Collisional equipartition rate for a magnetized pure electron plasma
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The collisional equipartition rate between the parallel and perpendicular velocity components
is calculated for a weakly correlated electron plasma that is immersed in a uniform magunetic
field. Here, parallel and perpendicular refer to the direction of the magnetic field. The rate
depends on the parameter ¥ = (b /r,)/vV2, where r, =T /m/S}, is the cyclotron radius and

b = 2¢*/T is twice the distance of closest approach. For a strongly magnetized plasma (i.e.,
x> 1), the equipartition rate is exponentially smali (v ~exp[ — 5(37%)*/*/6]). For a weakly
magnetized plasma (i.e., K< 1), the rate is the same as for an unmagnetized plasma except that
r,/b replaces Ap /b in the Coulomb logarithm. (It is assumed here that r, <Ap; for 7. > Ap,
the plasma is effectively unmagnetized.) This paper contains a numerical treatment that spans
the intermediate regime K ~ 1, and connects onto asymptotic results in the two limits £ <1 and

x> 1. Also, an improved asymptotic expression for the rate in the high-field limit is derived.
The present theoretical results are in good agreement with recent measurements of the
equipartition rate over eight decades in & and four decades in the scaled rate v/nvb %, where n is

the electron density and v = 27 /m.

1. INTRODUCTION

We consider a weakly correlated pure electron plasma
that is immersed in a uniform magnetic field B, and is char-
acterized by an anisotropic velocity distribution (7 # 7, ).
Here, parallel (||) and perpendicular (L) are referring to the
direction of the magnetic field. We calculate the collisional
equipartition rate between the parallel and perpendicular ve-
locity components, paying particular attention to the de-
pendence on magnetic field strength. Formally, the rate, v, is
defined through the relation d7, /dt = v( Ty —-T), where
dT, /dt is interpreted as the rate of change of the mean per-
pendicular kinetic energy and (7} — T ) is assumed to be
small. In general this latter assumption is necessary for
dT,/dt tobe linearin (T, — T,).

The equipartition rate does not depend on the magnetic
field strength when the characteristic cyclotron radius
r. =~+7T/m/S, is large compared to the Debye length
Ao = (T /4mwne*)'’?; for this case a particle orbit is nearly a
straight line over the range of the shielded interaction. Here,
Q. =eB/mc is the cyclotron frequency, » is the electron
density, and we have set 7' = T} =T . Since our purpose s to
investigate the influence of the magnetic field on the rate, we
consider only the opposite case (7. <Ay, ). For this case, the
rate can be written as

v = nvb*I(K), (1)
where D = T /u is the thermal spread for the distribution of
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relative velocities, & = 2¢%/T is twice the classical distance
of closest approach, and k = Qb /5 = (b /r,)/vV2 is a mea-
sure of magnetic field strength. In these definitions,
= m/2 is the reduced mass, and the odd factors of 2 are
introduced to match notation used previously.! The combi-
nation of factors n9b ? is very nearly the equipartition rate for
an unmagnetized plasma® [ie, v= (J27/15)n0b?
ln(/iD/z_b) ], and the function I(%) accounts for all depend-
ence on maguetic field strength.

Previous theory'~® has provided asymptotic expressions
for I(¥) in the two limits k> 1 and ¥ < 1. We say that the
plasma is strongly magnetized when k> 1; in this limit, the
collisional dynamics is constrained by a many-electron
adiabatic invariant (the total cyclotron action, J

= =,mv},/2Q,), and the equipartition rate is exponentially

small (i.e., /(x) ~exp[ — 5(37%)*>°/6]).! We say that the
plasma is weakly magnetized when K< 1; in this limit, the
equipartition rate is the same as for an unmagnetized plas-
ma,” except that r, replaces A, in the Coulomb logarithm?®
[i.e., In(1y/B) ~In(r./b)]. In our notation, this implies
that I(#) ~In(%).

This paper contains a numerical calculation that spans
the intermediate regime K ~ 1 and matches onto asymptotic
formulas in the two limits > 1 and k< 1. In Sec. I, a Boltz-
mann-like collision operator is used to obtain an integral
expression for the rate. This reduces the problem of calculat-
ing the rate to the problem of calculating AE, the change in
the perpendicular kinetic energy that occurs during an iso-
lated binary collision. In general, an analytic expression for
AE, cannot be obtained. In Sec. ITI, numerical solutions for
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AE, are obtained for many initial conditions chosen at ran-
dom, and the integral expression is evaluated by Monte
Carlo techniques.

The paper also contains a new analytic result. In Sec. IV,
we derive an improved asymptotic formula for the rate in the
large field limit #> 1. A solution for AE, is obtained as an
asymptotic expansion and is then substituted into the inte-
gral expression for the rate. After substantial algebra and
some numerical integrations one obtains the large k asymp-
totic result

I(%)y=exp[ — 5(37%)¥5/6){(1.83)g ="'
+ (20.9)8 '3 4 (0.347)k ~1¥1S

+ (87.8)8~1%15 4 (6.68)7~ /15 4 O(R~ "5y}
(2)

The exponential is the same as was obtained previously,’ but
the algebraic factor in curly brackets is different and is more
accurate. Note that the second and fourth terms enter with
surprisingly large numerical coefficients; it is necessary to
retain these higher-order terms to obtain good agreement
with the numerical results. Figure 2 in Sec. III shows a com-
parison of both the new asymptotic formula and the previous
asymptotic formula to the numerical results.

In recent experiments* with magnetically confined plas-
mas, the equipartition rate was measured over a wide range
in magnetic field strength and temperature, corresponding
to a range of k values from =10~ 2 to 10% Our theoretical
results agree with the experimental results to within the esti-
mated experimental error over this whole range of x. In fact,
it was the existence of the experimental results for intermedi-
ate field strength £~ 1 that motivated the theory. In addi-
tion, a previous experiment® measured the equipartition rate
over a range of ¥ values from k=~ 10~ °t0 3 10 ~ 3. An extra-
polation of the numerical results based on the theory of Ref.
3 agrees well with these additional experimental results. Fig-
ure 3 in Sec. I1I shows a comparison of our theoretical results
to experimental measurement over eight decades in ¥ (i.e.,
k=10"%to0 10?).

ll. INTEGRAL EXPRESSION FOR THE EQUIPARTITION
RATE

In this section, a Boltzmann-like collision operator'® is
used to obtain an integral expression for the equipartition
rate. The reader may be surprised at the use of such an opera-
tor for a probiem in plasma kinetic theory, since the operator
does not include the effect of Debye shielding.” However,
the magnetic field produces a kind of dynamical shielding on
a length scale that is shorter than the Debye length, so it is
not a problem that the Boltzmann operator omits Debye
shielding.

The dynamical screening is a consequence of the adiaba-
tic invariant discussed in Ref. 1. For a collision in which
Q.7> 1, where 7 is the duration of the collision, the perpen-
dicular kinetic energy changes by an exponentially small
amount [i.e., AE, ~exp( — Q.7)]. The time 7 is of order
7~7,,/v, where r,, = min|r, — r,| is the minimum separa-
tion between the two electrons during the collision and vis a
characteristic relative velocity. Thus, the quantity Q.7
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~Q.r,/v is large and the dynamical shielding is active
when r,, >r. =T /m/Q,. On energetic grounds two elec-
trons cannot get much closer than b = 2¢?/T; so the dynami-
cal shielding is active for all collisions in a plasma with k> 1
(i.e., b>r,). This is the reason that the equipartition rate is
exponentially small for such a plasma. Also, one can see that
the most effective collisions in producing equipartition for
such a plasma are close collisions (i.e., 7,, =b). Now let us
turn our attention to the regime where K <1 (i.e., 7. >b ).
Here, there are some collisions where the dynamical shield-
ingis not active (and AE, is large), but for all collisions with
r.. >r. the shielding is active. Consequently, these latter
collisions have negligible effect. Both & and r, are assumed
here to be small compared to Ay, (b<Ap for a weakly corre-
lated plasma and r, < Ay, by hypothesis); so Debye shielding
plays a negligible role.

Another way to look at this is to realize that the Ros-
toker collision operator® (the analog of the Lenard-Belescu
operator® for a magnetized plasma) provides a correct de-
scription for the large impact parameter collisions where
Debye shielding is most important. Debye shielding enters
this equation through the plasma dielectric function. By us-
ing the fact that r, €A, one can argue that the dielectric
function is unity with a correction of order (r./Ap )% We
replace the dielectric function with unity in our analysis and
thereby neglect the small effect of Debye shielding.

The Boltzmann-like operator can be written as

g (vi,t) = J- 2mp dp f dv,
at 0

X LAV = flv)fv) ], (3)

where f(v,t) is the electron velocity distribution and 2 is the
direction of the magnetic field.! To understand the notation
used, it is useful to imagine that a coordinate system is estab-
lished on electron 1 and that planes are defined at z = + |,
where [ is much larger than the maximum of 5 and 7,. A
collision is considered to begin when electron 2 passes into
the region between the planes and to end when it passes out
of the region. In the usual manner, the velocities (v},v5)
evolve into (v,,v,) during a collision. The quantity
p =|2X (r, —r;)]| is the transverse separation between the
electrons at the beginning of a collision; one can think of p as
a kind of impact parameter and of f27p dp as an integral
over the impact parameter (or scattering cross section). The
factor |2:(v, — v, )| is necessary to give the flux of electrons
2 incident on either one of the planes. Because of the magnet-
ic field, electron 2 can interact with electron 1 only by first
passing through one of the planes. Also, the dynamical
shielding will provide a natural cutoff on the integral over p.
The rate of change of the mean perpendicular kinetic
energy is given by
dT, _ Jd“ mv3, i
dt 2 ot
Using Eq. (3) to evaluate df /¢ yields the expression

2‘(V2 — Vl )

(vy,0). C))

dT w mv}
dtl = n_[) 2mp afpfdv1 J‘a?v2 2“ Zo(v, — V)|
X[ SONSf3) — fv)f(v,) ], (5)
Glinsky ot al. 1157
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where the distributions in the brackets are assumed to be of
the form

m \'"2( m my: mo?
27T, 27T, 2T, 2T,
(6)
By using detailed balance, Eq. (5) can be rewritten as
dT, ®
Lo 27;*,odpfdvl fdvz(AEl)ﬁ-(v2 — v
dt 4 Jo
XSO = fv)fva) ], (N
where
mvl,  mvi, mw? mol
AE, = — — 8
1 5 + 5 ) 5 (8)

is the change in the perpendicular kinetic energy that occurs
during a collision.

It is useful to change variables from (v,,v,) to (V,v),
where V= (v, +v,)/2 is the center of mass velocity and
v = (v, — v, ) is the relative velocity. First let us note that
the binary dynamics separates under this change of vari-
ables. The equations of motion for the two interacting elec-
trons are

AR S S ) k. 2 9)
dt l m |r; —r| (
d 2 -

M quyxp=C ) (10)
d m |r; — 1,

By adding and subtracting these two equations, we obtain
separate equations for the center of mass motion and for the
relative motion,

4V Q. vxz=0, (11)
dt

dv . e r

Y oLavxz=51. 12)
dt urf? ¢

Here, r=r, —r, is the relative position vector and
4 = m/2 is the reduced mass. The center of mass motion is
simply motion in a uniform B field, so it follows trivially that
{Vi] =1{V,| and |V.{ = |V,|. The solution for the relative
motion is not trivial, but conservation of energy guarantees
that uv'?/2 = uv’/2. From these relations and the relations

mvi, mu3, i 2mV}
t 2 2 2 2 (132)
B = muyy mvj, _ pup  2mV; ’ (13b)
2 2 2 2
it follows that
AE, = — AE = A(uv}/2). (14)

By carrying out the change of variables and by using the
relation dv, dv, = d Vdv as well as Egs. (13) and (14), Eq.
{7) can be rewritten in the form

dT, n

= pol
o 27rpdpfdva"[A ) A

2. o
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where the integral over d V has been carried out and

172 U2 02
fr(vu,vl)=( p ) ( u )exp(_ﬁi__#_l)
2t,) \2er, 2T, 27,

(16)

is the distribution of relative velocities, Finally, to first order
in the small quantity ( T, — T, ) we obtain the rate equation
dT,/dt = v(T; — T ), where the rate v is given by the inte-
gral expression

n % quf 2
V= f 2mp dpfdvlu”l A
4T, T, Jo 2

X[ (vy2, ).
In this expression, one may set 7, =T} = T.

(17}

ill. NUMERICAL CALCULATION OF THE
EQUIPARTITION RATE

Equation (17) reduces the problem of calculating the
equipartition rate to the problem of solving Eq. (12) for
A(ui? /2). In general this equation has only two constants of
the motion, the energy, and the canonical angular momen-
tum, so an analytic solution is not possible. In this section,
Eq. (12) is solved numerically for many initial conditions
chosen at random, and the integral in Eq. (17) is evaluated
by Monte Carlo techniques.

In terms of the scaled variables

u=v/8, m=r/b, s=1tU/b), (18)
Eq. (12) takes the form

du  _ . 1 9

“u = , 19

ds Kuxz 2 InP? (19)
where u=4dny/ds, and Egq. (17) takes the form

v = nb W (%), where

£ © + = 21
2 Jo o - 0

— 22

e ui \I?
X_(Z_qr)—;/—{lu“ A —2— .

We evaluate this integral with two completely separate
Monte Carlo calculations.

The first of these introduces an arbitrary weighting
function W (uy,u,,¥,n,) which is used to define the trans-
formation'®"!

(uj[ sUy >¢:771 ) had (xl 3 X3 9 X 3K )7
where

u ) o 2
X, =Lf"duuf dmf dulf i
A, Jo o o o

>< W(u" 7“1 ’¢’7’.L )7

i ® 27
xz=%f dmf du, ayW(uy,u,,4m,),  (21b)
5 Jo o o

(20)

(21a)

1 1y 2T
Xy = Tf du, f dp Wiug,u ), (21¢c)
3 YO 0

Glinsky et af. 1158

Downloaded 03 Feb 2003 to 192.58.150.40. Redistribution subject to AIP license or copyright, see http://ojps.aip.org/pop/popcr.jsp



X, =——f dy Wuy,u 1,7, ), (21d)
and
oo w0 o0 27
4, =J du"J dmf du, dyW(u,u,,¥.m,),
0 o o o
(22a)

o o 27
A, () =J dn, J du, J dyW u,u,,m,), (22b)
o 0 0

© 29
Ay (uysmy) =f du, f dy Wuyg,uy,m, ), (22¢)
o 0
27
A, (u"ﬂh W, ) = dy W(u"’ulﬂ/’ﬂh ). (22d)
0

One can easily show that the Jacobian for this transforma-
tion is given by
a(xl ,xz ,X3 ,X4 ) _ W( u" ’ul ,‘b,ni )
a(u“yuulﬁﬂh) Al
so Eq. (20) takes the form

I(K) = 23’2J_J dx, j dx, J‘ dx, J. dx,

’ (23)

e [A (_)] , (24)
W(u“:ulﬂ//,"h) 2
If we choose
Weuyu,m e~ “2[A(2/2)]% (25)

the integrand in Eq. (24) is reasonably uniform over the
whole domain of integration, and an efficient Monte Carlo
evaluation of the integral can then be obtained by choosing ¥
sample points p; = (X,,X,,X3,X, ); at random in the domain
of integration. The value of the integral is given by

1 & (uu “1’719—"2/2[“"1/2)]2)

1(8) =
)= 3/2\/’— N = Wuy,u,¥,m,)

(26)
where Nis large enough that the average has converged, that
is, that fluctuations in the average as N is increased are negli-
gible.

The choice for W requires some knowledge of A(u3/2),
but this knowledge need not be detailed. A good choice for
W is one that captures the main features of expression (25)
but is still simple enough that the integrals in transformation
(21) can be carried out analytically. This provides for a rea-
sonably rapid convergence and an efficient algorithm for
choosing sample points. For the parameter regime k > 1, we
use an expression for A(u}/2) that is based on the large
asymptotic analysis of Sec. IV, and for the parameter regime
% < 1 we use an expression for A (%2 /2) that is based on inte-
gration along unperturbed orbits.

For a given set of random numbers (x,,X,,X;,%, ), the
corresponding variables (u,u,,7,,¥), specify the state of an
incident electron when it first crosses one of the two planes at
7y =t 1/b. Starting from this initial condition, orbit equa-
tion (19) is integrated forward using a Bulisch—Stoer algo-
rithm'' until the electron again crosses one of the two
planes, and A(z?/2) is calculated. The distance / must be
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chosen tobe large enough that a further increase in / does not
significantly change the numerical result for the rate. Over
most of the range in k, this simply means that / must be many
times larger than the maximum of & and r,. However, the
orbit integration is particularly time consuming in the limit
of large k; the cyclotron frequency is much larger than the
frequency characterizing the duration of a collision, and the
quantity to be calculated, A(%?/2), is exponentiaily small.
Consequently, special care must be taken in this limit. The
adiabatic invariant is given by an asymptotic series, the first
term of which is u?.'? The higher-order terms are all zero at
7y = =+ oo, s0 Auj is the change in the invariant when Ul
varies from + o to — co. However, at 7, = + /b, the
higher-order terms are not zero. We assume that the adiaba-
ticinvariant (full asymptotic series) does not change signifi-
cantly when 7, varies from + oo to!/ /b and then again when
7, varies from —/ /b to — . Thechangeinu? as 7, varies
from + o to — oo (i.e., Au?) isthen given by the change in
the adiabatic invariant (full asymptotic series) as 7, varies
from [ /b to — 1/b. This latter quantity must be calculated
numerically. In practice, only one higher-order term is nec-
essary to give the required accuracy.

Also, the value of u atyp =1/ b must be related to the
value of u at 77, = «. Here, one can approximate u] as
constant and use conservation of energy to write

ut () — u} (1/b) =2/\n% + (1/B)*. (27)

This correction becomes important at large values of i be-
cause A(u2/2) depends exponentially on u, (). The
Monte Carlo calculated values of I(k) were found to be inde-
pendent of reasonable changes in both the functional form of
W and the parameters used in the integration of Eq. (19)
(e.g., accuracy of the integration and the location of the
plane at [ /b).

The integral expression for the rate was evaluated inde-
pendently with a second Monte Carlo method. In this meth-
od a sample point is chosen by the rejection method,'! which
allows the treatment of more realistic and complicated
weighting functions, but is somewhat slower (particularly
when the weighting function is peaked). Also, the orbit
equation is solved with a fourth-order Runge-Kutta algo-
rithm."! The results for the two methods are the same to
within expected statistical error for the k values where both
methods were applied.

Table I lists values for I(¥) obtained with the integral
transform method for ¥ values ranging from 10~ ¢ to 10
The values of I(¥) obtained by use of the rejection method
are shown in Table II. These data cover & values from 10° to
10%. In Fig. 1 both sets of data are plotted versus & and are
compared to asymptotic formulas for ¥> 1 and K<1. The
solid curve is the large ¥ asymptotic formula given in Eq.
(2), and the dashed curve is the small ¥ formula

— (27/15) In(CK).? Here, C is a constant which we de-
termine numerically to be C = 0.333(65).

Some words of explanation concerning the logarithmic
dependence for small ¥ and our determination of the con-
stant C = 0.333(65) may be useful. First let us review how
the logarithmic dependence comes about. For collisions
characterized by b < r,, < ¥., where 7,, = min|r, — r, | is the
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TABLE I. Results of Monte Carlo calculation using the integral transform
method. Statistical error in the last two significant figures is shown in paren-
theses.

I I(%)
1.00x10~* 1.753(63) x 10°
1.00x 107 1.335(44) x 10°
1.00x 10~2 9.26(45) x 10~!
1.00x 10! 5.90(36) x 10~!
3.33x107" 3.81(18) x 10~!
9.99x 10~} 1.927(46) X 10!
1.25x 10° 1.572(38) x 10!
2.50% 10° 8.17(16) X 102
5,00 10° 3.34(20) X 102
1.25x 10! 591(37)x107?
2.50x 10" 9.19(38)y < 10~*
5,.00x 10 7.42(27) x 10~*
1.00% 107 2.74(13) X 10~
2,00 107 2.94(11)x 10
5.00% 107 9.48(44) x 10~"2
1.00% 10° 2.527(61) X 10~1%
2,00%10° 5.16(24) x 10~%°
5.00x 10* 1.531(57yx 10~ %
1.00x 10* 2.90(50) x 10~%7

minimum separation between the particles, the change in
perpendicular energy A (#? /2) can be calculated by integra-
tion along unperturbed orbits, and the unperturbed orbits
are nearly straight lines. Under this circumstance the dis-
tance 7,, is very nearly the impact parameter as defined for a
collision in an unmagnetized plasma. The contribution of
these collisions to the integral expression for I(k) is
(27 /15)§dr,,/r,,, which is logarithmically divergent. In
our numerical treatment the divergence is cut off at the up-
perend (i.e., 7, ~r.) by dynamical shielding and at the low-
erend (i.e., 7,, ~b ) by the repulsion of like charges. In terms
of the two approximations, unperturbed orbits and straight
line orbits, the first fails at the lower end and the second at
the upper end. The previous work® is based on integration
along unperturbed orbits taking into account the magnetic
field, so the upper cutoff arises naturally but the lower cutoff
must be imposed in an ad hoc manner. The imposition of
either cutoff in an ad hoc manner introduces an uncertainty
in the argument of the logarithm, that is, the factor C'is not
determined. In our numerical treatment, the dynamics auto-
matically provides both cutoffs, so the constant C is deter-
mined. The value C = 0.333(65) is obtained by matching

TABLE II. Results of Monte Carlo calculation using the rejection method.
Statistical error in the last two significant figures is shown in parentheses.

I3 I(R)
1,00 10° 1.74(13) x 10"
1.78% 10° 1.070(65) x 10!
3.16 10° 6.34(47) % 107
5,62 10° 2.90(22) x 10~2
1.00% 10" 9.54(75) % 103
1.78x 10" 2.70(19) x 10~2
316X 10" 4.58(36) x 10—+
562 10* 4.73(36) x 103
1.00x 107 2.75(16) x 10~°
316X 102 7.98(38) X 10~ 10
1.00 10° 2.56(19) x 10~
1160 Phys. Fluids B, Vol. 4, No. 5, May 1992
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FIG. 1. Monte Carlo evaluation of the integral J(¥) defined in Eq. (20),
The evaluation via the integral transform method is shown as diamonds
({>) and via the rejection method is shown as crosses ( + ). The statistical
uncertainty in the evaluation of the integral is approximately 5%. These
results match on to the asymptotic formula of Ref. 3 (solid line) at small ¥
and onto Eq. (2) (dashed line} at large &.

—27/15 In(kC) to the numerical results for <102,
This fit curve is then found to agree with the Monte Carlo
results to within statistical error over an even larger range,
k<1,

The numerical results match onto both asymptotic re-
sults quite well. From Fig. 1, one can see that the numerical
results track the logarithmic dependence for k¥ € 1 and fall off
exponentially in accord with the asymptotic formula for
&> 1. To make a more detailed comparison of the numerical
results and the large K asymptotic formula, we factor out the
exponential dependence and plot I(%) exp[5(37k)**/6] vs
. In Fig. 2, the points are numerical results, the solid curve
is the new asymptotic formula given in Eq. (2), and the
dashed curve is the previous asymptotic formula.! One can
see that the new formula is in much better agreement with
the numerical results.

Figure 3 shows a comparison of our numerical results to
measured values of the equipartition rate. The solid curve is
an interpolation of the Monte Carlo values for I(x), and the
dashed curve is an extrapolation using the asymptotic for-
mula (k) = — (y2Z7/15) In[(0.333)%]. The points are ex-
perimental values for v/nbb 2, which according to theory
should equal I(k). The squares, crosses, and diamonds are
results obtained by Beck e al.* on a magnetically confined
pure electron plasma that is cooled to the cryogenic tempera-
ture range by cyclotron radiation. The rate was measured for
three magnetic field strengths (30, 40, and 60 kG corre-
sponding to the squares, crosses, and diamonds, respective-
1y) and for a series of temperatures ranging from 30 to 10* X
this corresponds to a range of ¥ values from 10 ~? to 10°. The
electron density was near n = 8 10%/cm®. There is quite
good overall agreement between the theory and the experi-
ment; the discrepancy between the measured values and the
theory at large ¥ may be due to a 30% systematic error in the
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FIG. 2. Monte Carlo evaluation of I(x) for large k. The constant in the
exponential factor multiplying the ordinate is E = (5/6) (37)*°. The inte-
gral transform method results are shown as diamonds () and the rejection
method results are shown as crosses ( + ). The statistical uncertainty is
approximately 5% (the size of the symbols) unless otherwise indicated.
The solid line is a plot of the new asymptotic formula Eq. (2) and the dashed
line a plot of the previous asymptotic prediction of Ref. 1.

temperature measurement. Such an error is large enough to
account for the discrepancy and would not be unreasonable
for the diagnostic procedure used. Finally, the circles are
results obtained by Hyatt er al.> from a closely related set of
experiments also done with a magnetically confined pure
electron plasma, but in an apparatus that is at room tempera-
ture with a magnetic field of 280 G. The fuil data set, en-
larged by the room temperature experimental data, allows us
to compare theory and experiment over a range of eight dec-
ades in &.

10 F T [ I I I [ T [ T
m ~ SoffiS g0 -

Monte Carlo Integral

Hyatt, Driscoll

10_1 - and Malmberg

B=2806 Beck, Fajans
T = 3,000 to and Malmberg —
30,000 °K

B = 30 to 60 kG
T = 30 to 10% °K

v / (0B V)

10—4 I

10'—5 L

1 ) I I i | I i
1076 10~5 1074 1078 1072 107! 1 10! 10%
K©

FIG. 3. Experimental results compared to the Monte Carlo evaluation of
I(%). Shown are two sets of experiments. The first is the cryogenic experi-
ment of Ref. 4. The experiment was conducted at three values of the mag-
netic field ( + = 30 kG, O = 40 kG, and {) = 60 kG). The second is the
room temperature experiment of Ref. 5, displayed as circles (O). The solid
curve is an interpolation of the results of Table I. The dashed curve is an
extrapolation using the formula — (27/15) In[(0.333)x].
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IV. ASYMPTOTIC EAPRESSION FOR THE
EQUIPARTITION RATE IN THE LIMIT &> 1

In this section, we obtain the improved asymptotic for-
mula for J(k) in the large ¥ limit that was written down in
Eq. (2). As was mentioned earlier, the exponential depend-
ence is the same as was obtained previously,' but the alge-
braic factor is different and more accurate; it is correct to
higher order as an asymptotic expansion based on the small-
ness of 1/k. The second and fourth terms in the expansion
enter with surprisingly large numerical coefficients, and the
first term does not dominate until ¥ > 10°, which is beyond
the largest value of k considered in the numerical calcula-
tions. It is necessary to retain the higher-order terms to ob-
tain good agreement with the numerical results. We believe
that the numerical coefficients in the expansion are reasona-
bly accurate, but further refinement of the calculation would
lead to some modification of these coefficients.

The first step is to obtain a more accurate asymptotic
result for the energy exchange AE, . To this end we rewrite
Eq. (12) for the relative motion in Hamiltonian form by
using

[0 — @O/ P
2ur? 2u

H(r’ r;Z,Pz§9aP6) =

i, 28)
W PPy 7 ¢
where (7,0,z) are cylindrical coordinates and (p,,pq,p,) are
the conjugate momenta. Since 8 is cyclic, p, is a constant of
the motion. We can reduce the degrees of freedom to two and

write the Hamiltonian as

H(rp,zp,) = (p22u) + (pi/2p) + V(rz),  (29)
where
0?2 4 2
V(r,z)E‘u < (r2—2r(2,+—r-—°—>+——e— (30)
8 r yri+ 2

and ry =+/2po/ (uQ. ) . Itis useful to approximate V(r,z) asa
harmonic potential in 7 at constant z by Taylor expanding;

this gives
V(rz) =V, (2) + [pQ*(2)2][r —r ()]
where

(31)

% . =0, V,(z2)= Vir,(2),z]
and
2
0*(z) _19¥
H Ir? r=rg

As z goes to infinity Q2(z) approaches {2, and r,(z) ap-
proaches r,. One can identify 7, (z) as the guiding center,
V, (z) as the potential at the guiding center and Q(z) as the
effective cyclotron frequency.

We have neglected terms in the Taylor expansion of
V(r,z) that are of higher than quadratic orderin (r — r,). It
is found in the Appendix that the cubic term in the Taylor
expansion contributes to terms of order ¥ ~ '7/'*, These terms
are not significant when the asymptotic expression is com-
pared to the numerical results.
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It is useful to change independent variables from ¢ to z.
This is effected by using Hamilton’s principle'*

2 dr dz
0=6 (,— ——H)dr
fz, Prgi Py
j

2 2
H'(rp,;z) = —p, = %E\/Z#(H— Ve(2) —’uﬂ% [r—r(n)]*— i )

where (r,p,) and (¢, — H) are canonically conjugate coordi-
nates and momenta. Since there is no explicit # dependence in
H', the momentum H is a constant of the motion.

By using the generating function

Sthr2) =f rQ \/LP— (F —rrdr, (34)
Y =r, I_LQ

we introduce the action angle variables

P__Sg gy = = Ve — 02/2) (352)
Q
and
Y =sin~'[J(uQ2P)(r~r,)], (35b)

and obtain the new Hamiltonian H" = — p, + 95 /32|, p.
The generating function can be rewritten as

S(¢,P) = Psin ¢ cos o -+ Pif, (36)
so the needed partial derivative is given by
as 14
—| =2Pcos® | , (37)
dz lrp 4 0z lrp
where JY/dz|, pcosy is easily evaluated from

sin o = JuQ/2P (r — ry). The new Hamiltonian is then

di
B (Pt = Fu(H =V, = OP) — J2a0P ~*
z
Xcos¢+—1—3-sin 2¢i(ln o). (38)
2 dz
We need to solve Hamilton’s equations
dp dr, . d (In )
— = —J2uQP =% — Pcos 29—,
7 1 p sin ¢ cos 2¢ &
(39a)
ﬂ #Q —cos ¢
dz \/2”(}1 V QP) 2P dz
+( ) n2ydn® (39b)
2 dz

in order to obtain the energy exchange AE, = Q1 AP, and to
this end we introduce a perturbative expansion

P=P(0)+P(l)+...
and
z!,=¢(0)+z’/j(l)

The expansion parameter is r, /z, where r = 4mc*/B?
= 2r 2b. During the collision, the expansion parameter gets
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—5f ( —_Hd’+p,)dz. (32)
dz
One can identify the new Hamiltonian as
(33)
2p
i
no larger than r, /b= (v,/0,6)**<]1, where

&/ (uvle/2). However, we will deform the z contour
used to evaluate AE, from the irue trajectory to one which
encircles the branch point of the integrand. On the deformed
contour, 7, /z will be of order unity. Although the contribu-
tion of higher order AP 7’ will not be algebraically smaller,
they will be numerically smaller. We refer one to the Appen-
dix where we show that AP ? ~1/(3j —3)!

Turning our attention to finding the equations for P (/!
and 7, we first note that dr,/dz and dQ0/dz are both of
fourth order in the expansion parameter. This implies, in
conjunction with Egs. (39), that dP‘?/dz=0 and
df?/dz =0 if j#0,4,8,.... In addition one can see that

dP/dz =0,
4 d
P J3aaP™ Yo gy yo
dz dz
— P© cos 2y LU0 L) (402)
dz
and
(0}
WO _ o ____u0 (400

dz " V2u(H -V, —QP ™)

Since dP ¥ /dz = 0, we can set P® = P,, the precollision
value. We will want to integrate Eq. (40a) to find AP ¥, The
first term on the right-hand side of Eq. (40a) gives a contri-
bution to AP of the form of an integral of ¢'” times a
slowly varying function of #‘®. The second term gives an
integral of e times a slowly varying function of /. This
is an exponentially smaller contribution to AP’ compared

to the first term. Hence we drop the second term on the right-
hand side and write

dPM) dr .
= — . f2u0P, —£ sin ', 41
dz AL dz ny (41a)
and
0

W L : (41b)
dz V2u(H =V, — QF,)

Since AP® =0 over the course of a collision,

we let AP=AP“ with an estimated error of order
APB/APM L21/(14/3)1 =102, Integration of Eq. (41b)
gives

O =ty +a T B(2),

where 9, is the initial gyroangle, o is the constant

(42)
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FIG. 4. Contour in the z plane used to find AE, . Here, z,- is the turning point
wherep, = 0.

Zg
a=+ uQ dz ’
2r J2u(H — Vg — QF)
z; is the turning point where H = V, (z7) + P, (zr), and
B(z) Ef uQ(2)dz .
2 J2u[H — V, (2') — P (2]
Substitution of the expression for ¥ given in Eq. (42) into
Eq. (41a) and integration along the contour shown in Fig. 4
gives

(43)

(44)

AE, = Q2AP ™ = 4P, 02D cos* (¢, + a), (45)
where
) d 2
D= f e pQ(2) dr (D) (46)
c 2 dz

The character of contour integral (46) is what one nor-
mally encounters when dealing with the breaking of adiaba-
tic invariants.'* When evaluated along the curve in Fig. 4
(i.e., along the true z trajectory), the integrand consists of a
slowly varying factor JQ dr,/dz times a rapid oscillating
factor ”. To evaluate such an integral, one deforms the con-
tour into the complex plane so that the rapid oscillating fac-
tor becomes exponentially small. This continuation is ex-
tended until a singularity of the integrand is encountered, as
shown in Fig. 5. For our case, the scale length for this singu-
larity is the larger of r, and r,. One can identify these as the
germaine length scales by determining on what length scale
the two terms on the right-hand side of Eq. (30), the expres-
sion for V(r,z), are of the same order of magnitude.

Im(z)
r C
—g —— Re(z)
Ty Zr

FIG. 5. Deformation of contour in the z plane used to find AE, .

1163 Phys. Fluids B, Vol. 4, No. 5, May 1992

In the Appendix we find 3(z) as a power series expan-
sion in (v)o/9.5)>> and (v,/v),)* whose coefficients are
functions of 7,/r, . Since both v, /Q.b<1 and v,4/v)e €1
when the integrand in Eq. (20) gives a significant contribu-
tion to I(x> 1), we can expand e” in a power series. This
series is substituted into Eq. (46), the contour integral done,
and the result squared to obtain A’E,. We then substitute
the power series for A’E| into Eq. (20) and do the integrals
to obtain the asymptotic expression shown in Eq. (2).
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APPENDIX: EVALUATION OF THE INTEGRALS IN THE
ASYMPTOTIC EXPRESSION FOR /(i)

To evaluate the expression for AE, found in Eq. (45), it
is convenient to introduce the variables §=(v,5/v)0 )
e=(Q.b/vy0) =73, v=(ry/r, )% and t=(z/r, ), where
b=2¢*/uv}, and r}, =8uc’/B*. We also define the func-
tions

fyn =r, /1y, (Al)

h(y:H) =(Q/Q,)% (A2)

gy =el(V,/ (uvjo/2)), (A3)
and

g =gy {1+ [1—h'"(y0) ]} (A4)

The functions can all be expressed as convergent power se-
riesin =1/t for t>max(1,”*). Equation (46) can now be
rewritten as

puQ.rg

D =

LeXP[z’B( &r.6n]

2

xh ety LBD e | (A5)

where

. . : 172 ;"r — /200,77 "Y12 st
zﬁ(a%é;r):f B P W) ’
gt J1—et'g~ "yt

(A6)

g(7,&i17) = €tr, and the contour C is shown in Fig. 6.

Let us first work on the evaluation of integral in the
definition of i3. Make the change of variable from ¢ to s de-
fined by

s=eg ™ (nGiD). (A7)
The function * is defined to be the inverse of g, that is,

§=B(n50 (A8)
is equivalent to
1=5* (14, (A9)

where $=¢€/s. Since we can expand g in a convergent power
series in ¢, we can do a series inversion to find the power
series for g*. This allows us to write Eq. (A6) in the form
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FIG. 6. Contour in the ¢ plane used to find D. The parameter ¢, is of order
1/€ which is much greater than 1 for large values of the magnetic field.

B = —e f ’ ( h Lyt (18] )w
s=s \1 4+ &{1 — 2 '2[y58* (1,659 1}
£ T
X [B* (1681~ 2(@*(%&) +5 @;’—@l)
Sl/2 dS

JI—5
where §=¢1g ! (y,g';}). The part of the integrand written as
a function of § can be expanded into a power series in § with
the expansion coeflicients a, (3,£). Substituting this power
series into Eq. (A10) and exchanging the summation and
integration gives us
1 §172=nde

B= —e i a,,(y,g‘)s"f Ry
n=1a0 = — 8

The integral can be done by changing the variable of integra-
tion to = (1 — 5)/(1 — &) and applying the integral repre-
sentation of the hypergeometric function'®

2 F\ (a,bicz)

s (A10)

(A1D)

1
= @ J-s”"'(1~s)““"“(1—-zs)““ds,

C(b)L(c—b)Jo
(A12)

leaving us with
ZB — ___€~3/2 i a,,(;/,,[,‘)e”Z(l __5)1/2
r=0
1 1 3

sz,(—7+n,-2—;?;1—a). (A13)

Application of the linear transformation formula'®
2 Fy (a,b;c;2)
- ?E?_FEIC) ;(f: = Z; JF (abia+b—c+ L1 —2)
sy () (a+b—c)
TC(a)L(b)
X, Fi(c—a,ec—bc—a—b+ 1,1 —2),
and use of the fact that ¢, = 1 and a, = 0, yields

+ (1—z)~°~

(Al14)

B = WK i a, (KE)e =282~ n(1 — §)1/2
n=0

2
2 5
F, (2—-!1,1;————)1;5), Al5)
m—32"" 2 (
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where k=€~ %2 Expanding (1 — 8)"/%,F\(2 —n,1;§ —m;
5) in a power series in & and substituting § = eig ~ ! gives

!B — ___TLK____ i Ektk+3/2 i an(y’g)bnk;n
2 k=0 n=0

X [B(nEn 17— k=372, (A16)
where
k(2= (=1,
by, =—2 Yeom (=D (AIT)
2n—3n%e  (G—n)_,,m

Asalast step, expand (g)” ~ %~ *?in a power series such that

BEDY = 3 o (rd)E" (AI8)
and define -

Furg=— 3 du(rO’ (A19)
where .

diu(pg) = 20 @ (VsE)Dui€n — ki n (136)- (A20)
One can furthe: ;educe F, to the form

Fongin) = }:ﬁo Fu(rib) (t—i)[ (A21)

because of the structure of d;; (1,¢) . The structure was found
by use of the symbolic algebra package MATHEMATICA'® for
k = 0,...,4. Since we only use k£ = 0,1,2 terms, such a reduc-
tion in F) is justified for our purposes. This gives us the final
form for i3, namely

o k -
i = —l;fi+ S S R NE, (). (A22)

k=0I=0
Now substitute i into Eq. (AS5) to obtain

D= (uQ.rj/2)e” "J(&MI%, (A23)
where we have defined
o k ”
J(egy) = f eXP( DI A oY (m))
C k=0Ff=0Q
X4 (pt) afyn ((17;“ ) ar. (A24)

For large values of the magnetic field, we will only need to
know J where ¢,{ € 1. Therefore, we can expand the expo-
nential to give

0 k
J(€,§;7’) = Z 2 5k§lBkt(?’)a (A25)
k=0Fi=0
where
By (y) EL G (131 exp[+¥Foo (130 ]
X VA(pD) g—j:S/T;t—)—dz (A26)
and
Goo (i1) =1, (A27a)
Go (131) =t ¥ F o (151), (A27b)
G (Vi) =t 7 Fy (131) + 4 °Fl (130), (A27c)
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G, (pD) =t ~?F (nD), (A27d)
etc. This will allow us to write
0 k
YUEsnlP= Y > €4 4ur), (A28)
k=0I1=0
where
Ao (V) =B (N, (A29a)
Ao (7)=2B,5 (¥)Boo (V)Y (A29b)
Ay (¥)=[2B20 (1) Boo (¥) + Bl (N 17, (A29¢)
A, (P)=2B,, (7)) By (MY (A29d)

etc. Finally we can write the change in the perpendicular
energy as

o

k
NE, = uiy) (25 oty + de= 5 5 )

0 k=0i=0

(A30)
We substitute this expression into Eq. (20) to obtain

1 © k

——A4
o2 k§=:o ,Z’O (_[) Nz x(¥)

0 2 2
X(J uf’”e‘"‘/zdul)( d¢0052(¢+a))
0 0

I(k) =

-
X[’_(—ZI/SJ‘ dKK—5/3+(2/3)(l—k)
0

conl on L)

Defining 4,, = (fedy/y'"*)A,, () and doing the 7, u,, and
¢ integrals gives

(A31)

© k
I(7) =@ S S A4, 2T+ )R

k=01=0

*
X{f dKK—5/3+(2/3)(l—k)
0

conf r 3]}

Evaluation of the « integral via the method of steepest de-
scent as K— co leads us to the asymptotic series

(A32)

I(k) — e—(S/s)(sﬁ)’-/’Viﬁ i L&

K- o k=01=0nr=0
XA 2T+ 2)r(n +i) e, (i+l (k — l))
2 33
x,?—7/15—(2/15)(2k+31+3n), (A33)
where
w*= (m/x) + §x*? — §(3m)*”° (A34)
and
X 812 3 e (Bt (A35)

dw “=o
Keeping terms to order ¥ ~ '*/'*, one finds that
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Im(t)

YR tr

FIG. 7. Contour in the ¢ plane used in the numerical contour integration of
By (p).

I(,—()e(sm)(swrc)”5

N 277'(377') /5 AOOI_.(_, 7/15 + 277'(377') 375 A

R oo 3\/3 3‘/3

475
+ 14(37) A E—13/15+EA20R.~15/15

1355 55

6/5
" 8(37) (T4, + 154, )~ /15 4 O = 1915).

135/5

— _11/15
10K

(A36)

We have now reduced the problem to that of finding a
numerical value for the 4,,. We do this by first finding the
power series expansions for the functions f; 4, and g to 30th
order in ¢ with the help of the symbolic algebra package
MATHEMATICA.'® The large number of terms were needed
to obtain accuracy in the 4,; of at least one part in 10* It is
then a straightforward process to find power series expan-
sions for the F,,(;), substitute them into the integral ex-
pressions for B,, (y) givenin Eq. (A26), and then to numeri-
cally evaluate the integrals along the contour shown in Fig.
7. We choose this particular deformation of the contour to
reduce the oscillations of the factor exp[ ¢ ¥*Fy, (¥;) ] in the
integrand. We cannot take the contour any closer to the ori-
gin than max(1,7*?) because of singularities in the inte-
grand which are manifested by the series expansions no long-
er converging. Once the ¥ dependence of B, (y) is found by
doing many numerical integrations of Eq. (A26), each for a
different value of y; we obtain a graph of 4,, () by the sim-
ple algebraic combination of the By, (y) givenin Egs. (A29).
The results are shown in Fig. 8, which displays all the 4, (%)
needed to evaluate I(x) tox ~ '*/!% order. All four displayed
functions have the same basic functional form: they peak at
y= 1, scale as 9* at small values of ¥, and go to zero exponen-
tially in ¢ at large values of y. It is now a simple matter to
numerically integrate these functions to find 4;,. When the
results are substituted into Eq. (A36) we are left with the
asymptotic formula for I/(x) shown in Eq. (2).

We now turn our attention to an estimation of the error
we are making by only calculating AP ). This is most easily
seen by examining the expression for By, (y) given in Eq.
(A26). Since the A4,, are just integrated algebraic combina-
tions of the By, (¥), this is sufficient to estimate the error of
the A,,. We start by noting that the integral for By, () is of
the form
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FIG. 8. The functions 4,,(y) which show the y = (#,/r, ) dependence
of AE, . See Eq. (A30) for the exact relationship between 4,,(y) and AE, .

Bu(p) ~f ey =gy (A37)
C

where G, (y;t) ~t ~ ™ as 0. The n,, can easily be found
by examination of the expressions for G, (y,t) given in Egs.
(A27). One should remember that F, (y,t) ~1, h(y,t) ~1,
and df(y;t)/dt ~1* as —0. This will aid one in finding the
values of n,, and the form of Eq. (A37). The fact that
df /dt~1*is why the AP we are calculating is of fourth or-
der; remember that 7 = r, /2. The difference in the calcula-
tion of B {7 (y) which contributes to AP ™ is the replace-
ment of the ““4” in Eq. (A37) with m. We can easily evaluate
the integral on the right-hand side of Eq. (A37). Doing this
we find that

B (yy~1/T(2m/3 — 2n,,/3 + 1/3). (A38)

By using Eq. (A38), we can estimate that the coefficient of
&~ 713 in the asymptotic expression for I(%), Eq. (2), would
be changed by about 1% by including the higher-order cor-
rections to AP. The expected changes in all the coefficients
are shown in the following expression of Eq. (2):

f(,?)etsxa)(snk)m
=~ (1.83 £ 1%)k = 7" + (20.9 4+ 10%)k ~ V15
+ (0.347 + 1%)k ~ '¥'5 4 (87.8 + 40% )k ~13/13
+ (6.68 + 10%)x ~ 1712, (A39)
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The other approximation we need to examine is neglect-
ing the terms of order (r — r,)’ and higher in the Taylor
expansion of ¥{r,z), Eq. (30). One can see how these terms
will effect the final result for I(%) by including the cubic
term and repeating the calculation. When this is done one
finds that AP ) is changed by an amount A(AP ™), which
is smaller than AP “’ by the ratio

A(AP(4))~ Fy ~(vl°/QcY~e§

— (A40)
AP®  mQ.rl o\ 7, /

Including this correction will modify 4,, with k,/>1. Hence,
keeping higher-order terms in the Taylor expansion will
modify terms in the asymptotic expression for (%) of order
&~ 17/13 or greater; terms which are small at the large values
of ¥ of interest to us.
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