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The theory of plasmas, that is collectives of charged particles, is developed using the coordinate-
free and geometric methods of exterior calculus. This dramatically simplifies the algebra and gives
a geometric physical interpretation. The fundamental foundation on which the theory is built is the
conservation of phase space volume expressed by the Generalized Liouville Equation in terms of the
Lie derivative. The theory is expanded both in the order of the correlation, n, and in the weakness of
the correlation, Γ ≪ 1. This gives a Generalized BBGKY (Bogoliubov-Born-Green-Kirkwood-Yvon)
Hierarchy. The derivation continues to give a new generalized formula for the Variational Theory
of Reaction Rates (VTRR). Pullbacks of the generalized formulas to generic canonical coordinates,
(p, q), and Poisson brackets are done. Where appropriate, the canonical coordinates are assumed to
be “action-angle” coordinates, (J, ψ) or (P,Q), that are generated by the solution to the Hamilton-
Jacobi equation, the action S(P, q;E(P ), τ). Finally, generalized forms of all the common kinetic
equations are derived: the Vlasov Equation, the Boltzmann Equation, the Master Equation, the
Fokker-Planck Equation, the Vlasov-Fokker-Planck (VFP) Equation, the Fluid Equations, and the
MagnetoHydroDynamic (MHD) Equations. Specific examples are given of these equations. The
application of the VTRR to three-body recombination in a strong magnetic field is shown.

I. INTRODUCTION

The traditional way that the theory of a collective of
charged particles, a plasma, has been developed is to
use the mathematical machinery of vector calculus in
a Cartesian coordinate system, subject to an Electro-
Magnetic (EM) force. A continuity-like equation for the
N -particle distribution function of coordinates and ve-
locities, called the Liouville Equation, is justified based
on an analysis of orbits as is done by Nicholson [1],

∂fN
∂t

+

N∑
i=1

vi · ∇xifN +

N∑
i=1

V̇i · ∇vifN = 0, (1)

where fN (x1, . . . ,xN ;v1, . . . ,vN ; t) is the N -particle dis-
tribution function and

mi V̇i = qi

[
E(xi, t) +

vi
c
×B(xi, t)

]
(2)

is the EM force on the ith particle. A Mayer Cluster Ex-
pansion [2] is then made in the order of the correlation,
n, and the weakness of the correlation, Γ≪ 1. Continu-
ing to use vector calculus in a Cartesian coordinate sys-
tem, subject to a Coulomb model (self generated electric
field), the BBGKY (Bogoliubov-Born-Green-Kirkwood-
Yvon) Hierarchy of equations are developed,

∂fk
∂t

+

k∑
i=1

vi · ∇xifk +

k∑
i=1

k∑
j=1

aij · ∇vifk

+
N − k
V

k∑
i=1

∫
dxk+1 dvk+1 ai,k+1 · ∇vifk+1,

(3)

where

fk(x1, . . . ,xk;v1, . . . ,vk; t)

≡ V k
∫
dxk+1 dvk+1 . . . dxN dvN fN (4)

is the k-particle distribution function and

mi aij =
qi qj

|xi − xj |3
(xi − xj) (5)

is the Coulomb force of the jth particle on the ith particle.
It should be noted that there are three significant is-

sues with the BBGKY expansion. The first is the super-
convergence of the Mayer Cluster Expansion is reduced
to the only asymptotically convergent BBGKY expan-
sion. The second is that, many times (in fact the most
interesting), the plasma is not weakly correlated, Γ ≳ 1.
This leads to the third problem that draconian closure
assumptions must be made. In response to this, a new
theory of collective behavior has been developed [3]. It
is based on expressing the Mayer Cluster Expansion as
the functional Taylor expansion, that is Heisenberg’s S-
matrix [4], of the generating functional, S(p)[f(x)] or ac-
tion, of the dynamics of the collective field, f(x). It does
not suffer from any of the shortcomings of the BBGKY
expansion.
Despite this new development, there is still significant

benefit to continuing to remedy many of the other limi-
tations of traditional plasma theory. These are the lack
of a geometric interpretation of plasma theory. We will
find that the geometric interpretation leads to an un-
derstanding of the Variational Theory of Reaction Rates
(VTRR) that allows it to be generalized. The coordinate-
free geometric interpretation will also allow the appli-
cation to other coordinate systems and the inclusion of
atomic structure and Hamiltonians other than a free par-
ticle subject to a self generated Coulomb force. It will
also allow collisions to be included in a systematic way
without resorting to ad hoc arguments.
This paper develops a coordinate-free expression of

plasma and kinetic theory that uses the methods of ex-
terior calculus as presented by Frankel [5]. We explicitly
use the symplectic, that is canonical, structure of the
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physical dynamics. The starting point is the statement of
conservation of probability or phase space volume for an
ensemble of N conservatively interacting particles with
Hamiltonian, H(N), as shown in Eq. (12). This is ex-
pressed compactly as the Generalized Liouville Equation,
in terms of the Lie derivative in Eq. (16). It continues
with the coordinate-free development of the Generalized
BBGKY Hierarchy, by expanding both in terms of the
order of correlation n and the weakness of correlation
Γ ≪ 1, as shown in Eq. (31). The practical pullback of
the first two equations of the Generalized BBGKY Hier-
archy, in terms of generic canonical coordinates x = (p, q)
and Poisson brackets, are shown in Eqns. (32) and (33).
The derivations are shown in Sec. II.

A new Generalized Variational Theory of Reaction
Rates (VTRR) is developed in Sec. III, starting with
the Generalized BBGKY Hierarchy. The coordinate-
free expression for the Generalized VTRR is shown in
Eq. (37), and the pullback to generic canonical coordi-
nates is shown in Eq. (38).

The Generalized BBGKY Hierarchy is then reduced,
in Sec. IV, to the various kinetic equations: the Vlasov
Equation, the Boltzmann Equation, the Master Equa-
tion, the Fokker-Planck Equation, the Vlasov-Fokker-
Plank (VFP) Equation, the Fluid Equations, and the
MagnetoHydroDynamic (MHD) Equations. These equa-
tions are expressed in terms of the pullbacks to generic
canonical coordinates and Poisson brackets, and, where
appropriate, to “action-angle” or cyclic coordinates,
(P,Q) or (J, ψ), that are generated by the solution to
the Hamilton-Jacobi Equation

∂S(q, τ)

∂τ
+H

(
∂S

∂q
, q

)
= 0 (6)

where S(P, q;E(P ), τ) = SP (q) − τ E(P ) is the action
on extended phase space, and p = ∂S/∂q is the canon-
ical momentum. Note that the action, S =

∫
λ =∫

p dq −H dτ , where λ is the Poincaré one-form on ex-
tended phase space or Lagrangian. The equation of mo-
tion for the “action-angle” coordinates, (P,Q), are

dP

dτ
= 0 (7)

and

dQ

dτ
=
∂E(P )

∂P
≡ ωQ(P ). (8)

The action, P or J , is a constant and the angle, Q or ψ,
evolves at a constant angular frequency, ωQ, and cycles
between 0 and 2π.
Specific examples, such as a free particle with an elec-

trostatic field, a free particle in an electromagnetic field,
and an ion and guiding center electron in a strong mag-
netic field, are given in Sec. V. Three different closures
for the Fluid Equations will be shown: a cold plasma, an
isotropic velocity distribution, and a drifting Maxwellian
(both isothermal and adiabatic).

FIG. 1. Bound motion of: (a) the Guiding Center Atom
(GCA), and (b) the Drifting Pair (DP).

Section VI applies the new Generalized VTRR theory
of Sec. III to estimate the three-body recombination for
an ion and guiding center electron in a strong magnetic
field. It is first done for the case of an infinitely massive
ion, with terms for both the axial and perpendicular drift
motion, where the strong magnetic field is in the axial
direction. This is followed by a derivation of a rough
scaling for the case of a finite ion and electron mass,
and the development of a two bottleneck model. The
summary and conclusions are given in Sec. VII.

This is a physical system of an electron and an ion in a
constant magnetic field. It is assumed that the magnetic
field is strong enough that the electron undergoes guiding
center motion, that is the electron cyclotron motion is an
adiabatic invariant. It is also assumed that this magnetic
field is strong enough that the motion of the electron
along the magnetic field is also adiabatic. This gives
two types of bound motion. The first is called Guiding
Center Atoms (GCAs) [6], where the ion is assumed to
be infinitely massive. The second is called Drifting Pairs
(DPs) [7], where the electron is assumed to have no mass.
These two bound states are shown in Fig. 1.

The phase space for this system is shown in Fig. 2.
This system has two stable equilibriums, shown as the
o-points, and two unstable equilibriums, shown as the
x-points. One set is for the electron at 0 and −0.3, and
another set is for the ion at −0.9 and∞. There are basins
for the GCA (at the top) and the DP bound motions sep-
arated from the free motion by the black boundary called
the separatrix. The o-points are stable local minimums in
the energy, and the x-points are unstable saddle points
that are local maximums in the energy in the vertical
direction. It will take an infinite amount of time to ap-
proach the saddle points so that they will be metastable.
An external thermal force coming from a heat bath will
exert a force perpendicular to the motion towards lower
energy. This will cause the motion to descend from the
mountain top, spiraling around the mountain until the
mountain pass, that is the saddle point, is reached. It
will take a long time to reach the mountain pass, and
an equally long time to move away from the mountain
pass. The motion will then fall into one of the two basins
of bound motion and spiral down to the valley center,
that is the stable equilibrium. The motion will eventually
wander around the valley center in thermal equilibrium.
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FIG. 2. Plot of phase space trajectories shown by red lines
with black arrows of an electron motion about an ion in a
plane perpendicular to a strong magnetic field (solid for H̄ > 0
and dashed for H̄ < 0). Note the boundary (thick black line)
between two basins with the basin centers indicated by the
white o-points, and the mountain heights with a mountain
pass indicated by the white x-point. The motion will circu-
late around the red lines and slowly relax in the directions
shown by the orange arrows due to collisional forces. The
motion will relax from the mountain heights and eventually
end up at the mountain pass (x-point), but this point is an un-
stable equilibrium and the motion (without control) will relax
across the boundary into one of the two basins depending on
how it approaches the mountain pass. The motion will then
continue to relax to the basin center at the o-point. These are
stable equilibriums. The evolution of the one-particle distri-
bution function is governed by the Collisional Vlasov Equa-
tion, ∂f1/∂τ +

{
H̄, f1

}
= C[f̄1], where the LHS is advection

by the motion of phase space trajectories indicated by the red
lines with black arrows, and the RHS is the collisional motion
indicated by the yellow arrows.

The motion is generated, infinitesimally, by the Hamil-
tonian, H̄, given in Eq. (121). In general, this can be
viewed as H̄ = H1 + ⟨H12⟩, where H1 is the one-particle
Hamiltonian, and ⟨H12⟩ is the two-particle interaction
Hamiltonian averaged over the motion of the second par-
ticle. The evolution of the one-particle distribution func-
tion, f1(P,Q), will be shown to be governed by the Col-
lisional Vlasov Equation

∂f1
∂τ

+
{
H̄, f1

}
= C[f̄1], (9)

where f̄1(P ) =
∫
f1 dQ is averaged over the trajectory

generated by H̄, and C[f̄1] is the collision operator with
a third body given by either the Boltzmann, Master, or
Fokker-Planck operator.

II. DERIVATION OF THE BBGKY
HIERARCHY

We consider the Hamiltonian flow in the phase space
of N identical particles moving on the same base man-
ifold, M . This is to say that there exits an N particle
Hamiltonian function

H(N) : T �MN → R,

where T �MN is the product space of N symplectic
cotangent bundles, (T �M,ω), and ω is a non-degenerate
Poincaré two-form or sympletic metric on T �M that is
exact, ω = dλ, where λ is the Poincaré one-form. In ad-
dition, the flow on T �MN is given by the vector field U
defined by

iUω
(N) = −dH(N), (10)

where

ω(N) ≡
N∑
i=1

ωi (11)

and ωi acts on T
�M of the ith particle. We restrict H(N)

to cause only binary interactions, that is to say, we can
write

H(N) =

N∑
i=1

H1(xi) +

N∑
i<j

H2(xi, xj), (12)

where xi is a point in T �M of the ith particle and H1

and H2 are arbitrary functions such that

H1 : T �M → R,

H2 : T �M2 → R.

We wish to describe the evolution of an “ensemble”
of such N particle systems. A particular ensemble is
specified by a 2N -form on T �MN which is symmetric
with respect to particle interchange. We call this form
the N -particle distribution form, ρ(N). One can write
the form in the following way

ρ(N) = fN (x1, . . . , xN ) vol(N), (13)

where

vol(N) =

N∏
i=1

∧ωi (14)

and fN is symmetric with respect to xi ↔ xj inter-
change. The function fN is what is commonly called
the N -particle distribution function. It is physically the
probability of finding the system of N in a particular
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state speci�ed by a point in T � M N . We adopt the stan-
dard normalization of � (N ) used by most plasma physi-
cists

N =
1

V N

Z

T � M N
� (N ) ; (15)

whereV is a real number usually identi�ed as the volume
of M .

Assuming that there is no physical mechanism that can
create or destroy particles (i.e., dN=dt = 0), � (N ) must
be invariant under the 
ow generated by the vector �eld
U given in Eq. (10),

@�(N )

@�
+ L U � (N ) = 0 ; (16)

where L U is the Lie derivative. It can be identi�ed as a
Generalized Liouville Equation. This equation, in prin-
ciple, tells one exactly how the ensemble evolves. The
practical conundrum is that this equation gives too much
information. If one would write Eq. (16) in terms of co-
ordinates, one would have a PDE for a function,f N of
2N variables. SinceN can easily be of order 1023 or
greater, a reduced description is obviously necessary to
have a computationally manageable problem. Therefore,
we introduce the n-particle distribution form

� (n ) �
1

V N � n

Z

T � M N � n
� (N ) : (17)

A few words are necessary to explain what is meant
by the integration in Eq. (17). Obviously the dimen-
sion of T � M N � n does not match the order of the form
� (N ) ; but because of the product structure ofT � M N one
can always expandT � M N � n to R � T � M N � n � T � M N ,
where R is an arbitrary region in T � M n . The meaning
of Eq. (17) can now be stated as

Z

R
� (n ) =

1
V N � n

Z

R � T � M N � n
� (N ) ;

for all R � T � M n .
Just as for the case of� (N ) , one can write � (n ) as

� (n ) = f n (x1; : : : ; xn ) vol (n )

where f n is commonly called then-particle distribution
function.

Starting with Eq. (16), we proceed to derive and equa-
tion for the evolution of � (n ) . Integrate Eq. (16) over
T � M N � n giving

0 =
1

V N � n

Z

T � M N � n

�
@�(N )

@�
+ L U � (N )

�
; (18)

Commuting the @=@�and the integration, then using
Eq. (16); rewrite Eq. (18) as

@�(n )

@�
= �

1
V N � n

Z

T � M N � n
L U � (N ) ; (19)

We now wish to split the integral on the RHS into the
sum of four terms, by splitting U into parts and using
the distributive properties of the Lie derivative.

De�ne the vector �elds ui , uij , u(n ) and u(n )
int by

iu i !
(N ) = � dH1(x i ) (20)

iu ij ! (N ) = � dH2(x i ; x j ) (21)

iu ( n ) ! (N ) = � dH (n ) (x1; : : : ; xn ) (22)

iu ( n )
int

! (N ) = � dH (n )
int (x1; : : : ; xn +1 ); (23)

where

H (n )
int �

nX

i =1

H2(x i ; xn +1 ) (24)

One can now write Eq. (19) as

�
@�(n )

@�
=

1
V N � n

� Z

T � M N � n
L u ( n ) � (N )

+ ( N � n)
Z

T � M N � n
L u n +1 � (N )

+ ( N � n)
Z

T � M N � n
L u ( n )

int
� (N )

+
(N � n)(N � n � 1)

2

Z

T � M N � n
L u n +1 ;n +2 � (N )

�
:

(25)

Here we have used the symmetry of� (N ) under parti-
cle interchange to consolidate the last three terms in the
square brackets. For instance,

Z

T � M N � n
L u n +4 � (N ) =

Z

T � M N � n
L u n +1 � (N ) (26)

and
Z

T � M N � n
L u n +6 ;n +20 � (N ) =

Z

T � M N � n
L u n +1 ;n +2 � (N ) :

(27)
We further reduce the RHS of Eq. (25) by commuting the
parts of the integrals which do not involve the vectors in
the Lie derivatives with the Lie derivatives, and by using
Eq. (17). This gives

�
@�(n )

@�
= L u ( n ) � (n ) +

N � n
V

Z

T � M
L u n +1 � (n +1)

+
N � n

V

Z

T � M
L u ( n )

int
� (n +1)

+
(N � n)(N � n � 1)

2V 2

Z

T � M 2
L u n +1 ;n +2 � (n +2) : (28)

One can easily prove, using Cartan's formula for the Lie
derivative that

L W � (n ) = d(iW � (n ) ) (29)
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for any vector W . Using this fact and Stoke's Theorem
the second and fourth terms of Eq. (28) can be written
as

�
@�(n )

@�
= L u ( n ) � (n ) +

N � n
V

Z

@(T � M )
iu n +1 � (n +1)

+
N � n

V

Z

T � M
L u ( n )

int
� (n +1)

+
(N � n)(N � n � 1)

2V 2

Z

@(T � M 2 )
iu n +1 ;n +2 � (n +2) : (30)

These two terms can be set equal to zero if

iu n +1 � (n +1)
�
�
�
@(T � M )

= i u n +1 ;n +2 � (n +2)
�
�
�
@(T � M 2 )

= 0 :

This condition is obviously met if either there are no
particles on the boundary, or there is no 
ow across the
boundary, or there is no boundary.

Neglecting these two terms we are left with the
Generalized BBGKY Hierarchy

@�(n )

@�
+ L u ( n ) � (n ) = � n0

Z

T � M
L u ( n )

int
� (n +1) ; (31)

where n0 � (N � n)=V. We now have a set ofn coupled
equations for the N di�erent distributions forms, � (n )

(for n = 1 ; : : : ; N ), with the nth equation coupling � (n )

to � (n +1) . This is what meant by a hierarchy of equations.
There is a straight forward geometric interpretation

of Eq. (31). What appears on the LHS is the full time
derivative of � (n ) with respect to the n-particle Hamilto-
nian 
ow, d� (n ) =d� . If the RHS were zero then-particle
distribution would evolve as if the other N � n particles
did not exist. But, they do exist. The RHS is not zero; it
is a term which contains the Lie derivative with respect
to u(n )

int . This vector can be rewritten as

u(n )
int =

nX

i =1

ui;n +1

which is the change in the 
ow of the �rst n particles
due to the n +1 particle. This e�ect of this interaction is
integrated over all possible locations of then + 1 parti-
cle in phase space weighted by the distribution (i.e., the
probability it is at that point). The geometric interpreta-
tion of the BBGKY Hierarchy is that one has n-particle
Hamiltonian 
ow perturbed by the average interaction of
the n + 1 particle with the �rst n particles.

The coordinate-free expression of the BBGKY Hierar-
chy given in Eq. (31) can be cast in more recognizable
form by introducing generic canonical coordinates. To
keep things simple, we assume thatM is one dimen-
sional. At least locally we can �nd a coordinate q for
M and the associated coordinates (p; q) on T � M [8]. To
have a more compact equation, we de�neeH i � H1(x i )

and eH ij � H2(x i ; x j ). The �rst two equations in the
hierarchy can now be pulled back and be written as

@f1
@�

+ f eH1; f 1g = � n0

Z
dp2 dq2 f eH12; f 2g (32)

and

@f2
@�

+ f eH1 + eH2 + eH12; f 2g

= � n0

Z
dp3 dq3 f eH13 + eH23; f 3g;

(33)

where the Poisson bracket of the two functions is

f g; hg �
NX

i =1

@g
@pi

@h
@qi

�
@g
@qi

@g
@pi

:

The remaining challenge is to �nd a systematic expan-
sion in terms of a small parameter. An expansion that
will allow the hierarch to be truncated, giving just one
or two equations for a like number of functions. The ex-
pansion parameter could ben0b3 where b is the range of
short range binary interactions. This allows one to use
the ideas of Bogoliubov to reduce Eqns. (32) and (33) to
the Boltzmann Equation and the Master Equation. The
Master Equation can further be reduced, assuming that
the transport step size is smaller than the scale on which
the distribution function changes, to the Fokker-Plank
Equation. The details of these derivations will be shown
in Sec. IV. If the interactions are not short range (i.e.,
H2 = j~r1 � ~r2j), one must then make the Mayer cluster ex-
pansion in terms of the weakness of particle correlations.
This allows one to manipulate Eq. (32) into the Vlasov
Equation. These expansions and the resulting equations
form the practical framework around which kinetic the-
ory can be developed.

III. GENERALIZED VARIATIONAL THEORY
OF REACTION RATES

The use of the BBGKY hierarchy that we develop in
this section is not what is traditionally done in kinetic
theory, but it is closely related to what is done in the
Variational Theory of Reaction Rates (VTRR). Inspired
by the geometrical interpretation of Eq. (31), we start by
asking what is the 
ow out of a region R � T � M n if we
are given the (n + 1)-particle distribution form, ~� (n +1) .
This 
ow dN (n ) =d� is

dN (n )

d�
=

Z

R

@�(n )

@�
+ L u ( n ) � (n )

= � n0

Z

R � T � M
L u ( n )

int
~� (n +1)

= � n0

Z

@(R � T � M )
iu ( n )

int
~� (n +1) ;

(34)



6

FIG. 3. Illustration of the geometry of the VTRR bound
on the recombination 
ux, � b. A bottleneck exists at energy
surface, Sb, de�ned by bottleneck energy, Es . Above this
surface the distribution is fully populated and dominated by
the density of states that scale as E � 9=2

s . The distribution
is e�ectively zero below this surface where the equilibrium
distribution is dominated by the Boltzmann factor of e E s .

where the region,R, is convected by then-particle 
ow.
Making the easily satis�ed assumption that

iu ( n )
int

~� (n +1)
�
�
�
R � @(T � M )

= 0 ;

we �nd that the 
ux is

dN (n )

d�
= � n0

Z

@R� T � M
iu ( n )

int
~� (n +1) : (35)

We now assume that we can construct a continuous
function g on T � M n advected by the 
ow u(n ) , that
is L u ( n ) g = 0. At least one such function exists since
L u ( n ) H (n ) = 0. One can foliate T � M n by use of g and
the leaves of this foliation are invariant under the 
ow
u(n ) . We now consider a region,R, whose boundary is
given by two sets of leavesS0 and S1. We de�ne an in-
terior set of leaves,S, as a set of leaves which divideR
into two regions R0 and R1 such that S + S0 = @R0 and
S + S1 = @R1. We de�ne the bottleneck set, Sb, as the
interior set that gives the minimum value of the absolute

ux, � b, in other words

n0

Z

S� T � M

�
�
� iu ( n )

int
~� (n +1)

�
�
� � � b

= n0

Z

Sb � T � M

�
�
� iu ( n )

int
~� (n +1)

�
�
� ;

(36)

for all S. This geometry is shown in Fig. 3
If ~� (n +1) is an upper bound on� (n +1) , that is

Z

A
� (n +1) �

Z

A
~� (n +1) ;

for all possible� (n +1) and A � T � M n +1 ; then the steady
state 
ux must be less than � b. The proof of this state-
ment starts by assuming that there is a steady state 
ux
greater than � b. SeparatingR into two regions by Sb, one
can readily see that � (n +1) will increase in one of these
regions until it must exceed the upper bound ~� (n +1) .

The 
ux � b is the variational estimate of a rate; the
variation being over all interior sets of leavesS, and the
rate being the steady state 
ux through R.

There are practical limitations to how good of a varia-
tional estimate one can obtain. First, the larger number
of S one varies over; the better the upper bound on the
rate one will obtain. Of course the larger the number of
S, the more work one must do. Second, the higher the or-
der, n, of distribution form ~� (n +1) one uses; the more one
can take into account multiple particle correlations. But
the higher the order one uses; the higher the dimension of
the multiple integrals one must evaluate. For most com-
mon applications one uses ~� (2) , taking into account up
to two-particle correlations. The variation is taken over
the one parameter family of SE such that H (1) = E,
where E is a constant value for the one-particle energy.
The variational estimate for this case gives the formula
for the new Generalized VTRR (Generalized Variational
Theory of Reaction Rates)

� b = n0

Z

SE � T � M

�
�
� iu 12 ~� (2)

�
�
� : (37)

To cast this expression in more recognizable form, we use
the same coordinates employed in Eq. (32) and pullback
Eq. (37). This allows us to write

� b = n0

Z

E = H 1

dq1 dp2 dq2
~f 2

�
�
�
� f H12; H1g

@p1
@H1

�
�
�
� : (38)

IV. REDUCTION TO COMMON KINETIC
EQUATIONS

So far, the conservative Generalized Liouville Equation
shown in Eq. (16), which can be written as

D� (N )

D�
= 0 ; (39)

where

D
D�

�
@
@�

+ L u (40)

is the full time derivative that advects a quantity accord-
ing to a vector �eld u on the cotangent bundle, conserves
phase space volume

R
d� . This implies that the quan-

tity H (N ) is conserved and the 
ow follows a minimal
trajectory, that is �S = �

R
� = 0. This equation was in-

tegrated to give an expression for� (n ) , the Mayer Cluster
Expansion in the order of the correlation n and the cor-
relation parameter � in Eq. (31), which can be written
as

D� (n )

D�
= C[� (n +1) ] s O(� 3) (41)

where

C[� (n +1) ] � � n0

Z

T � M
L u ( n )

int
� (n +1) (42)
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is the collision operator,

� �
e2=a
kB T

s g2=3 s
�
n0b3� 1=3

(43)

is the correlation parameter, g � 1=n0� 3
D is the plasma

parameter, a � (4�n 0=3)� 1=3 is the average distance be-
tween particles, b � e2=kB T is the distance of closest ap-
proach, and � D � (kB T=4�n 0e2)1=2 is the Debye length.
The Generalized BBGKY Hierarchy written in this form
still is conservative. Unfortunately, when we expand the
distribution form in the weakness of correlation, � � 1,
then truncate and close the hierarchy of equations, the
system will no longer be conservative. When the system
is no longer conservative, the dynamics is no longer re-
versible, and there will be a dissipation (i.e., irreversible
removal) of energy from the system. The exception will
be the Vlasov Equation. As noted in Sec. I, this is not
the case for the new generating functional approach of
Glinsky [3].

We now discuss the Ideas of Bogoliubov on how the
distribution forms relax to \local" equilibriums, so that
the distributions will be uniform over the fundamental
angles, Qi , and only a function of the fundamental ac-
tions, Pi . First note that the rate of evolution of the LHS
of Eq. (41) for n = 1, is 
 � �v=bs ! Q (P) the dynami-
cal rate, where �v � (kB T=m)1=2 is the thermal velocity.
While the rate of evolution of the RHS is

� c �
1



d

d�

= n0 �v b2 (44)

the collision rate. The rate of evolution of the LHS of
Eq. (41) for n = 2, is � c the collision rate. While the rate
of evolution of the RHS is


 c �
1


 2

d2

d� 2 = n2

0 �v b5 (45)

the correlation rate. Note that 
 � � c � 
 c. The
one-particle distribution, f 1(P; Q), mixes along the dy-
namical orbit at the dynamical rate 
 to �f 1(P) as shown
in Fig. 4 and Fig. 5. Then, �f 1(P) evolves at the col-
lision rate � c. Continuing, the two-particle distribu-
tion, f 1(P1; Q1; P2; Q2), relaxes at the collision rate � c
to �f 2(P1; P2). Then, �f 2(P1; P2) evolves at the correlation
rate 
 c, and so on. Also,f 2[ �f 1], f 2 is a functional of �f 1(� )
with no other � dependence. This allows us to write

f 2(p1; q1; p2; q2) = f 1(p1; q1) f 1(p2; q2) + g(p1; q1; p2; q2)

= f 1(p1; q1) f 1(p2; q2) + O(�)

� f 1(p1; q1) f 1(p2; q2)

! �f 1(P1) �f 1(P2):
(46)

A. Vlasov Equation

To derive a general form of the Vlasov Equation, start
with Eq. (32) and substitute in the expression for f 2 from

FIG. 4. Diagram that shows how the one-particle distribu-
tion f 1(p; q) evolves and relaxes to �f 1(P ). Because of the P
dependence of! Q (P ) there is a shear in a small volume that
mixes the distribution uniformly in Q so that the distribu-
tion relaxes to be a function of P only. The action, P , is the
green area, andQ is the green angle. The motion in angle Q
is generated by the red canonical derivative D=D� , while the
motion in action P is generated by the red collision opera-
tor C[ ] that is an external thermal force that will establish a
thermal equilibrium distribution f eq (P ) s exp (� E (P )=kB T).
The distribution will relax on a dynamical time scale 
 � ! Q

to the \local" equilibrium �f 1(P ), and on the collisional time
scale � c to the thermal equilibrium f eq (P ). Note that the
relaxation to a thermal equilibrium is not conservative, and
does not happen in the new generating functional theory of
Glinsky [3].

FIG. 5. Phase space motion for two trajectories of the GCA,
shown in Fig. 1: (blue) �H 0=� = � 1:6050 and ! Q 0 = 2 :33,
(orange) �H 1=� = � 1:6035 and ! Q 1 = 2 :03. The x-point is at
�ys � = � 0:7 and �H s=� = � 1:6022. Although the energies di�er
by 0.1%, the frequencies di�er by 13%. The large di�erence in
frequencies causes a shear that rapidly mixes the distribution
f 1(JD ;  D ) to �f 1(JD ), where D references the drift motion
of the GCA shown in this �gure with frequency ! Q . The
frequency of the trajectory that goes to the x-point is zero, so
that the e�ective mass is in�nite, me� ! 1 , at the x-point.
The YouTube video of this �gure can be found at this Link.
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Eq. (46) to get

@f1(p1; q1)
@�

+ f eH1(p1; q1); f 1(p1; q1)g1

= � n0

Z
dp2 dq2 f eH12; f 1(p1; q1) f 1(p2; q2)g1

= � n0

Z
dp2 dq2 f 1(p2; q2) f eH12; f 1(p1; q1)g1

= �
�

n0

Z
dp2 dq2 f 1(p2; q2) eH12; f 1(p1; q1)

�

1

= �
nD

eH12

E

2
; f 1

o

1
:

(47)

De�ne
D

eH12

E

2
(p1; q1) � � n0

Z
dp2 dq2 f 1(p2; q2) eH12 (48)

to get the Generalized Vlasov Equation

@f1
@�

+
n

eH1 +
D

eH12

E

2
; f 1

o

1
= 0 : (49)

Note that this equation is still conservative, since it
can be written as

D� (1)

D�
= 0 : (50)

For this reason, the Vlasov Equation is commonly called
the Collisionless Boltzmann Equation, to be discussed in
Sec. IV B and Sec. IV E. Unlike the following collisional
equations of this section that truncate and close the con-
servative BBGKY Hierarchy in way that destroys the
conservative nature and leads to dissipation, the Vlasov
Equation remains conservative. As such, the correlations
of the plasma are maintained and the system is reversible.
This is why Landau damping [9] is not a dissipation, but
a phase dispersion caused by the shear in phase space,
shown in Fig. 4. This reversibility, that is conservative
nature, is demonstrated by the existence of plasma wave
echos [10], and closed form solutions that have emergent
behaviors [11{13] also known as BGK modes [14].

To write the Vlasov equation in more familiar form,
assume that eH1 = p2

1 and eH12 = V(q1 � q2). The Vlasov
Equation will be

@f1
@�

+ p1
@f1
@q1

�
@hV i 2

@q1

@f1
@p1

= 0 (51)

or in vector form using Cartesian non-relativistic coordi-
nates

@f1
@t

+ v � r x f 1 + ha12 i � r v f 1 = 0 ; (52)

where

ha12 i � �
@

@q1

�
n0

Z
dp2 dq2 f 1(p2; q2) V (q1 � q2)

�

=
Z

dv2 dx2 f 1(v2; x2) a12

=
e
m

E:

(53)

This is the common form of the Vlasov Equation for an
electrostatic �eld when V(q1 � q2) = e=jx1 � x2j and
m a12 = e2 (x1 � x2)=jx1 � x2j3 = eE. The advantage
of the canonical exterior calculus viewpoint of Eq. (49)
is the generality of the formalism, the simplicity and ge-
ometric interpretability of the result, and the ease of cal-
culation. For instance, it would be very easy to extend
the Vlasov equation to include the full EM �elds and
to write it in relativistic helical coordinates. It was also
easy to recognize that it is still conservative by the form
of Eq. (50).

B. Boltzmann Equation

We again use the ideas of Bogoliubov to close the
equations. We start with the �rst two equations of the
BBGKY Hierarchy, Eqns. (32) and (33), neglect the f 3
third order term on the RHS of the second equation and
the @� f 2 term on the LHS, to give

@f1
@�

+ f eH1; f 1g = � n0

Z
d� 2 f eH12; f 2g1

f eH1 + eH2 + eH12; f 2g12 = 0 ;
(54)

where d� 2 � dp2 dq2. Now substitute f eH12; f 2g12 from
the second equation into the �rst equation, yielding

@f1
@�

+ f eH1; f 1g = n0

Z
d� 2 [f eH1; f 2g1 + f eH2; f 2g2]:

(55)
Transform, (pi ; qi ) ! (J i ;  i ), into action-angle variables,
where eH i = eH i (J i ), so that J i = constant and  i = ! i � +
 i 0, since ! i = @eH i =@Ji = constant and @eH i =@ i = 0.
Given that d� i = dJi d i ,

@f1
@�

+ ! 1
@f1
@ 1

= n0

Z
d� 2

�
! 1

@f2
@ 1

+ ! 2
@f2
@ 2

�

@f1
@�

+
@

@ 1
(! 1f 1)

= n0

Z
d� 2

�
@

@ 1
(! 1f 2) +

@
@ 2

(! 2f 2)
�

:

(56)

Using the fact that 
 � � c, average over 1 by
R

d 1=2�
and de�ne

�f 1(J1) �
Z

d 1

2�
f 1(J1;  1) (57)

to give

@�f 1(J1)
@�

= n0

Z
dJ2 d 2

Z
d 1

2�
@

@ 2
(! 2f 2)

= n0

Z
dJ2

d 1

2�

Z

@V
vc(J2) d� s (f 2f � f 2o);

(58)

where f 2o = �f 1(J1) �f 1(J2) before the collision, f 2f =
�f 1(J1f ) �f 1(J2f ) after the collision, J1f (J1;  1; J2), and
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J2f (J1;  1; J2). So,

@�f 1(J1)
@�

= n0

Z
dJ2

d 1

2�

Z

@V
vc(J2) d� s

[ �f 1(J1f (J1;  1; J2)) �f 1(J1f (J1;  1; J2))

� �f 1(J1) �f 1(J2)]: (59)

Now multiply by the identity

I =
Z

dJ0
1 dJ0

2 � (J 0
1 � J1f ) � (J 0

2 � J2f ); (60)

to give

@�f 1(J1)
@�

= n0

Z
dJ2 dJ0

2 dJ0
1

d 1

2�

Z

@V
vc(J2) d� s

� (J 0
1 � J1f ) � (J 0

2 � J2f )

[ �f 1(J 0
1) �f 1(J 0

2) � �f 1(J1) �f 1(J2)]: (61)

By de�ning the di�erential cross section, d�=d 
 and the
scattering kernel K (J1; J2jJ 0

1; J 0
2)

jvj
d�
d


� K (J1; J2jJ 0
1; J 0

2) � j vj
d�

dJ0
1 dJ0

2

� n0

Z
d 1

2�

Z

@V
vc(J2) d� s � (J 0

1 � J1f ) � (J 0
2 � J2f );

(62)

where d
 � dJ0
1 dJ0

2, we can derive two forms of the
Generalized Boltzmann Equation

@�f 1(J1)
@�

=
Z

dJ2 d
 jvj
d�
d


[ �f 1(J 0
1) �f 1(J 0

2) � �f 1(J1) �f 1(J2)]

(63)
or

@�f 1(J1)
@�

=
Z

dJ2 dJ0
1 dJ0

2 K (J1; J2jJ 0
1; J 0

2)

[ �f 1(J 0
1) �f 1(J 0

2) � �f 1(J1) �f 1(J2)]: (64)

This equation expresses the collision operator for the one-
particle distribution function as the integral, over all �nal
states of both particles and all initial states of the second
particle, of either the di�erential scattering cross section
d�=d 
 or the scattering kernel K (J1; J2jJ 0

1; J 0
2), times the

di�erence in �f 2.

C. Master Equation

We start by writing the Generalized Boltzmann Equa-
tion as

@�f 1(J1)
@�

=
Z

dJ2 dJ0
1 dJ0

2 K (J1; J2jJ 0
1; J 0

2)

[ �f 1(J 0
1) �f 1(J 0

2) � �f 1(J1) �f 1(J2)]

=
Z

dJ2 dJ0
1 dJ0

2
�f th (J1) �f th (J2) K (J1; J2jJ 0

1; J 0
2)

� �f 1(J 0
1) �f 1(J 0

2)
�f th (J 0

1) �f th (J 0
2)

�
�f 1(J1) �f 1(J2)

�f th (J1) �f th (J2)

�
(65)

where we have used the fact that
�f th (J 0

1) �f th (J 0
2) = �f th (J1) �f th (J2) (66)

because of conservation of energy

eH1(J 0
1) + eH1(J 0

2) = eH1(J1) + eH1(J2); (67)

where

�f th (J ) � e� eH 1 (J )=kB T and
@�f th (J )

@�
= 0 : (68)

Since the second particle is free,�f 1(J2) = �f th (J2) and
�f 1(J 0

2) = �f th (J 0
2) so that

@�f 1(J1)
@�

=
Z

dJ0
1

� Z
dJ0

2 dJ2
�f th (J2) K (J1; J2jJ 0

1; J 0
2)

�

�f th (J1)
� �f 1(J 0

1)
�f th (J 0

1)
�

�f 1(J1)
�f th (J1)

�
: (69)

De�ning the equilibrium transition rate as

k(J1jJ 0
1) �

Z
dJ0

2 dJ2
�f th (J2) K (J1; J2jJ 0

1; J 0
2); (70)

then substituting it into the equation gives

@�f 1(J1)
@�

=
Z

dJ0
1 k(J1jJ 0

1) �f th (J1)
� �f 1(J 0

1)
�f th (J 0

1)
�

�f 1(J1)
�f th (J1)

�
:

(71)
By TP symmetry (time reversal and spacial inversion),

K (J1; J2jJ 0
1; J 0

2) = K (J 0
1; J 0

2jJ1; J2);

and energy conservation, there is detailed balance(see
Lifshitz and Pitaevskii [15], Chapter I, Sections 2-3)

�f th (J ) k(J jJ 0) = �f th (J 0) k(J 0jJ ): (72)

Using detailed balance and substituting it into the equa-
tion, one gets the Generalized Master Equation

@�f 1(J )
@�

=
Z

dJ0 �
k(J 0jJ ) �f 1(J 0) � k(J jJ 0) �f 1(J )

�
:

(73)
This equation expresses the collision operator for the one-
particle distribution function as the integral, over all �nal
states of the �rst particle, of the incoming 
ux minus the
outgoing 
ux. It is assumed that the incoming states of
the second particle are in thermal equilibrium, or equiv-
alently �f 1(J2) = �f th (J2).
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D. Fokker-Planck Equation

We start with the Generalized Master Equation,
Eq. (73), and make a moment expansion, in terms of the
smallness of � J when compared to the scale on which the
distribution function changes, as shown in Fig. 6. This
yields

@�f 1(J )
@�

=
Z

d(� J ) [k((J + � J jJ ) �f 1(J + � J )

� k((J jJ + � J ) �f 1(J )]

=
Z

d(� J ) [k(J jJ � � J ) �f 1(J )

+ � J �
@

@J
(k(J jJ � � J ) �f 1(J ))

+
1
2

� J � J :
@2

@J @J
(k(J jJ � � J ) �f 1(J ))

� k(J jJ � � J ) �f 1(J )]:

(74)

De�ne

eA �
Z

d(� J ) k(J jJ + � J ) � J;

B �
1
2

Z
d(� J ) k(J jJ + � J ) � J � J;

and

f (J ) � �f 1(J );

(75)

then substitute into Eq. (74) and integrate by parts to
get

@f(J )
@�

=
@

@J
� (f eA) +

@2

@J @J
: (f B )

=
@

@J
�
�
f eA +

@
@J

(f B )
�

=
@

@J
�
�
f eA + f

@B
@J

+ B �
@f
@J

�

=
@

@J
�
�
f A + B �

@f
@J

�

= �
@S
@J

;

(76)

where

A � eA + f
@B
@J

and

S � � f A � B �
@f
@J

:

(77)

FIG. 6. One-particle distribution function, as a function of
action, f (J ), for the small step size di�usive approximation
of the Fokker-Planck equation. The step size, h� J i , is much
smaller than the scale on which the distribution changes, J f .

At equilibrium,

@feq

@�
= �

@S
@J

�
�
�
�
eq

= 0 ;

Seq = 0 ;

f eq A + B
@feq

@J
= 0 ;

and

f eq A = � B
@feq

@J
;

(78)

so that

@f(J )
@�

=
@

@J
�
�
�

f
f eq

B �
@feq

@J
+ B �

@f
@J

�

=
@

@J
�
�
B �

�
@f
@J

�
f

f eq

@feq

@J

��
:

(79)

The leads to the Generalized Fokker-Planck Equation

@�f 1(J )
@�

=
@

@J
�
��

� J � J
� �

�
�
�

@�f 1

@J
�

�f 1

f eq

@feq

@J

��
;

(80)
where

�
� J � J

� �

�
� B (81)

is the di�usion tensor.
This generalized equation can be reduced to the more

familiar drift di�usion form by assuming that f eq =
e� V (J ) so that

1
f eq

@feq

@J
= �

dV
dJ

= restoring force; (82)

yielding the familiar drift di�usion equation

@f(J )
@�

=
@

@J
�
�
B �

�
@f
@J

+
dV
dJ

f
��

: (83)
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E. Vlasov-Fokker-Planck Equation

Now consider correlated modes where! 1 � ! 2 =
� c = n0 �v b2. The fastest modes of the collisionless
Vlasov equation are of order ! p s O(� 3=2 �v=b) s
O(� � 3=2n0 �v b2), so that for these modes one can ne-
glect the e�ects of collisions. For low frequency
modes, one can include the Fokker-Planck collision op-
erator with the LHS of the Vlasov equation giving
the Generalized VFP Equation or Generalized Vlasov-
Fokker-Planck Equation

@f1
@�

+
n

eH1 +
D

eH12

E
; f 1

o
=

@
@J

�
�
B �

�
@�f 1

@J
+

dV
dJ

�f 1

��
;

(84)
where the averaging in �f 1 are taken over the collision
frequency n0 �v b2.

Many times the gradients in the distribution function
f 1 are too large for the VFP Equation to be used. In that
case one needs to drop back to the form of the collision
operator given by the Master Equation

@f1
@�

+
n

eH1 +
D

eH12

E

2
; f 1

o

1

=
Z

dJ0 �
k(J 0jJ ) �f 1(J 0) � k(J jJ 0) �f 1(J )

�
; (85)

where the frequency of

D
eH12

E

2
s O(! p) s O(� 3=2);

the frequency of the collision operator on the RHS is
O(� c) s O(� 3), and ! p = (4 �n 0e2=m)1=2 is the plasma
frequency. Here instead of the operator being summa-
rized by the di�usion in the canonical momentum (for
instance, the action, J , or the velocity, v ) determined
by the di�usion tensor, B = h� J � J=� � i , it is charac-
terized by the scattering kernel, k(J jJ 0). One can also
use the Boltzmann operator if �f 1(J2) 6= f th (J2), using
K (J1; J2jJ 0

1; J 0
2).

F. Fluid Equations

To derive the Generalized Fluid Equations, start with
the Generalized Vlasov Equation, Eq. (49), forf 1(P; Q; t)

@f1
@t

+
n

eH1 +
D

eH12

E

2
; f 1

o

1
= 0 ; (86)

where eH1(P), so that _P = � @eH1=@Q= 0 and _Q =
@eH1=@P= ! Q (P) = constant. Integrate the Vlasov
equation,

R
dP, using the de�nitions

n �
Z

dP f 1

and

h! Q i P � �! Q �
1
n

Z
dP ! Q (P) f 1;

so that

0 =
@n
@t

+
Z

dP

 
@eH1

@P
@f1
@Q

�
@eH1

@Q
@f1
@P

!

+
Z

dP
nD

eH12

E
; f 1

o

=
@n
@t

+
Z

dP ! Q (P)
@f1
@Q

=
@n
@t

+
@

@Q

� Z
dP ! Q (P) f 1(P; Q; t)

�
;

(87)

where integration by parts has been used
to get the �nal expression. This yields the
Generalized Continuity Equation

@n
@t

+
@

@Q
(n �! Q ) = 0 : (88)

Operate on the Vlasov equation with
R

! Q dP, using the
de�nition

hgi � �g �
1
n

Z
dP g f1;

so that

0 =
@
@t

(n �! Q ) +
Z

dP ! Q (P) ! Q (P)
@f1
@Q

+
Z

dP ! Q

nD
eH12

E
; f 1

o

=
@
@t

�
n h! Q i P

�
+

@
@Q

�
n h! Q ! Q i P

�

+
Z

dP ! Q

nD
eH12

E

2
; f 1

o
;

(89)

where integration by parts has been used
to get the �nal expression. This yields the
Generalized Momentum (Force) Equation

@
@t

(n �! Q ) +
@

@Q
(n ! Q ! Q ) = �

Z
dP ! Q

nD
eH12

E
; f 1

o

(90)
Note that the Fluid Equations are no longer conservative,
unlike the Vlasov Equation.

To reduce the generalized equations to the traditional
expressions, assume

eH1 =
P2

1

2
and eH12 = V(Q1 � Q2);
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so that

! Q = P1 = v
@

@Q
= r�

and

�
Z

dP ! Q

nD
eH12

E
; f 1

o
= �

@V
@Q

n = n ha12 i :

This leads to the continuity equation

@n
@t

+ r � (n v ) = 0 (91)

and the momentum equation

@(n v)
@t

+ r � (n v v ) = n ha12 i (92)

or for a magnetized plasma with isotropic pressure

@(n v)
@t

+
1
m

r p =
q
m

n
�

E +
v
c

� B
�

; (93)

where v v = �v2  !
I , T � m �v2, and p � pressure =

m n �v2. The momentum equation can be extended to
account for a drifting Maxwellian

m n
@v
@t

+ m n (v � r ) v = �r p+ q n
�

E +
v
c

� B
�

; (94)

where v v = v v + �v2  !
I . To complete the closure an

expression, that is Equation of State (EoS), for the pres-
sure, p, needs to be found. There are two common limit-
ing cases. If the evolution of the plasma is slower than the
temperature equilibration, then the evolution is isother-
mal, so that

r p = r (n T ) = T r n: (95)

If the evolution of the plasma is faster than the temper-
ature equilibration, then the evolution is adiabatic, so
that

r p = r (n T ) = nr T + T r n = 
 T r n; (96)

where 
 = (2 + D)=D is the ratio of the speci�c heats,
and D is the number of dimensions which share a tem-
perature. Usually D = 3, so that 
 = 5=3. The system of
equations are completed by Maxwell's equations, where
the charge density is� c �

P
qs ns, the total current den-

sity is J �
P

qs ns v s, and the sum is over the species in
the plasma s.

G. MHD Equations

What we wish to do is �nd a form of the \
uid"
equations which would be valid if ! Q � n0 �vb2, that is
for low frequency. In this case we need to start with

the Collisional Vlasov Equation based on the VFP Equa-
tion (84),

@f1
@t

+
n

eH1 +
D

eH12

E
; f 1

o
= C[ �f 1]; (97)

where C[ �f 1] can be a Boltzmann, Master, or Fokker-
Planck collision operator, as shown in Eqns. (63), (73),
and (84). We will assume the most general form, the
Boltzmann form, for the collision operator.

We start by integrating the Collisional Vlasov equation
over P,

R
dP, to get the continuity equation as before,

@n
@t

+
@

@Q
(n �! Q ) = 0 ; (98)

since
R

dP C[ �f 1] = 0. Next operate on the Collisional
Vlasov Equation with

R
! Q dP to get,

@
@t

(n �! Q ) = �
@

@Q
(n ! Q ! Q ) �

Z
dP ! Q

nD
eH12

E
; f 1

o

+
Z

dP ! Q C[ �f 1];

(99)

the momentum equation, where the �rst term on the RHS
is the thermal pressure force, the second term on the RHS
is the two-particle interaction force, and the third term
on the RHS is the collisional force. The pressure tensor
can be de�ned asp = n ! Q ! Q .

We now assume that we have a two-
uid model, where
the 
uids are of the speciess = f + ; �g = f i; eg. Now
proceed to the one-
uid model, also known as Magneto-
HydroDynamics (MHD). De�ne,

mass density� � M � m+ n+ + m� n� � m+ n+

charge density� � c � q+ n+ + q� n�

center of mass velocity� 
 M �
1

� M
(m+ n+ ! + + m� n� ! � )

and

current density � Jc � (q+ n+ ! + + q� n� ! � ) :

Multiply the ion continuity equation by m+ , and mul-
tiply the electron continuity equation by m� , then add
together to get,

@�M
@�

+
@

@Q
(� M 
 M ) = 0 ; (100)

the Generalized Mass Conservation Equation. Next
multiply the ion continuity equation by q+ , and multiply
the electron continuity equation by q� , then add together
to get

@�c
@�

+
@

@Q
(Jc) = 0 ; (101)



13

the Generalized Charge Conservation Equation. Now,
multiply the ion momentum equation by m+ , and mul-
tiply the electron continuity equation by m� , then add
together to get,

@
@�

(� M 
 M ) +
@

@Q
(pt ) = Fti ; (102)

the Generalized Force Equation, where

pt � m+ n+ ! + ! + + m� n� ! � ! �

= total pressure tensor = p+ + p� ;

Ftp � �
@

@Q
(pt ) = total thermal pressure force;

Fti � �
Z

dP m+ ! + fhH12 i ; f 1+ g + m� ! � fhH12 i ; f 1� g

= total two-particle interaction force ;

and

K + �
Z

dP m+ ! + C[f 1+ ] = �
Z

dP m� ! � C[f 1� ]

� � K � :

Finally, multiply the ion momentum equation by q+ , and
the electron momentum equation by q� , then add to-
gether to get,

@Jc
@�

+
@

@Q
(pqt ) = Fqti + Fqtc ; (103)

the Generalized Ohm's Law, where

pqt � q+ n+ ! + ! + + q� n� ! � ! �

=
q+

m+
p+ +

q�

m�
p� = total charge pressure tensor;

Fqtp � �
@

@Q
(pqt )

= total charge thermal pressure force;

Fqti � �
Z

dP q+ ! + fhH12 i ; f 1+ g + q� ! � fhH12 i ; f 1� g

= total two-particle charge interaction force ;

and

Fqtc �
Z

dP q+ ! + C[f 1+ ] + q� ! � C[f 1� ]

=
q+ m� � q� m+

m+ m�
K +

= total charge collisional force:

This makes four equations and four unknowns,� M , � c,

 M , and Jc.

As was done for the 
uid equations, let's reduce the
generalized expressions to the traditional expressions. re-

member that

@
@Q

= r� ;


 M = V ;

Jc = J;

� = t;

m+ = mi ; m� = me;

and

q+ = e; q� = � e;

so that the mass conservation equation is

@�M
@t

+ r � (� M V ) = 0 ; (104)

the charge conservation equation is

@�c
@t

+ r � J = 0 ; (105)

the force equation is

� M
@V
@t

= �r p + � cE +
1
c

J � B ; (106)

and Ohm's Law is

memi

� M e2

@J
@t

=
mi

2� M e
r p + E +

1
c

V � B

�
mi

� M ec
J � B �

J
�

; (107)

where

pt = p = pi + pe;

pqt =
e

2m
p;

Fti = � cE +
1
c

J � B ;

Fqti =
� M e2

memi

�
E +

1
c

V � B
�

�
e

me
J � B ;

and

Fqtc = �
� M e2

memi �
J:

This makes four equations and six unknowns,� M , � c, V ,
J, E, and B . The system of equations is completed by
Maxwell's equations,

r � E = �
1
c

@B
@t

;

r � B =
4�
c

J +
1
c

@E
@t

:

For very low frequencies the plasma becomes
quasi-neutral, so that � c = 0, leading to the
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Ideal Resistive MHD Equations,

@�M
@t

+ r � (� M V ) = 0 ;

r � J = 0 ;

� M
@V
@t

=
J � B

c
� r p;

E +
V � B

c
=

J
�

:

(108)

This coordinate-free approach has been used in the
implementation of the transport of both magnetic �elds
and thermal energy in Finite Element (FE) Arbitrary
Lagrangian Eulerian (ALE) MHD computer simulations
[16, 17]. It allows for conservative FE implementations,
such as divergence-free magnetic �elds, on the ALE mesh.

V. SPECIFIC EXAMPLES

The �rst speci�c example will be that of a free par-
ticle with an electrostatic interaction. The one-particle
Hamiltonian is

H1 =
v 2

1

2
;

and the two-particle interaction Hamiltonian is

H12 =
1

jx2 � x2j
:

For this example, the expression for the Vlasov Equation
was given in Sec. IV A as Eq. (52), the expression for
the Fluid Equations was given in Sec. IV F as Eqns. (91)
and (92), and the expression for the MHD equations was
given in Sec. IV G as Eqns. (104), (105), (106) and (107).
To obtain the expression for the Boltzmann Equation,
remember that

�F1(J1) ! f (v1; t);

dJ0
1 dJ0

2 ! d3v 0
1 d3v 0

2;

and

dJ2 ! d3v2;

so that the Boltzmann Equation for this case can be writ-
ten as

@f(v1; t)
@t

=
Z

jv2 � v2j [f (v 0
1) f (v 0

2) � f (v1) f (v2)] d� d 3v2:

(109)

Now for the Master Equation, identify

J ! v ;
�f 1(J ) ! f (v ; t);

dJ0 ! d3v 0;

dJ2 dJ0
2 ! d3v2 d3v 0

2;

f th (J2) = f th (v2) = e � v2
2 =2;

and

K (v1; v2jv 0
1; v 0

2) = jv2 � v1j d�;

so that the Master Equation can be written as

@f(v ; t)
@t

=
Z

d3v 0 [k(v 0jv ) f (v 0) � k(v jv 0) f (v )]; (110)

where

k(v jv 0) =
Z

jv2 � v1j f th (v2)

� (v 0 � v f (v ; � s;  1))
d 1

2�
d� s d3v2: (111)

Finally for the Fokker-Planck Equation, identify

f eq(J ) = f eq(v ) = e � v2 =2;

and
1

f eq

@feq

@v
= � v ;

so that the Fokker-Planck Equation is

@f(v ; t)
@t

=
@

@v
�
��

� v � v
� t

�
�
�

@f
@v

+ v f
��

; (112)

where
�

� v � v
� t

�
=

1
2

Z
d(� v ) k(v jv + � v ) � v � v : (113)

As will be discussed in detail in Sec. VI, the Hamil-
tonian for a guiding center electron and ion in a strong
magnetic �eld, can be written as H (Jz ; JD ), where Jz
is the z-bounce action andJD is the E � B drift action
perpendicular to the strong magnetic �eld. Identify

eH1 = H (Jz ; JD );

eH12 =
1

x2 � x1
;

� ! t;
�f 1(J1) ! f (Jz ; JD ; t);

dJ2 ! dp2z ;

and

dJ0
1 dJ0

2 ! dJ0
z dJ0

D dp0
2z ;

so that

jv2z j d� = K (Jz ; JD ; p2z jJ 0
z ; J 0

D ; p0
2z ) dJ0

z dJ0
D dp0

2z ;
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yielding the Boltzmann Equation,

@f(Jz ; JD ; t)
@t

=
Z

jv2z j [f (J 0
z ; J 0

D ) f (p0
2z )

� f (Jz ; JD ) f (p2z )] d� dp 2z ; (114)

and the Master Equation,

@f(Jz ; JD ; t)
@t

=
Z

dJ0
z dJ0

D [k(J 0
z ; J 0

D jJz ; JD ) f (J 0
z ; J 0

D )

� k(Jz ; JD jJ 0
z ; J 0

D ) f (Jz ; JD )] ; (115)

where

k(Jz ; JD jJ 0
z ; J 0

D ) =
Z

jv2z j f th (p2z )

� (J 0
z � Jzf (Jz ; JD ; p2z ;  z ;  D ; � s))

� (J 0
D � JDf (Jz ; JD ; p2z ;  z ;  D ; � s))

d z

2�
d D

2�
d� s dp2z ;

and

f th (p2z ) = e � p2
2z =2:

Furthermore, de�ning

J = ( Jz ; JD );

~! = ( ! z ; ! D );

f eq = e � H (J ) ;

and

1
f eq

@feq

@J
= �

@H(J)
@J

= � ~!;

yields the Fokker-Planck Equation

@f(J; t)
@t

=
@

@J
�
��

� J � J
� t

�
�
�

@f
@J

+ ~! f
��

; (116)

where
�

� J � J
� t

�
=

1
2

Z
d(� J) k(JjJ + � J) � J � J: (117)

Glinsky and O'Neil [6] evaluated the evolution of
�f 1(Jz ; JD ) according to the Master Equation using a
Monte Carlo technique and estimated the three-body re-
combination rate for GCAs to be 0:070(10)n2

e �veb5. They
also derived an expression for the three-body recombi-
nation for GCAs based on the Fokker-Planck equation.
Unfortunately, the di�usion approximation leading to the
Fokker-Planck Equation is violated because both � Jz
and � JD are large. The di�usion coe�cient is very sen-
sitive to the impact parameter for the small impact pa-
rameters that contribute the most to the kinetics, and
the di�usion coe�cient goes to in�nity logarithmically
as the impact parameter goes to in�nity. They also esti-
mated the three-body recombination rate for GCAs using

the VTRR. All this work was done using vector calculus
in Cartesian coordinates. Based on the coordinate-free
approach of this paper, the Generalized VTRR given by
Eq. (38) is used, in Sec. VI, to estimate the three-body
recombination rate for GCAs, including the E � B drift

ux, and for the general case with an ion of �nite mass
and velocity.

VI. APPLICATION OF VARIATIONAL
THEORY OF REACTION RATES

We consider the three-body recombination of an elec-
tron and an ion in a magnetic �eld strong enough that the
electron undergoes guiding center dynamics. Let us start
by considering the \one-particle" Hamiltonian of the elec-
tron and the ion. The Hamiltonian can be reduced to two
degrees of freedom (z and E � B dynamics),

H1(R;  ; p  ; z; pz ) =


 i

�
me
 e

R2

2
� R

p
2me
 ep cos + p 

�

+
p2

z

2�
�

e2
q

2p 

m e 
 e
+ z2

; (118)

where me is the electron mass, mi is the ion mass,

 e = eB=mec is the electron cyclotron frequency, � =
memi =(me + mi ) is the reduced electron mass, andR is
the distance between the electron and ion guiding cen-
ters. The motion can be further \averaged" over z to
give the Hamiltonian with one degree of freedom,

H1(R; Jz ; � ; �p ) =


 i

�
me
 e

R2

2
� R

p
2me
 e �p cos � + �p 

�

+ H z (Jz ; �p ); (119)

where Jz is the z-bounce action. De�ning the radius as
� 2 � 2�p =(me
 e) with angle � = � , then normalizing ~�
and R by b, H by kB Te, and J by me �veb, so that

~� � � (cos�; sin �; 0);

1
a

�
�

b
r ce

� 2 me

mi
=


 i

! E � B
= �r � 3

s1 ;

and

R
a

�
�

b
r ce

�
�vi ?

�ve
= �r � 2

s2 = "2;

gives the dimensionless Hamiltonian,

H1(Jz ; R ; a; ~� ) =
1
2

(~� � R )2 + a Hz (Jz ; � ) (120)

or

H1

�
Jz ;

R
a

;
1
a

; �; �
�

=
�

1
a

�
� 2

2
+

�
R
a

�
� sin � + H z (Jz ; � ): (121)
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FIG. 7. Phase space trajectories for motion of an ion and
a guiding center electron in a strong magnetic �eld. Shown
is the E � B drift motion in the plane perpendicular to the
magnetic �eld with coordinates given by x and y � px . The
trajectories are shown by the solid red lines for H 1 > 0 and by
the dotted red lines for H 1 < 0, for Jz =2� = 0 :40, the size of
the �rst DP separatrix � r 3

s1 = 6 :67, and the size of the second
GCA separatrix �r 2

s2 = 0 :1. The values of a = 0 :15, R = � ŷ,
1=a = 6 :67, and R=a = 10.

If 1=a � 1 so that mi ! 1 and R=a � 1 so that
�vi ? ! 0, then

H1 = H z (Jz ; � ); (122)

where � is cyclic so that � = constant along with Jz
and the trajectories are circles. If neither of these condi-
tions are met, then one gets trajectories in phase space as
shown in Figs. 7 and 2. The circular GCA trajectories,
governed by Eq. (122), are within the separatrix of size
�r s2 = ( R=a) � 1=2, about the origin. Electrons outside this
separatrix are not bound and are carried to� values of
order the ion cyclotron radius.

The character of the separatrix can be examined in
more detail by assuming that mi ! 1 , that is 1=a ! 0,
while allowing R ! 1 , so that R=a and vi ? are �nite.
this e�ectively takes the ion cyclotron radius to in�nity.
The parameter R=a = "2 can be scaled out of the prob-
lem, giving the Hamiltonian

H1(Jz ; �; � ) = � sin � + H z (Jz ; � ); (123)

FIG. 8. Phase space trajectories for a GCA in an electric
�eld. Shown is the E � B drift motion in the plane per-
pendicular to the magnetic �eld with coordinates given by
x and y � px . The trajectories are shown by the solid red
lines for H 1 > 0 and by the dotted red lines for H 1 < 0, for
Jz =2� = 0 :40.

where we have scaled

H by " (kB Te units) ;

� by " � 1 (b units) ;

Jz by " � 1=2 (me �veb units) ;

pz by "1=2 (me �ve units) ;

px by
�

b
r ce

�
" � 1 (me �ve units) ;

! z by "3=2 (�ve=bunits) ;

! D by
� r ce

b

�
"3 (�ve=bunits) ; )

! D

! z
�

r ce

b
"3=2;

and

JD by
�

b
r ce

�
" � 2 (me �veb units) :

Examples of the phase space trajectories are shown in
Figs. 8 and 5. The e�ect of �nite ion thermal velocity is
to electric �eld, Ex = e�vi ? B=c, ionize the atoms that are
bound with � & 1=" and jH j . " , where " � 1, as shown
in Fig. 9.

A. Stationary ion

The e�ect of this �eld ionization and subsequent trans-
port to radii of order the ion cyclotron radius will be ex-
amined in Sec. VI B, after we calculate the rate for the
mi ! 1 and �vi ? ! 0 limits (that is, the 1 =a ! 0 and
R=a ! 0 limits) in this section. In this limit we have the
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FIG. 9. The �eld ionization e�ect of a constant electric �eld
on the GCA. (a) The energy of the separatrix and the bottom
of the GCA potential well as functions of the z-bounce action
Jz =2� . This divides the space into an area of bound GCA,
and an area of �eld ionized electrons. (b) The radius of the
separatrix, � s = �r s2 , as a function of Jz =2� .

following forms for the Hamiltonians:

H1(z; pz ; x; px ) =
p2

z

2m
�

e2
q

x2 +
� px

m 


� 2
+ z2

=
p2

z

2m
�

e2

r 1

(124)

and

H12 =
e2

q
(x1 � x2)2 +

� px 1 � px 2
m 


� 2
+ ( z1 � z2)2

=
e2

r 12
;

(125)

where B = ( mc 
 =e) ẑ, and we have dropped the sub-
script e for the electron in this subsection. We set ef 2
equal to 0 for H1 < E and equal to a thermal distribu-
tion for H1 > E , that is

ef 2 �
N

2� (m�v)2 (m
) 2 e� (H 1 + H 2 + H 12 ) : (126)

The constraints are:

H1 = � Es (at bottleneck surface or separatrix)

H � � E2 (particle #2 is unbound)

iv vol � 0 ( ef 2 = 0 below bottleneck)

�� 12 � � 0 (adiabatic cuto�, limits multiple crossings) :

Now calculate

@pz1

@H1
=

m
pz1

and

f H12; H1g =
e2

m
p1z (z1 � z2)

r 3
12

+
�

e2

m


� 2 �
x2p1x � x1p2x

r 3
1 r 3

12

�

= ( p1 � F12)k to B + ( p1 � F12)? to B ; or E � B

=
dK k

dt
+

dK ?

dt
:

Now, this leads to the following expression for the 
ux,
using Eq. (38),

� b =
n
V

Z

E s= � H 1

4N
2� (m�v)2(m
) 2 e� (H 1 + H 2 + H 12 )

"
e2(z1 � z2)

r 3
12

+
m
p1z

�
e2

m


� 2 �
x2p1x � x1p2x

r 3
1 r 3

12

� #

dx1 dz1 dp1x dx2 dz2 dp2x dp2z : (127)

Make the change to dimensionless variables

" s � �
Es

m�v2 � 1 � r 1=b �x � x=b

"2z �
p2z

2m�v2 � 2 � r 2=b �y � px =m
 b

� 2 �
1
� 2

�
1

� 12
� 12 � r 12=b �z � z=b

r 2
ce =

� �v



� 2
b =

e2

m�v2 r 21 = x1 � x2;

so that the 
ux is

� b = n2 �v b5 4

2�
p

2
e" s

Z

S7
e� " 2z + � 2

"
�z1 � �z2

� 3
12

+
�

r cep
2b

�
�x2 �y1 � �x1 �y2

� 3
1 � 3

12

p
1=� 1 � " s

#

" � 1=2
2z d"2z d�x1 d�y1 d�z1 d�x2 d�y2 d�z2: (128)

Doing four of the integrals leaves us with

� b = R0 (2� )3=2 e" s

"4
s

Z 1

�� 1 =0
�� 2

1 d�� 1

Z 1

cos � = � 1
d(cos� ) (1 + a)

Z � 0

�� 12 =0
d�� 12 F (� 2)
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where

R0 � n2 �v b5;

a � "3=2
s

�
r cep

2b

�
sin �

�� 1
p

�� 1(1 � �� 1)
;

� 2 � " s

�
1
�� 2

�
1

�� 12

�
= " s

�
�� 12 � �� 2

�� 2 �� 12

�
;

�� 2
2 = �� 2

1 + �� 2
12 � 2�� 1 �� 12 cos�;

F (� 2) � e� 2 erfc(
p

max(0; � 2)) ;

and

x � cos�:

We are left with the simple expressions

� b = R0
e" s

"4
s

f (r ce=
p

2b; "s; � 0)

= R0
e" s

"4
s

�
g(" s; � 0) +

�
r cep

2b

�
"3=2

s h(" s; � 0)
�

;

where

g(" s; � 0) � (2� )3=2
Z 1

�� 1 =0
�� 2

1 d�� 1

Z � 0

�� 12

d�� 12

Z 1

x = � 1
dx F (� 2);

and

h(" s; � 0) � (2� )3=2
Z 1

�� 1 =0

�� 1 d�� 1p
�� 1 (1 � �� 1)

Z � 0

�� 12

d�� 12

Z 1

x = � 1
dx

p
1 � x2 F (� 2):

Finally, we are left with the following expression for the

ux to numerically evaluate

� b = R0 � 0
e" s

"4
s

2(2� )3=2 �
�g("1; "2) + "0

�h("1; "2)
�

(129)

where

"0 �
"3=2

sp
2

� r ce

b

�
; "1 � 1=� 0; "2 � "1=2

s =� 0;

�g("1; "2) �
Z �= 2

� =0
d� sin � cos5 �

Z 1

y= � 1
dy

Z 1

z=0
dz F

�
"2

2
(z � x)="1

xz

�
; (130)

�h("1; "2) �
Z �= 2

� =0
d� cos2 �

Z 1

y= � 1
dy

p
1 � y2

Z 1

z=0
dz F

�
"2

2
(z � x)="1

xz

�
; (131)

FIG. 10. Two dimensionless functions that give the scaling
of the 
ux, � b, with the energy of the \bottleneck" surface,
" s, and the radius of the impact parameter cuto�, � 0 . The
de�nitions are given by Eq. (130) for � g and by Eq. (131) for
�h, and their use in the calculation of the 
ux, � b, is shown
in Eq. (129). They are plotted as a function of " 2 for a range
of " 1 as thin black lines. The �ts, according to Eq. (132) and
Eq. (133), are shown as the thick red lines. (a) The function
�g(" 1 ; " 2), where " 1 � 1=� 0 and " 2 �

p
" s=� 0 . (b) The function

�h(" 1 ; " 2).

and

x2 = "2
1 cos4 � + z2 � 2"1yz cos2 �:

The functions �g("1; "2) and �h("1; "2) can both be eval-
uated numerically and table interpolated. It was found
that both are weak functions of "1, as shown in Fig. 10,
and can be approximated as

�g("1; "2) t
1=3

q
1 + A2 " s

� 2
0

(132)

and

�h("1; "2) t
� 2=8

q
1 + B 2 " s

� 2
0

; (133)
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FIG. 11. The dimensionless z-bounce contribution to the

ux, � 0 �R(" s; � 0). The estimate of the 
ux, � z , is plotted as a
function of the energy of the \bottleneck" surface, " s, for var-
ious values of the radius of the impact parameter cuto�, � 0 .
For small values of " s, the rate scales as the density of states,
" � 4:5

s . For large values of " s, the rate scales as the Boltzmann
factor, exp ( " s). This leads to a minimum or bottleneck at
" sm (� 0) t 4:5. Also shown as the horizontal black dashed
line is the three-body recombination rate, R3 , calculated by
a Monte Carlo simulation of the Master Equation, Eq. (115).
This rate is matched by the VTRR 
ux estimate at the \bot-
tleneck" for an impact parameter cuto� of � 0 = 2 =3.

FIG. 12. The energy of the \bottleneck" surface, " sm , plot-
ted as a function of the impact parameter cuto� radius, � 0 .
Shown is the upper bound as the dashed black line labeled
\inequality" at the value of � 0 ! 1 . The asymptotic value
of 4:5, as � 0 ! 0, is labeled.

FIG. 13. The two contributions ( z-bounce, �R0 , and E � B
drift, � �R0) to the VTRR estimate of the three-body recom-
bination rate, given in Eq. (135), are plotted as a function of
the impact parameter cuto�, � 0 . Shown is the upper bound
as the dashed black line labeled \inequality" at the value of
� 0 ! 1 . The two contributions at the value of the impact
parameter cuto� that matches R3 , that is 1 =� 0 = 1 :5, are la-
beled ( �R0 = 0 :13 and � �R0 = 3 :7). (a) The z-bounce 
ux, � z ,
estimate given by �R0 . (b) The E � B drift 
ux, � D , estimate
given by � �R0 .

where A t 2:7 and B t 2:5. The 
ux can be separated
into the z-bounce 
ux � z and the E � B drift 
ux � D ,
with the following limits

� b = � z + � D ;

� z t R0 � 0
e" s

"4
s

2(2� )2

3
(1 + A2" s=� 2

0) � 1=2

����!
� 0 !1

R0 � 0
e" s

"4
s

2(2� )2

3
at " sm = 4

���!
� 0 ! 0

R0 � 0
e" s

"4:5
s

2(2� )2

3A
at " sm = 4 :5;

(134)

and

� D t R0 � 0
e" s

"5=2
s

(2� )3=2

4
p

2
� 2

� r ce

b

�
(1 + B 2" s=� 2

0) � 1=2

����!
� 0 !1

R0 � 0
e" s

"5=2
s

(2� )3=2

4
p

2
� 2

� r ce

b

�
at " sm = 4

���!
� 0 ! 0

R0 � 0
e" s

"3
s

(2� )3=2

4
p

2

� 2

B

� r ce

b

�
at " sm = 4 :5;

where � D =� z � ! D =! z � (r ce=b) "3=2
s and " sm = ( " s)min .

This leaves us with the following expression for the bound
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on the 
ux

� b = R0 � 0

h
�R0(1=� 0) +

� r rc

b

�
� �R0(1=� 0)

i

� R0 � 0

h
�R(" s; � 0) +

� r rc

b

�
� �R(" s; � 0)

i
;

(135)

where �R0(1=� 0) = �R(" sm ; � 0) and � �R0(1=� 0) =
� �R(" sm ; � 0). Figure 11 shows how �R(" s; � 0) has a min-
imum in " s at " sm(1=� ). The three-body recombina-
tion rate calculated by the Monte Carlo simulation of
Eq. (115), the Master Equation, corresponds to�R0(1=� 0)
at � = 2=3. The value of " sm as a function of 1=� 0 is
shown in Fig. 12. Note that " sm = 4 for 1=� 0 = 0, and
" sm = 4 :5 for � 0 = 0. The lower bounds on the 
ux, �R0
and � �R0, as functions of 1=� 0 are shown in Fig. 13. Note
that �R0 � 2:2 and � �R0 � 47 with equality at 1=� 0 = 0,
and that �R0 = 0 :13 and � �R0 � 3:7 at 1=� 0 = 1 :5. This
leads to the numerical bound on the 
ux of

� b � R0 � 0 [(2:2) + ( r ce=b)(47)] (136)

with equality as � 0 ! 1 . The best numerical Variational
Theory of Reaction Rates estimate of the three-body re-
combination rate, for � 0 = 2=3, is

� b = n2 �v b5 [(0:085) + ( r ce=b)(2:5)] : (137)

B. Finite ion mass and velocity

Let us now turn our attention to the case where there
is �nite ion velocity, �vi ? , and �nite ion mass, mi . For this
case, bothR=a and 1=a are both not much less than 1, so
that the full Hamiltonian shown in Eq. (121) and Fig. 7
must be taken into account. Three-body recombination
into GCA only considers the H z (Jz ; � ) term and circular
orbits with a bottleneck at " s = 4 :5. For the case of �-
nite ion mass and velocity, the GCA will be �eld ionized
for radii larger than the separatrix at �r s2 = ( R=a) � 1=2,
that is for energies less than 1=�r s2. These �eld ionized
atoms will continue to go to larger radius until they reach
the ion cyclotron radius, �r ci . Therefore, e" s ! e1=�r ci and
" � 9=2

s ! �r 9=2
s2 in the formula for the three-body recombi-

nation 
ux, � b, given in Eq. (134). Remembering that
" sm asymptotes to 4:5, and recognizing that � b can not
be faster than R0, the formula for the three-body recom-
bination 
ux can be modi�ed to be

� b(�r ci ; �r s2) = R0 min(1; e1=�r ci �r 9=2
s2 )

= R3(�r s1; �r s2) = R3(�; � ):
(138)

Here, we have recognized that the three-body recombina-
tion rate, R3, is a function of two dimensionless variables,
either the two dimensionless separatrix radii,

�r s1 =
�

1
a

� � 1=3

= � =
�

mi

me

� r ce

b

� 2
� 1=3

=
�

! E � B


 i

� 1=3

for the DP and

�r s2 =
�

R
a

� � 1=2

= � 3=4� � 1=4 =
�

�ve

�vi ?

� r ce

b

� � 1=2

for the GCA, or the dimensionless variables that we will
use to plot R3,

� =
�

1
a

� � 1=3

= �r s1 =
�

mi

me

� r ce

b

� 2
� 1=3

and

� =
�

1
a

� � 1 �
R
a

� 2

=
�r 3

s1

�r 4
s2

=
Ti

Te
:

In terms of these variables the dimensionless ion cy-
clotron radius is

�r ci =
�r 3

s1

�r 2
s2

= � 3=2� 1=2 =
mi �vi ?

me �ve

� r ce

b

�
:

The formula for the three-body recombination rate as a
function of � and � , R3(�; � ), given in Eq. (138), is plotted
in Fig. 14 and Fig. 15. Note that the rate is reduced when
� > 1 and � � 1 < � < � 1=3. The minimum rate occurs
at � = � � 1=3(ln � ) � 2=3. The condition determining this
minimum is

e1=�r ci �r 9=2
s2 = 1 :

If � > 1, then the dynamics is always that of a GCA or
a �eld ionized GCA. For � < 1, the dynamics is that of
DP at large radius, then transitions to GCA for smaller
radii.

For � � 1=3 < � < � 1=3, the rate is being reduced by
electric �eld ionization of the GCA, illustrated in Fig.16b.
The rate is scaling asR3 � �r 9=2

s2 , the phase space volume
inside the separatrix, that is the ionization radius, as
shown in Fig.16b. The upper limit on the � range is
determined by the condition �r s2 = 1, and the lower limit
by the condition �r ci = 1.

For � � 1 < � < � � 1=3, the rate is being reduced by the
a 2-step or two bottleneck model, illustrated in Fig.16a.
The rate is scaling asR3 � exp (1=�r ci ), the Boltzmann
factor at the ion cyclotron radius. The upper limit on the
� range is determined by the condition �r ci = 1, and the
lower limit by the condition �r s2 = �r ci . The three-body re-
combination rate is being determined by a second kinetic
bottleneck at the ion cyclotron radius �� = �r ci , as shown
in the �gure. The distribution will be �lled to thermal
equilibrium down to the ion cyclotron radius, then the
atom will undergo a cyclotron orbit until it is close the
�eld ionization radius where it will be transported by a
three-body collision into a bound GCA.

The application that was the inspiration for this
research, are the experiments that are forming anti-
hydrogen at CERN. These experiments are forming anti-
hydrogen via three-body recombination in a nested Pen-
ning trap, as shown in Fig. 17. These experiments have
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