b+e9cHsHnC4jrbKXGqM="></latexit>

classical kinetic

field theoretical S1(p) = S1(|f ! ) = |f ! " p| ! # = øf 1(p) = $0(p)
<latexit sha1_base64="PlQCevYfbH6jJkagZdtcwbZUWE0="></latexit>

QFT S-matrix
deep convolutional network

kinetic distribution function
Feynman diagram

state of system

transition rates

S0[! (p)] = S0[! 0(p)] !
1
2

!
dp dp!(! (p) ! ! 0(p)) S" 1

2 (p, p!) ( ! (p!) ! ! 0(p!))
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topological

integrated Òfunctional curvatureÓ 
that is topological index

! øf 2
1 (p, t)
! t

!
! øf 2

source (p, t)
! t

"
!

dp! øf 2
2 (p!, p, t) ! øf 2

2 (p, p!, t) =
!

dp! øf 2
1 (p!, t) k(p!, p) ! øf 2

1 (p, t) k(p, p!)
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