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, Connection of MST to MLDL, kinetic theory, field theory, and topology

« The Mallat Scattering Transform is a deep Convolutional Network with pre-determined weights

« Manifold safe Wignher-Weyl transform that leads to a Generalized Master Equation through the BBGKY hierarchy
 Gives the S-matrix (generalized Green’s function) of field theory in scale basis

* Scale-dependent topological indices, giving the co-homology of the dynamical manifold
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3 Relationship of MST to algebraic topology: topological invariant (index)

Solving field equations (quantum fluctuations), statistical systems (thermal fluctuations) or data
assimilation with uncertainty (data and model fluctuations) can be recast into one of pure geometry,
with the complication that the curvature is scale dependent (that is, a non-Riemannian manifold).

The effective action, entropy, or inverse “Fisher Information” is introduced as
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Relation of MST to Generalized Master Equation: manifold safe
Wigner-Weyl transformation

Wigner-Weyl transformation takes operators to/from classical phase space (1927).
The Key is a modified Wigher-Weyl transform that is manifold safe.
Need a local Fourier kernel (Mother Wavelet) with a partition of unity (Father Wavelet).

modified Wigner map = W[fi] = /ds Yo (—s) <q + s ‘}i‘ q— s> ¥p(s) = A(g, p)

modified Wigner function = W[p] = W[|f) (f|] = | f x¥,|* = W(q, D) tHha: Cacl)ln‘\)/;:rt‘; ngs\/ei;trlgi-?/\];eyl
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Now we can identify and calculate, correct commutator
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5 The MST is a transformation into the sparse Koopman basis

Using the BBGKY hierarchy, and the ideas of Bogoliubov,
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¢ Dynamics converge exponentially to the attractive manifold

Kppr = f(l’/pa (f2/f1)pp"a (f2/f1)p’p) or f(lffpa (f2/f1)pp’aEp/kBT) for p’ > p

pp from Dirac normalization
(f2/f1)pp from MST, or (fa/f1)pp and FE, from Lagrangian

kpT from data, largest of quantum, thermal or measurement fluctuations

decompose K = U X U” where ¥ = diag(c,) and rotate Wp(t) = UTW,(t)

5o N _
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W, (t) converges exponentially onto null space of K, Ay,

with o, = 0 (that is, emergent behavior)
the emergent behavior is the projection of the initial state onto the null space manifold, Ag C M

finite difference of the Generalized Master Equation stable if At < 1/|0p|max

Ag is the dynamical attractive manifold, and is sparse



Renormalization group provides theoretical guarantee of sparsity
7

The dimension of the subspace is given by PDF ~ k%i(¥) where N; = Neoupling constants T Vfields

is the Kodaira dimension of the dynamical manifold, or the dimension of the dynamical attractive manifold. The
dynamics converge to a subspace that is the solution of the Renormalization Group Equations

Applied to d* field theory, the RGEs are given by
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1Bo(k), B~(k), Bm (k)] act as the unit vectors of the subspace,
BZ- in log k, which defines the Reduced Order Model, or latent space



¢ 1he MST can be incorporated into a traditional autoencoder propagation model (PropNet)

The transition kernel, or the generator of infinitesimal time translations on the
dynamical variable u(z,t) can be taken as

A

Klu(z,t);t] = FLH(t), where u(z, At) = u(z,0) + At K(u(z,0); 1]
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Taking hlu(x)] : u(x) — u(k) as the MST, it acts as a Convolutional Network
encoder, a functional transformation into the Koopman basis where K./ is

linear.
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o MST rate coefficients are invariant to the initial condition, and extract
dynamics of system
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10The MST extracts the dynamics of the system with minimal optimization reauired
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11 The Generalized Master Equation is able to reproduce the dynamics
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12 |n conclusion, the MST:

e Acts as an autoencoder that is principled via physics

e Exposes the dynamics where the representation is optimally sparse with no
constraint on the manifold

o Optimally approximates the attractive manifold, that is the latent space or
ROM, a very low dimensional linear subspace in this optimal representation.

Future Work

o Deriving the inverse Mallat Scattering Transform, including the field’s gauge
(that is, phase), to directly reproduce the dynamics

o Fine-tuning optimization to recover coefficients at the small-scale limit

o Extending the MST to two and three dimensional PDEs
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