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ABSTRACT

Helicity plays a unique role as an integral invariant of a dynamical system. In this paper, the
concept of helicity in the general setting of Hamiltonian dynamics is discussed. It is shown,
through examples, how the conservation of overall helicity can imply a bound on other quantities
of the motion in a nontrivial way.
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1. INTRODUCTION

The total helicity of a vector field has been studied in the past by various authors [1, 2, 3, 4, 5, 6].
The flows (diffeomorphisms in general) for which helicity has been studied have usually been
volume preserving. Under such flows, the total helicity of a vector field is conserved provided that
the manifold on which the vector field is defined is closed or a boundary condition is met [2]. This
has been used to put a lower bound on the enstrophy [3]. A practical application of this has been
to determine the equilibrium magnetic field profile in a reversed field pinch fusion device [4].

A more advanced treatment has been done by others relating helicity to a quadratic asymptotic
linking number of the field lines associated with the vector field [5]. More recently constraints
imposed by a general topological linkage of field lines has been investigated [6].

In this paper, we examine helicity in terms of the Poincaré one and two forms for a single particle.
The state of a continuum system is represented by a graph in the phase space for a single

particle [7]. This graph defines a three dimensional manifold. The helicity of the system is
defined as the integral of a three form over the graph. The evolution of the state of the system (i.e.,
graph) is described by a flow on the phase space. If the flow is Hamiltonian and certain boundary
conditions on the graph are met, helicity is found to be conserved. This allows us to apply helicity
conservation to any Hamiltonian dynamical system, including those with a Hamiltonian which is
time dependent. Under such flows on compact manifolds, with or without boundary, we find that
helicity conservation puts bounds on the related quantities — enstrophy and solenoidal energy.

In Sec. 2, helicity is defined and the conditions under which it is conserved are discussed. The
pullback of helicity into a familiar vector expression appears in Sec. 3. The manner in which
helicity puts bounds on enstrophy and solenoidal energy is shown in Sec. 4. This bound is
determined by the smallest eigenvalue of the curl operator. Section 5 presents solutions to the
eigenvalue problem for two different examples, one without boundary and another with boundary.
Shown in Sec. 6 are various examples of how the dynamics of a continuum system, which has an
infinite number of degrees of freedom, can be related to the evolution of a graph on the phase
space of a single particle. These include a perfect fluid and magnetohydrodynamics (MHD). It is
also shown how cross helicity [8], a concept related to helicity, is conserved under MHD.



2. BASIC DEFINITIONS AND HELICITY CONSERVATION

We begin by showing how helicity may be defined in a Hamiltonian system. Consider a
dynamical system with an n dimensional configuration manifold M", phase space T*M" and the
Poincaré nondegenerate 2-form Q? defined on the phase space [9]. Let the dynamical system be
described by the Hamilton function H = H(p,q). The associated equation of motion is

Q> = —dH. 2.1

Here,

Q> =dpAdg=dA (2.2)

is the canonical version of the nondegenerate 2-form, where A = pdgq is the Poincaré 1-form,
and .1 dpa dga ,a 9
=[P ]odrd dad _ 9 40
g | dtadp  dt 8q ap dq

is the tangent vector to the flow in phase space. From the Cartan formula (valid for any n-form
@)

(2.3)

L0 =d(iyo)+iy(dw), (2.4)

we get that
FaQ? = d(iyQ?) +iy(dQ*) =0 (2.5)

using Eq. 2.1 and the fact that dQ? = 0. This is the fundamental expression that Hamiltonian flow
conserves phase space area (“Liouville’s Theorem™). In fact, Q2 is only the first of a sequence of
invariants (Qz, Q2NQ2, .., QZ”), where 7 is the dimension of the configuration space. That each
of these are invariant follows from Eq. 2.5 and the distributive law for the Lie derivative.

We now define the helicity 3-form K> as
K=A'NQ% (2.6)

Consider now a finite 3-volume V' in phase space. The total amount of helicity contained in V' is
given by

H = /V K. (2.7)
The rate of change of 7 as 'V is evolved forward with the flow is given by
/ LK = / LAY AQE+ AL A (£02)
= / (@ +d(iuA)) NQ* = / d(iyA' — H) A Q? (2.8)
— / d[(inA' — H)Q?] = /(W (A —H)Q? = | LO2

vV
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Here, one can declare L to be the Lagrange function. From this equation, we can conclude several
things. If LQ? vanishes on the boundary 9V of the volume V or if V has no boundary, then the
total amount of helicity inside V remains constant as V is carried along with the phase flow. (Note
that the condition that Q2 vanish on the boundary of V is only an initial condition since

L% =0.) Moreover, K° is only the first of a sequence of generalized helicities

(K 3K,.... K 2"*1). For each of these, say K 2j+1  the above conservation argument holds when
Q? is replaced by Q?/ and the 3-volume is replaced by a (2 j+1)-volume.



3. PULLBACK

Locally, we can always specify an integral curve of u by the map from the configuration manifold
M into its phase space T*M which assigns to a point g the corresponding momentum p = f(g).
Such a map is shown in Fig. 3-1. To see what helicity conservation looks like inside the
configuration manifold, we pullback the forms from 7*M down to M with B*. Since B* respects
both the exterior differential operator “d” and the wedge product “A”, we simply have that

B*A' = p(q)dq and that, consequently, B*Q? = d(B*A') = dp(q) A dq. For the special case
where V is inside a 4-dimensional configuration manifold with coordinates ¢ = (z,x,y,z); we get,
in particular,

dp, dp dpx dp dpy dpx
* 2 z y o Z y _
Q= (_8y ¢ )dy/\dz+ ( 22 ox dz Ndx+ oy dx N\dy

(3.1
dpo  Ipx dpo  9py dpo  dp:
—_— d ———|d — — —= |dz| Adt
+Kax o )P\ %y T )T\ o T )
or get, with notation from 3-space vector analysis,
* 2 2 1
BQ? = iy + (@h,gp) Adr, (3.2)

where @2 = iavol® and @, = *(iyvol®) are the standard representation of vectors as one and
66, 9

two-forms. The “x” in the definition of the 1-form @' is the Hodge star operator [10].
Consequently,

ﬁ*K'j :ﬁ*Al /\B*Qz
= [px (aypz - azpy) + Dy (8pr - xpz) + Pz (axpyy - 8ypx)] vol?
+ po [(aypz - azpy) dyNdz+ (asz - axpz) dz Ndx+ (axpy - aypx) dx N\ dy] Adt

+[(pydzpo — P:dypo) dy Adz+(p:0xpo — px9zpo) dz N dx + (pxOypo — pyoxpo) dx Ndy] Adt
- [(pyatpz - pzatpy) dyNdz+ (ngtpx - pxatpz) dzNdx+ (pxatpy - pygtpx) dx N\ dy] Ndt

A 3 2 )
o (p R p) vol” + (wpoVXp+prpo—px8tp> M.

(3.3)

In particular, we see that inside 3-space helicity density is the scalar product p - V x p. We wish to
emphasize that p denotes the canonical momentum. It may be relativistic and have a magnetic
component. For the case of a perfect fluid, p = v and helicity density is v-V x v. In MHD,
helicity density is A - B, formed from the vector potential A and the magnetic field B. We will
discuss this further in Sec. 6.

10
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Figure 3-1. Graph V in phase space 7T*M.

11



4, CONSTRAINED VARIATIONS

In this section, we discuss how the conservation of helicity, as viewed from 3-space, can set
bounds on other global quantities of the motion. In the calculations below, we suppress the
pullback B* operator which is understood to act on all forms. Consider the total enstrophy,
defined as the volume integral over enstrophy density:

JVE/VQA*Q. 4.1)

To find the extremal value of this quantity, under the constraint of conserved helicity, we perform
a variational calculation with a real parameter u as a Lagrange multiplier:

O:5/Q/\*Q—,uA/\Q. (4.2)
14
Using that Q = dA and the Leibnitz rule d(a? Ab%) = da” ANb?+ (—)PaP ANdb?, we get that

0:/269A*Q—u(8A/\Q+A/\8Q)
\4

(4.3)
— / 2AN(d*Q— pQ) +d[SAA(2%Q— pA)].
14
We now assume that V is closed or that the second term 0A A (2% — uA) vanishes on the
boundary; the variational condition then gives that enstrophy is extremized when
0=d*xQ—uQ, 4.4)

i.e., the vector associated with the 2-form € must be an eigenvector of the curl operator with
eigenvalue u.

The meaning of the eigenvalue or Lagrange multiplier i can be seen by evaluating the enstrophy
when the eigenvalue equation is satisfied:

JV:/QA*Q:/QA(ud_IQ) :,u/Q/\A:u%”. 4.5)
\% \%4 \%4

It is the ration u = A"/ .

One can also consider the total energy,

T = / AAHA, (4.6)
1%

12



and its extremal value under the constraint of conserved helicity by a similar variational
calculation:

ozs/AA*A—lAAQ
v u

_ / 2SAN (*A—ld/\) +d (lA/\aA).
1% u u

We assume that V is closed or A A 0 A vanishes on the boundary; the variational calculation then
gives that energy is extremized when

4.7)

0==xA— ﬁdA, (4.8)

i.e., the vector associated with the 2-form *A must be an eigenvector of the curl operator.

The meaning of this eigenvalue 1 can be seen by evaluating the energy when the eigenvalue

equation is satisfied:
1 1
ﬁz/A/\*A:/A/\ (—Q) =—J. 4.9)
4 4 H H

It is the ration u = /.7 .

The problem of extremization of both .7 and .4 under the constraint of constant .7#” has now
been reduced to finding eigen 2-forms and eigenvalues of the operator d*. To do this formally, let
us consider the Hilbert space of all p-forms on a Riemannian M", A (M"), with the inner
product

(a?, BP) :/ P AP (4.10)
M
If M" is compact or @ and 3 have compact support, the adjoint of d can be defined to be

dh = — (=)t s g« (4.11)

The Hilbert space A”(M™) admits the Hodge decomposition [11]
AP(M™) = dAP~H(M™) @ d* AP (M) @ I, (M™), (4.12)

where 3, (M") is the space of all harmonic p-forms on M", dAP~!(M™) is the space of all exact
p-forms on M", and d4 APT1(M") is the space of all co-exact p-forms on M". If one restricts the
domain of @4 to dAP~1(M™), it can be easily shown by use of the “closed-graph

theorem” [12, 13] that a unique (@4)~! exists and is bounded so that 3 m > 0 for which

m||a?|| < Ha’A(x”H, Vo € dAP~H (M"). 4.13)
Furthermore since ||a”|| = ||*a?|| and d% = & % d*,
mllaP|| < ||dxaP|,  Vaf edAPH(M™). (4.14)

13



Let us now consider the curl operator restricted to such a domain:
dx: dA'(MP) — dA (MP), (4.15)
The eigen 2-forms of dx restricted to dA'(M?) are {2 such that
2edAN' (M?) and dxC?=ul> (4.16)

It is now evident from the above remarks that m < |u|. This conclusion that the spectrum of d* on
dA' (M?) is bounded away from zero (i.e., (d*) ™! exists and is compact) can now be applied to
the constrained optimization of .7 and /4.

Since by hypothesis Q = dA € dA'(M?), one can immediately conclude for the eigen 2-forms of
Eq. 4.4 that |u| > m or A > m|JZ|. Enstrophy has a lower bound. It is slightly more
complicated for the case of .7. Let us decompose *A into *A = doc! +dA B> + h?, where da! is
the solenoidal or transverse component, d4 3 is the irrotational or longitudinal component, and
h? is the harmonic part. Define the solenoidal energy and helicity to be

%E/*da/\da 4.17)
1%

and
%E/*da/\d*da. (4.18)
1%

Since da' € dA'(M?), %y < (1/m)|.5%|. Furthermore, the solenoidal part of A is the only
component of A contribute to the helicity, therefore 5 = %) and 9 < (1/m)|.7|. The
conclusion that can be drawn is that while the energy .7 has no bound, the solenoidal energy %,
is bound from above under the constraint of helicity conservation.

One must be careful when applying the bounds on enstrophy and solenoidal energy. While
helicity is conserved regardless of whether M" is Riemannian or not, the bound on the eigenvalues
of dx* can only be proved if M" is Riemannian. This precludes using the eigenvalue bound for
situations which do not have a Riemannian metric (e.g., Minkowski space), unless M" is always
restricted to a submanifold which has a Riemannian metric (e.g., a volume in Minkowski space
with constant time).

Note what happens to the eigenvalue bound if we extend or restrict the configuration manifold.
Suppose the new manifold M? is a subset of the old manifold MS, that is, M> C Mg. For every
form o on M3, a form o on Mg can be chosen so that o equals @ when restricted to M 3. The set
of forms o on M3 such that d x o = ua is contained in the set of o on Mg with d x 0y = 0.
Consequently, the eigenvalue bound m on M3 will be larger than the eigenvalue bound mq on M,
that 1s,

m > my. 4.19)

A bound on .#" and .%, associated with flows which change M> can now be found if M? is always
a subset of some manifold MS. This is the case for systems required to remain in a “box”.

14



A technical detail we now address is how to extend o into & on a closed MS. Take the C*
extension Oty of ¢ into N3, a surrounding neighborhood of M* contained in M3. Multiply this
extension by a C* function f which is 1 on M> and is equal to zero on MS — N3 — M. Now, let

o on M3
Bo=1{ f@ex onN3 : (4.20)
0 on M3 — N> — M?

The form By can be decomposed into By = oy + ¥ + hog, where oy is exact, 9 is co-exact, and hy
is harmonic. The exact component of By, 0, is equal to o on M? and, by definition, is an element
of dA'(M3). This is exactly what we wished to find.

One last technical detail is the fact that B(qg) discussed in Sec. 3 is not always single valued. In
this case, shown in Fig. 4-1, separate 3; can be defined that are all single valued. Each ; is
defined on the domain Vi3. One can now define integration over V3 as

/\/3 @ = Z /VR B’ (4.21)

Repeating the variational calculation of Sec. 4, one obtains the following equation for the
extremal 2-forms
dxo =w*xo? Yo onV?. (4.22)

If the dynamics are constrained such that Vf C MS’ Vi, then by the above extension theorem
|lti| > mg V. The bound on enstrophy changes to

N =Y W > mgy | A > mo| A, (4.23)

where 77 is the contribution to the helicity from f3; on Vi3. By a similar argument,

%Si\%\. (4.24)
mo

15
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Figure 4-1. Multivalued graph, V.
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5. EIGENVALUE PROBLEM

The existence of bounds on .4” and .7 have a simple heuristic explanation. Let the dominant
(initial) contribution to all quantities be at a length scale L;. Now change this dominant length
scale to the (final) value Ly. By dimensional analysis, it is evident that

Ti| T Ly
Ay | A L

Ne [N L

d ~—
N A L

(5.1)

If J¢ = 72, it is obvious that one would like to let Ly — oo to maximize .7 and minimize ./4".
Since the size of configuration space is limited in practice to be no larger than some Ly, an upper
bound is put on .7 and a lower bound is put on .4".

Let us now look at a simple example of a physical system which displays the behavior we have
just discussed. Consider the manifold B> which is a box with periodic boundary conditions and
sides of length L,, Ly and L,. This is a closed manifold with the topology of the three torus:

B =58 xS xSt

Decompose an arbitrary vector field on B3 into its Fourier components

v(q) =Re [ ¥ Axqaxqe®® (5.2)
ka
where
k—on(2 B (5.3)
L, 'L, L,
and ny,,ny,n; =0,1,2,.... The vectors ayq are complex valued with unit norm and the constants

Ak are complex numbers. We wish to find aky such that pxg = Akgakg ek

the curl operator, that is,

are eigenvectors of

V x Pxo = UkaPko- (5.4)

This can be reduced to the matrix eigenvalue equation

>
<<BIA(_A’IA((X 1 )afm =0 (5.5)
where
0 —k; k ™
GCe=| & 0 —k |, A= S (5.6)
—ky ke 0

17



and k = k (ky, ky, k;) = kk with k2 + kg + k% = 1. The eigenvalues and eigenvectors are:

af(o = lA(,
Ao =0,
Hko = 0,
{ k2—1
= ——== | kikyTFik; |,

Ay
200-k2) \ koke + ik

M = Fi

and Hx+ = +k.
The following Hodge decomposition for v on B> can now be obtained

v(q) = Co+ Z Z Cha gna(‘laﬁna)7
n 0 0=0,+
Ny, Ny, n; >0

where Cyq and By are real constants, Cy is a constant vector,
Eno (@, Buo) = V2 ag,cos(q -k + fBno)
and
fni(q,ﬁni) =2 [Re (a;, ) cos(q-k+ Bn+) —Im (ag, ) sin(q-K+ Bns)] -
It is easy to verify that the vectors Ena are orthogonal,
(GnEver) = S Saar

with respect to the inner product

V.Co=0,

V x Co :6,

% Eno = —kv/2sin(q-k+ Buo),
V x &y =0,

V& =0

(5.7)

(5.8)

(5.9)

(5.10)

(5.11)

(5.12)

(5.13)



The harmonic, irrotational and the solenoidal components of v are respectively:

vy = Co,
Vi = Z Cho ‘gnO (‘LﬁnO)
n+#0
Ny, ny,n; >0 (5.14)
and  vi= Y Gar&ni(q.Bas) +Cam (g, Bas)
n+0

Ny, ny,n; >0

If v is restricted to the solenoidal vectors, the minimum eigenvalue of curl is m = 27/ Lyax, where

Lmax = max(Ly, Ly, L;). Under any Hamiltonian flow on B3, the enstrophy has a lower bound so

that )
>

max

A (5.15)

Written in terms of the pullback of Sec. 3, this condition is

/(VXp) d3qz—”’/p-(pr) &g (5.16)
Lmax
The solenoidal energy will have an upper bound so that
Lmax
D < |j‘f |. (5.17)
The pullback of this condition is
/ps dq < ;;X /p (Vxp) a (5.18)

Now let us turn our attention to a compact manifold with boundary. Consider a cylinder of radius
a and length L. Because dV # 0, one must impose a boundary condition if helicity is to be
conserved and the surface terms in the variational calculation are to vanish. A simple way to do
this is to require Q2|5 = 0 initially. Since .Z,Q? = 0, Q?|;,, = 0 for all time. Under this
condition,

dzt
—_— = wWA—H)AQ =0. 5.19
o= | Gur—m) (5.19)
Also, the surface term in the variational calculation is
5A/\(2>x<Q—uA):/ LWANSA. (5.20)
ov oV

The variation is constrained so that §Q|yy = d (8Alyy) =0 (i.e., A|yy is closed). We assume
that an additional condition on the topology of dV is met. The first Betti number of dV is zero.
This is equivalent to all one chains on dV being homologous to zero. The cylinder obviously

19



meets this condition. The variation §A|yy is therefore exact and can be written as §A|yy = da”.
We can now further reduce the surface term to

ANSA = /A/\daoz /aOQ—d aOA:—/ a’A =0. 5.21
/aVM H oV # v ( ) H a(aV) ©-21)

Since helicity is conserved, we now need to solve the eigenvalue equation for curl on this
manifold under the above boundary condition. A simple way to estimate the bound on the
eigenvalue is to apply the result for B>. Imbed the cylinder in a box with sides of length
Ly=Ly=2aand L, =L, and close it into T3 topology by applying periodic boundary conditions.
We now find that the minimum solenoidal eigenvalue for the cylinder is more than

mgy = 27/ max(2a,L).

To find the minimum solenoidal eigenvalue and the corresponding eigenvector, we need to obtain
solutions to
Vxa=pua (5.22)

in cylindrical coordinates such that a is solenoidal (i.e., a = V x b for some b). These have been
previously been found [14, 15, 16] to be

—1 um .
mk __ /
Y Ty [kjm(Y) +5 Jm(y)} sin(m6 +kz),
m -1 mk 5.23
gt = —— ey [Hflm(}’) + TJm(Y)] cos(mf + kz) 629

and a™ = J,,(y) cos(m8 + kz),

4

where J,(z) is the Bessel function and y = ry/u? — k2.

Applying the boundary condition a|yy, = 0, restricts one to solutions such that m = 0, kL = n,

n # 0 and J (ay/p? — k%) = 0. This gives

=/ (2) ()"

where Ji(y,) = 0. The minimum solenoidal eigenvalue is

m= =/ (2) + () 529

which can be shown to be greater than the bound my = 27/ max(2a, L) found earlier. As expected
m > myg. This constant m sets the lower bound on enstrophy and the upper bound on solenoidal
energy.

20



6. PHYSICAL EXAMPLES

We discuss three examples of Hamiltonian systems, each of increasing complexity.

6.1. Continuous charged dust

The first is a system of “continuous charged dust”. This system consists of many small dust
particles of mass and charge +1. The state of the system is given by the density of the dust n(g,¢)
and its velocity v(g,t) as functions of position ¢ = (x,y,z) and time ¢. For simplicity, we write the
state at time ¢ as

s(1) = (v(g,1),n(q,1)). (6.1)

We will consider only electrostatic interaction so that we can write the Lagrange function as

2
v
L[S] (C],V,t) = E - VO[S] (Q> - Vext(q7t> - VL(Q)? (62)
where @)
n q 7t /
Wolsl(g) = / dq (6.3)
M= a1
is the potential due to the other dust particles, Ve is an external potential applied to the system,
0 g <qo
Velg) = 6.4
c(q) { o gl > qo (6.4)

is a potential to contain the system of charges, and

dx 0 dyod dzo d d 0
e T A H S R SR - S 6.5
dt8x+dt8y+dtaz 8x+v 8y+v(9z 65)
is the tangent vector to M. Both Vj and L are functionals of the current state of the system. We
now use a Legendre transformation to obtain the Hamiltonian

2

HI5)(g,p.1) = Z-+Vols)(g) + Vexe(4.1) + Ve(@), (6.6)

where p = dL/JV = (px, py, pz) = (Vx,Vy,V;). The evolution of the system is determined by
Hamilton’s equations

v

dp  0H

dar  9q’

dq _ oH 6.7)
dt  dp’

dH OH

dr ot

21



and mass conservation

Z—’: = —nV-v. (6.8)
Given the initial state of the system, 5o, we can solve for s(sg,7). We can then substitute into
Eq. 6.6 to get H|[so|(g, p,t). Now consider extended phase space where Q = (z,x,y,z) and
P = (—H,py,py,p;) = (—H,vy,vy,v;). The new Hamiltonian is H'(Q,P) = 0, and the Poincaré
1-form is A! = pdg — H dt. Equations 6.7 can now be rewritten in the familiar form i, Q = 0. The
flow of a graph V is then generated by the Hamiltonian vector field u (see Fig. 6-1). A point to
note is that u is a functional of s(, but no matter what 5o one picks, the flow is still Hamiltonian.

A

p u

»
»

q

Figure 6-1. Flow of a graph V on phase space T*M.

The implications of this flow in terms of familiar vector expressions are now examined. The
pullback of the Poincaré 2-form and the helicity 3-form are

*2 12 1
Bret=o} +(o', o, )Ad (6.9)

and

B*K> = <v§ X V> vol® — (a)2

HﬁXV+VX§H+VX8[V> /\dt' (610)

For a graph V with a constant time coordinate; one can write helicity, enstrophy and solenoidal
energy as

:%”Z/V-<§XV> d’q,
ﬂ:/(%xv)zcﬁq 6.11)

and D = /vf dq,

respectively. If dV =0 or L(fi- V x v)|9v = 0, where fi is a unit normal to V, we know from Sec. 2
that 7 is conserved as the graph undergoes the Hamiltonian flow generated by u. Furthermore,

22



since the dust is constrained to flow within the box of size gy, we know that enstrophy has a lower
bound of order |.77°| /qo and solenoidal energy has an upper bound of order |.7#°|go. These bounds
are independent of the choice of the external time dependent potential V.

6.2. Perfect fluid

A more familiar continuous system that can be written in terms of a Hamiltonian flow is a perfect
fluid [17]. The state of the system is given by the fluid velocity v(q,?), density n(qg,t) and pressure
P(q,t) as functions of position ¢ = (x,y,z) and time 7, that is,

s(t) = (P(g,1),n(q,1),¥(q,1)). (6.12)
The equations which govern the evolution of a perfect fluid are Euler’s Equation

dV_ 1-

— =—-VP 6.13
7 _VE (6.13)
the equation of mass conservation,
0 o
a—’z +V-(nv) =0, (6.14)
and an equation of state such as:
Viv=0 (i.e., incompressible),
d _ . . .
o (Pn7)=0 (i.e., adiabatic) 6.15)
d (P
or — (—) =0 (i.e., isothermal).
dt \ n

In order to write Euler’s equation as Hamilton’s equations, we introduce the enthalpy per
particle

1

=—(P+e), (6.16)
n

where e is the energy density. A thermodynamic identity = de/dn shows us that e and u are not

independent quantities. This allows us to write i as a functional of P and n with an explicit

dependance on ¢, that is,

u=plsl(q). (6.17)
Now consider the Lagrange function
2
Lels)(a,v) = 5 — HEsl(@). (6.18)

A Legendre transformation yields the Hamiltonian

2

He[s)(¢,p) = - + ulsl(q) (6.19)
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with p = dLg/dV = (px, py, Pz) = (Vx,Vy,V;). To eliminate the functional dependance on s, solve
Egs. 6.13, 6.14 and 6.15 for s = s(s0,¢). Now substitute into Eq. 6.19 to yield

2
He[sol (g, p.1) = 2 + s(s0.0))(q). (6.20)
The equations
dp _ JHp
dt ~ dq
g _om 6.21)
dt  dp

can be shown to be equivalent to Euler’s equation. Because of the explicit time dependance of HF,
we must examine the flow of the graph on extended phase space. This evolution is governed by
iuQI% = 0 where A}; = p dq— Hp dt. The rest of the analysis is identical to that for the “continuous
charged dust” if the fluid is constrained to move inside a box of size gq.

6.3. MHD

The last example of a system with a conserved helicity is MHD [18]. The state of the system is
given by the density n(q,t), pressure P(qg,t), fluid velocity v(g,t), charge density n,(g,t), current
j(g,1), scalar potential ¢(g,) and vector potential A(g,7) as functions of position and time, that
1s,

s(1) = (n(q;1),P(q,1),v(q,1),14(q:1),(q:1), (q,1),Alg,1) ). (6.22)
For convenience in writing the MHD equations; we set ¢ = 1, define the magnetic field by
B=VxA (6.23)
and define the electric field by
E— _‘98_‘? _Vo. (6.24)

Two MHD equations which govern the evolution of the system we will examine in further detail.
The first is Ohm’s law

E+va:%zo (6.25)
where we have assumed infinite conductivity o. The second is the equation of force balance
d —
nd—: —jxB+nE—VP (6.26)

We also have the equation of mass conservation

on o
T4V () =0, 6.27)
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the equation of charge conservation

ong =
94 V.i=0 6.28
5 TvViI=0 (6.28)
and Maxwell’s equations
V-E=4nn,

- (6.29)
and V x B =4nj.

The system of equations is completed by an equation of state such as those which appear in
Eq. 6.15. As with the previous two examples we can solve the system of equations to obtain

s(s0,1).

What we now wish to do is rewrite Ohm’s law and the force balance equations in terms of interior
products of Poincaré 2-forms. The Hamiltonian structure of Ohm’s law can be uncovered by
considering the Lagrangian function

Leml[s0](Q,U) =A,U“, (6.30)

where A = (—¢,A,Ay,A;) is the covector form of the electromagnetic 4-potential and
Q = (t,x,y,z) is a point in Minkowski space with the metric

-1 0 0 0
0 100
0 0 01
and
U—V—i-i (6.32)
T '

is the tangent vector to M. The canonical momentum is P = dL,,,/dU = A and the Hamilton
function is

Hem|s0)(Q, P) = 0. (6.33)

The Poincaré one form is written as Al = A,dQ% = A -dq— @ dt. We can now write
Hamiltons’s equations as
wQZ, =0. (6.34)

This can be shown to be equivalent to Ohm’s law in the following way. Consider the pullback *
from A?(T*M) to AP(M). Apply it to Eq. 6.34 to yield

0=y (B" Q) (6.35)

where
B*Q2., = wf + of Ndt (6.36)

is the electromagnetic field 2-form. Further simplification of Eq. 6.35 yields
©f yxp — V- (E+VvxB)dr =0. (6.37)
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This equation, when written in vector form, is just Ohm’s law. Since we now have expressed
Ohm’s law in Hamiltonian form, we can say that magnetic helicity will be conserved if dV = 0 or
LemQ2.,|5y = 0. To relate this conservation to more familiar expressions, we pullback the
magnetic helicity 3-form. The result is

B*K® = (A-B)vol® (w(f,B e A) Adt. (6.38)
If the graph V has constant time; then magnetic helicity, enstrophy and solenoidal energy are:
I = / A-B d’q,
N = [B & (6.39)
and T = / A2 dg.

The boundary condition for such a V required for magnetic helicity conservation is dV = 0 or
Lem(B . ﬁ)’av - 0

We now turn our attention to the force balance equation. While we are not able to write this in
terms of Hamilton’s equations, we are able to write it in a form sufficiently close to Hamiltonian
so that a quantity called cross helicity will be conserved if certain boundary conditions are met.
First notice the similarity between the force balance equation and Euler’s equation. The only
difference is the j x B +nyE term in the force balance equation. Inspired by this similarity, we use
the same Poincaré 2-form we used for the fluid 912: to rewrite the force balance equation as
ivQE = —ijQ2., (6.40)

where

n ndt ndt ndx ndy ndz
We adopt the convention that 3%, operates on Al , and B operates on A11: whenever they appear.
This is necessary since A, and A}; are forms acting on different cotangent bundles which have
the same base manifold M. Therefore, to have expressions such as Al A Al make sense, both
forms must be pulled-back to the same base manifold. The equivalence of Eq. 6.40 and the force
balance equation, Eq. 6.26, can be seen by reducing Eq. 6.40 to

wy— (v-d) dt =0, (6.42)

(6.41)

where p .
\% —
=Y (VP—jxB— E) 6.43
dt + n ( X "'q ( )
To express the second term in Eq. 6.42 as it appears, we have used the fact that Ohm’s law is

satisfied.

The 1-form iyQ2 need not be exact so that Eq. 6.40 is not in the form of Hamilton’s equations.
Because of the non-exact part of iyQ2,, fluid helicity /% = [;, Ak A Q% will not be conserved.
Despite this, we can define the cross helicity

e = / AFA Qe (6.44)
\%4
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which is conserved if certain boundary conditions are met. Here, V is a volume in Minkowski
space. The reason for this conservation can be seen by taking the time derivative of .77, as
follows:

= [ o (abrok,)
\%4
— /V (ZUAL) AQ2, +ALA (02,) (6.45)

= / (LUAE) A Q-
\%

The second term with fUﬂgm is zero since Ohm’s law is Hamiltonian. We now apply Cartan’s
formula and Stoke’s theorem to Eq. 6.45 and express the time derivative as

dA,
¢ = /a (iuAF) Q2 + / vQF) AQZ L (6.46)

dt

For the case of a Hamiltonian system, we would substitute —dH for iUQI%. We can not do this
because of the non-exact ijQ2, term in the force balance equation. What we can do is substitute
—iyQ2,, for iyQZ in the second term of Eq. 6.46. By use of Ohm’s law, one can now show that
this term equals zero. This leaves us with

d .
— L 02 47
= /a Lr (6.47)

where Lr = zUAF Therefore, if either dV = 0 or Lg Q2,, |5y = 0, cross helicity will be conserved.
The pullback of the cross helicity 3-form is

BKZ = (v-B)vol’ + (02 gy yxg) Adt. (6.48)
For a graph V with constant time, the cross helicity is

A = / v-B . (6.49)
\4

The boundary condition so that cross helicity be conserved on V is dV =0 or Lg(B-0)|5y =0
where fi is a unit normal to JV.
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7. CONCLUSIONS

We have defined helicity density K> as the natural 3-form on 7*M. Under Hamiltonian flow and
certain boundary conditions, helicity,
H = / K3,
1%

is conserved. This limits the class of configuration obtainable through Hamiltonian flow. The
limited class of configurations has a lower bound on enstrophy and an upper bound on solenoidal
energy. These bounds are set by the minimum solenoidal eigenvalue of the curl operator, d*, on
the three dimensional manifold. If helicity were not conserved, these bounds would not exist.
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