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3 I Connection of MST to causal dynamics (classical & QFT) and MLDL

¥ useful for Machine and Deep Learning of causal physics :
¥important tool for theoretical physics, for the analysis of:
| turbulence, emergent behavior, self-organization, renormalization, and dynamical topology ‘
p! !, 1/scale, canonical momentum, or quantum number
I (0 If@ ;t lf@ 1t n ; | | | ; | | | |
NS 100 Fowee Y v g5 g p,1y1 #(p,p,1)=  dp B, OKE. P! E(, KPP | |
LG ke 1t It
f1(P) classical kinetic ]
Z(p,p,t)

where k(p,p) !

2 (p, 1)

% Solt (1= Solt o(P] ! 5 AP ABC (P)! 1 o(P) S5 (p.B) (! (P! 1 o()
& topological
F(')

f(p)

SOO(I’,) X m(p,p’) F(p)
#o(p) . .

field theoretical

f(pn+l)

f(pn) f(pm)

Si(p) = Su(If 1) = [f 1" p| 1# = #(p) = $o(p)

state of system

i
Sa(p,p) = SeIf )= |If 1" ! | 1# = B(p,p) = 1/m (p,p) i
?
T deep convolutional network T Feynman diagram
QFT S-matrix kinetic distribution function

integrated Ofunctional curvatureO
that is topological index

transition rates




4+ 1 What 1s a Wavelet Transform?

¥Wavelet Transforny/

| convolutions of a signal with dilated Mother Wavel@)$i.e.a bank ofband-pass filtered signals
| 1.(tO-Honsists oflilationsandtranslation®f the Mother Wavelét)

1-D Wavelet Trasform
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s I Animation of calculation of Wavelet Transformation convolution
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The Good, the Bad and the Ugly Lipschitz

Lipschitz Continuous (continuous to deformation) Continuous
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Wavelet Transformations can be iterated

¥Wavelet Transforny

I convolutions of a signal with dilated Mother Wavel@)$i.e. a bank of band-pass filtered signals)
| 1.(tO-donsists of dilations and translations of the Mother Wtelet
| becausg["](t) is a function of time we can také/itsvelet Transform

Wavelet Transform of a Wavelet Transform
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g I The Mallat Scattering Transform (MST)
[Mallat 2012; Bruna and Mallat 2013; Mallat 2016]
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o I Our systems are diffeomorphisms

¥Liouville equation

¥BBGKY hierarchy
¥Master equation that is, advection by a vector field

¥Vlasov equation [ (N) [
¥Boltzmann equation : +L,m"™N) =0  Generalized Liouville Equation

't

¥multi fluid equations " "
¥ Navier-Stokes equations 1M £, = n-particle distribution form, where " (™ 1 --1 " #
¥MHD equations v L™ = 1 GH® where 1 ™ 1
¥Heat diffusion =1
¥Radiation t-ransport 1" (n) + L on) = L .+ Generalized BBGKY ‘
¥Quantum field theory 't utm BRI T Hierarchy :
¥Quantum mechanics I

~ . ui(r?) ! . Uin +
¥MaxwellOs equations o

¥NewtonOs equations

¥Principled models of material
strength/failure

¥ etc.

this is why Lipschitz continuity (continuity under
diffeomorphism, deformation, or advection) is such a big deal ‘

| = statisitcal distribution or QFT density of states = |f !I"f|




10 I Relation of MST to Generalized Master Equation: ideas of Bogoliubov

f1 relaxes at dynamic rate =!

- d! /dt
f4 evolves at collision rate = |

f > relaxes at collision rate
d?! /dt? | d! /dt

. I
| 2 !

4 evolves at correlation rate =

pullback of first two equations in BBGKY hierarchy,

) ;
%+{f12,H1}: I'ng  dpdep{f3, Hio}
X .
%‘F{fzz,Hl'F H2+ H12}:! No dpgdCh{fg,H13+ H23}
can be reduced to, assuming the separation of rates, A
| f2(p, t ; _ _ | IO (%)
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- p .....................
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11

Relation of MST to Generalized Master Equation: manifold safe Wigner-Weyl transformation

Wigner-Weyl transformation takes operators to/from classical phase space (1927).
The Key is a modified Wigner-Weyl transform that is manifold safe.
Need a local Fourier kernel (Mother Wavelet) with a partition of unity (Father Wavelet).

modibed Wigner map = W [A)] ! ds! ;)( S) g+ sgﬂ?ﬁq s !p(s)= A(g,p
modiPed Wigner function = W[8] = W[|f!"f|]= |f "#,|° = W; (q,P

Now we can identify and calculate,

M(p) ! E(WID = |f 1" ]! #i = Sufplf
i
B(p,p)! E(W[I) = |If 1" p|!" p|!#i = Solp, plf
i Partition of Unity on the manifold of a torus, T2
This is the Mayer Cluster expansion on the manifold. g ) s T
fOC
o 4= S[plf

@ = S,[p, plf E \

pull back




121 MST as the S-matrix: an alternative dynamical interpretation (l)

From the Lagrangian perspective define the generating function:
Z[3]1= N  [cf (p)] etV !) Solf (RI+C ¥ 1) dpJ(p)f(p)

the connection to the canonical formulation is:

1 $ $ Z[J]E

Sm(If 1) = E(Tp(MApa) ... Apm)) F(F)) = |If 1" o |2QE" o, [1# = Z1$ (p) " 9 (pm) 1=

f (p1) f (Pn+1)
/ [f ! = QFT state or distribution of pelds = F(f)

[ ®
[ o wheref is a belc
[ ®
f (Pn) f (Pm)

scattering cross section note: is a field gauge factor in transform €' (P

generalized GreenOs function that is, gauge symmetry with

corresponding massless gauge boson

traditionally the gauge is set such that ! (p) =0




131 MST as the S-matrix: an alternative dynamical interpretation (l1)

f(p)
define the effective action through Legendre transform:
it (M1="! nzP]+ dpJ(p)! (p) LN mip.p)
' o(P)
expanding in Sand * it can be shown that:
f(p) U m(p,p)
. 1 $Z[J1! classical action averaged over
SIIf )= If 1" gl 1# = E(RPF() = oo tll = %(p) = fiuctuations as a function of
DIS(P) ;- inverse renormalization scale
1 $zpPp1 0 1

S = I 1 It gl 1 = BRI F) = goais! = pos

two state scattering cross section
(scale dependent renormalization
mass) as a function of initial and

final inverse renormalization scale

= ¥4 (p)

= @ (p,p)



14 | Algebraic topology: how topology is quantified

Algebraic topology is based on the analysis of the singularity
structure of vector fields determined from index analysis. ‘

Indexes are calculated by integrating curvature forms over cycles on the manifold. They
can be directly related to the homology group of the manifold. For instance the Gauss- |
Bonnet Theorem relates the integral of the curvature form to the Betti numbers of the
manifold (which determine the homology group of the manifold). Think by analogy to
CauchyOs Theorem on a complex plane. In general this is the Atiyah-Singer Index Theorem.

1 ! ! uN  uN
- — | helicity, 3D topological index = H = 1tr"2= A&B = lim L: (1")2
2I K dA l:b . bl + k}z ICity. pological index - . ’,\'I', - i (")
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15 I Relationship of MST to algebraic topology: topological invariant (index)

Solving field equations (quantum fluctuations), statistical systems (thermal fluctuations) or data
assimilation with uncertainty (data and model fluctuations) can be recast into one of pure geometry,
with the complication that the curvature is scale dependent.

The effective action, entropy, or inverse OFisher InformationO was previously introduced

St (mMI="1 InZ[J]+ dpJ(p)! (p)

The action in the path integral, So[! (R)¢tan be expanded around the stationary path I oéRkh that

Solt ()= Soll o(MI! 5 dpdB(t (B! ! o(m) S M(p.B) (1 (¥ ! o(P))
!o(p)

So(p, P
~— needs to be normalized to |2(p P)
821/2(p’p!) . O(p)
125" o(p)] 1 12Z[J] # s the integrated curvature
! Ill — # g )
where S (p,p) ! " (p)!" (p") Z[J] 'I(p) !J(p!)#gzo that is topological index !




Second order MST is integration of a Ofunctional curvatureO ovemon-Riemannian dynamical
16 & manifold

¥ OFunctional curvatureO isscale dependent , and the limit in the functional derivative is well defined

¥ Underlying dynamics and geometric connection is multi-scale
¥ The manifold is non-Riemannian, there is no well defined differentiable metric or connection

The topology of the manifold is dependent on the scale on which it is analyzed:

long edge topology  short edge topology

graph with edges of
two different lengths

¥ Scale dependance of the topology = physics is dependent on the scale on which it is measured
¥ Form of the equations do not change, the scale of the fields and constants in the equations do change
¥ How the fields and constants change as a function of scale = Lagrangian

¥ Scale dependance is well behaved and predictable, OextrapolatableO to larger and smaller scales,
¥ Unless scales so small or large that additional topology would be exposed associated with new
physics (e.g., strong force and gravitational force, if one is dealing with the E&M force)




17 I Relationship to traditional Topological Data Analysis

Traditional Topological Data Analysis focuses on the
extrinsic embedding of a Riemannian manifold with a well
defined differentiable metric and curvature.

This topological analysis focuses on the intrinsic indexes of
a non-Riemannian manifold with a scale dependent
functional curvature.




18 I Reflections on the meaning of the two-scale correlation

1. How can the temporal evolution be obtained from a single state of the system at one
time? The system very quickly builds into the system two-scale correlations that are a
signature of the dynamics. Think, by analogy, of a plasma governed by electrostatic
forces. It very quickly builds in two-point correlations N DeBye shielding.

P(r)

1@@1,2)= 1@ 1®©2) @+ P(I%x2! 1)

where P (r) is the two point correlation function

A
Ur a is the nearest neighbor distanc
.  ksT
| b is the DeBye length = - 8
Lrf! 4 nee2
e 'P
| —
al n3 Ip

2. Why are two-scale correlations enough? This is connected to statistical realizability.
Either the system has finite complexity, in which case the distribution must truncate
at second order, or the system has infinite complexity, in which case the distribution
must have all terms. We do not deal with infinitely complex systems so the

distribution must truncate at second order.

3. What if the system is strongly correlated so the BBGKY expansion parameter is greater
than 1? Expand in the inverse correlations, so that the analysis is done in terms of the
vibrations about the correlated structure, that is the phonons.



Relationship of Generalized Master Equation to complexity (i.e., emergent behavior and self

19 ¥ organization)

p! !,1/scale, canonical momentum, or quantum number I

!fo(p,t) ! !f%ource(p’t) n |
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k(p, | 2\
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20

Some more thoughts on the Generalized Master Equation: normalization, rates, and linear

form

PWp(t) _

K ppt Wi (1)
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't

= dp W(p,t)k(p',p)! W(p,t)k(p,p)
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21 § Some more thoughts on the Generalized Master Equation: fit of rates, and solution

Kpp = f (p, (/) ppr, (B #)prp) or f(Hp, (8/#)pp, Sp/keT) for p'>p

Hp from Dirac normalization
(f4/19)pp from MST, or (¥4/19),, and S, from Lagrangian

kg T from data, largest of quantum, thermal or measurement 3uctuation:

decomposeK = U! UT where! =diag(!,) and rotate W,(t) = UT W,(t)

L Wp(t)
't

= 1 W, (t) with solution [W,(t) = € ', where",! 0

W, (t) converges exponentially onto null space oK, ! g,

with !, = 0 (that is, emergent behavior)
the emergent behavior is the projection of the initial state onto the null space manifold,! o! M

Pnite di! erence of the Generalized Master Equation stable if t! 1/|! |max




22 § University of Michigan experiments track mode merger (inverse cascade) of liner structure

@ Mode merger event
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Evolution of distribution function to steady state (i.e., emergent behavior and self
23 1 organization)

A |: Bz=0, no limit on size of probability container
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24

Efficient, professional implementation of MST with visualization

¥ OpenSource Python package using Karas/TensorFlow, BluSky, that implements the 1D and 2D MST along

with visualization to arbitrary order

¥implementation is compatible with efficient inversion of the transformation because of the availability of

derivatives (adjoints)

¥implemented in time domain as a convolutional network, so that richer network structures can be investigated |
¥ can be found altittps://github.com/enthought/sandia-blusky

< Code Issues 37 Pull requests 4 Wik Security Insignts

¥¥ README.md

BluSky - A Python implementation of the wavelet scattering
transform

BluSky is a Python lidrary for that implements the Mallat wavelet scattering transform using Keras/Tensorflow.
Features include:

abor, modular library allows for arbitrary wavelets(?)
ization of transform coefficients



https://github.com/enthought/sandia-blusky
https://github.com/enthought/sandia-blusky

221 Connection of MST to causal dynamics (classical & QFT) and MLDL

¥ useful for Machine and Deep Learning of causal physics
¥important tool for theoretical physics, for the analysis of:
| turbulence, emergent behavior, self-organization, renormalization, and dynamical topology
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