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Self-consistent coupling of cavitation bubbles in aqueous systems
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The dynamics of an ensemble of cavitation voids initiated by laser-produced stress waves in
aqueous systems is considered. Aqueous systems have large similarity to soft tissues. Laser-initiated
stress waves are reflected from tissue boundaries, thereby inducing a tensile stress that is responsible
for tissue damage. The early stage of damage is represented by an ensemble of voids or bubbles that
nucleate and grow around impurities under stress wave tension. For impurity densities larger than
105 cm23 the bubbles growth reduces the tensile wave component and causes the pressure to
oscillate between tension and compression. For impurity densities below 108 cm23 the bubbles
grow on a long time scale~;10 ms! relative to the wave interaction time~;100 ns!. For bubble
densities above 108 cm23 the bubble lifetime is greatly shortened because of the reduced tensile
component. On a long time scale the growing bubbles cause a significant reduction in the liquid
average compression pressure below the ambient atmospheric pressure. This effect increases the
bubble lifetime by almost a factor of 2 relative to the low impurity density case when the bubbles
are growing independently, in agreement with experiment@Paltauf and Schmidt-Kloiber, Appl.
Phys. A: Mater. Sci. Process.62, 303 ~1996!#. As the collapse stage starts, small bubbles collapse
first and the compression pressure screening becomes less effective, thereby accelerating the
collapse of the larger bubbles and reducing the spread of the bubble lifetimes. ©2002 American
Institute of Physics.@DOI: 10.1063/1.1456247#
ve
su
ie
u
o
io
an
om
un
in
le
ri-

o
es
te

in
e
e

tio

s,

ling

nd
e-
st a
se

to
an

e
scil-
n a
the
liq-
rage
res-

ctor
e

ex-
hat

the
er

nts
and

ma
I. INTRODUCTION

In many medical applications laser-initiated stress wa
induce tensile waves, that are responsible for tis
damage.1–2 Such phenomena are naturally related to stud
of cavitation and vapor bubble dynamics in aqueo
systems.2,3 These studies have a long history in a variety
applications in liquid systems in relation to bubble expans
and collapse far from boundaries and next to free, rigid,
elastic boundaries.3 Tensile stresses can be generated fr
laser deposition of energy on free aqueous systems bo
aries and from diffraction of stress waves while propagat
inside these systems.1–3 The damage starts with an ensemb
of nucleating microcavities or voids around existing impu
ties induced by tensile stresses.4,5

In this article we study the dynamics of an ensemble
cavitation voids or bubbles initiated by a laser-induced str
wave in an aqueous system. Previous work ignored the in
action between the bubbles and the liquid.1 In the present
work the liquid responds to the bubbles growth by chang
its pressure, which affects the bubble expansion. This fe
back between the bubbles and the liquid defines the s
consistent picture represented in this article.

The growing bubbles can affect stress wave propaga
on a 100 ns time scale. On a 1ms time scale, the voids
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interact nonlinearly through liquid pressure fluctuation
thereby affecting their dynamics and lifetimes.1 Thus a self-
consistent model for the short and long time scale coup
of the liquid and voids evolution, is required.

It was shown in the experiments of Paltauf a
Schmidt-Kloiber1 that for moderate laser fluences, the lif
time of bubbles becomes longer than calculated by almo
factor of 2. They mentioned the possibility that the increa
in impurity density for a given fluence makes it invalid
assume that the bubbles are growing independently in
infinitely extended liquid.

In this article we find that void growth on a 100 ns tim
scale reduces the stress wave tension and results in an o
lation between tension and compression. Voids growing o
microsecond time scale interact with each other through
alteration of the density and pressure of the surrounding
uid. This interaction causes the system to reach an ave
compression pressure below the ambient atmospheric p
sure. Thus, the bubble lifetimes increase by almost a fa
of 2 relative to the low impurity density case when th
bubbles are growing independently, consistent with the
perimental results discussed above. We further find t
smaller bubbles collapse earlier and cause an increase in
average liquid pressure, which limits the lifetimes of larg
bubbles.

The article is organized as follows: Section II prese
the coupling between the hydrodynamics of the system
il:
0 © 2002 American Institute of Physics
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the evolving of an ensemble of voids. Section III presents
computational results, and concluding remarks are given
Sec. IV.

II. COUPLING OF LIQUID HYDRODYNAMICS AND
VOIDS EVOLUTION

A. Evolution of an ensemble of voids

We consider a bipolar stress wave generated on the
boundary of an aqueous system by a short pulse laser.
liquid system is described by a one-dimensional hydro
namic code coupled to an ensemble of embedded impuri
which produce a distribution of voids under tension in t
liquid.4,5 The distribution of impurity sizes can be modele
as an exponential4

n~R!5
n0

R1
exp~2R/R1!, ~1!

where n•dR is the number of impurities per unit volum
with radius R in the rangedR, n0 is the impurity number
density, andR1 is the characteristic size. Typical values a
n0;105– 108 cm23 andR;0.1– 2mm. There are no limita-
tions on the types of impurity distributions. The surface te
sion 2g/R limits the nucleation threshold, whereg is the
surface tension parameter. In waterg570 erg/cm2 and for
tensions larger than 10 bar voids can nucleate around im
rities with radiusR.0.15mm.

The hydrodynamic simulation solves for the ensemble
growing voids in every spatial zone at each time step. T
voids grow as spherical bubbles around the impurities
cording to an extended Rayleigh model based on
Kirkwood–Bethe hypothesis.6–9 The corresponding ordinar
differential equation for the bubble radiusR is1,8,9

RU̇~12M !1
3

2
U2S 12

M

3 D
5DH•~11M !1

R

Cs
DḢ•~12M !, ~2!

whereU is the bubble boundary velocity,M5U/Cs is the
Mach number, andCs is the adiabatic sound speed. The e
thalpy difference isDH[H(R)2Ha5*Pa

P(R)(dp/r), where

the enthalpyH(R) and the pressureP(R) are defined at the
bubble boundary, andr is the liquid density. The enthalp
Ha and the ambient pressurePa are taken as the local time
dependent liquid values obtained from the hydrodynam
simulation. The enthalpies can be written asH(R)5@«
1(P/r)# r 5R and Ha5@«1(P/r)# r 5r a

, where« is the en-
ergy per unit mass. The pressureP(R) on the bubble bound
ary depends on the pressurePb inside the bubble, the surfac
tensiong, and the viscosityh,

P~R!5Pb~R,Sb!2
2g

R
24h

U

R
,

whereh51022 erg s cm23 for water. The first term on the
right hand side of Eq.~2! depends on the difference betwe
the pressure inside the bubble and the ambient pressure
small density changes one obtainsDH'@P(R)2Pa#/r, and
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by inserting this approximation into Eq.~2! we obtain a more
familiar though less accurate form of the extended Rayle
equation.7 The second term on the right hand side depe
on the rate of change of the enthalpy and represents
acoustic emission by the bubble. Equation~2! can be applied
for large levels of acoustic emission for Mach numbers
the order of unity.

The growing bubbles interact with each other when th
are relatively small by modifying the liquid density and pre
sure surrounding them. When the void volumes beco
linked together, coalescence of the bubbles is obtained.10 In a
real tissue, the growing voids reduce the tissue strength
may coalesce to produce a complete fracture. In this w
the bubbles are assumed to remain far from the coalesc
stage which is a subject of future work.

B. Hydrodynamic model coupled to the void
evolution

In the hydrodynamic model, the liquid system includin
the voids behaves as a porous material with an average
sity rav that differs from the local liquid densityr. The two
densities are related by

rav5r
~12un!

~12un0!
, ~3!

where un(t) is the local relative void volume, andun0(t
50) is the initial relative volume of the impurities. The hy
drodynamic computations are done withrav, while the ther-
modynamic quantities such as pressure, temperature, en
density, and entropy are calculated using the equation of s
~EOS! according to the local fluid densityr. The increase in
the void volume causes an increase in the liquid densitr
relative to the average densityrav, which reduces the tensio
in the system. This couples the hydrodynamic motion to
void evolution.

The ensemble of impurities is represented byN initial
radii Ri(0) at timet50. The radiiRi(t) evolve according to
the extended Rayleigh model as in Eq.~2! and depend on the
local hydrodynamic pressurePa . Other void radii in the en-
semble are obtained by linear interpolation from the cal
lated Ri(t). This procedure is used to calculate the relat
void volumeun(t).

When the bubble grows under tension, the pressure
side the bubble is reduced almost to zero. In the colla
stage of the bubble its volume is limited by the compre
ibility of the impurity inside the bubble. Assuming that th
collapse is not highly symmetric, we ignore the rebound
the bubble and take its collapse energy as fully dissipate
the liquid. Only new tensile stresses can generate a bu
re-expansion. The EOS that we use is based on the N
Steam Tables.11 The conditions inside the bubble are o
tained by using the Maxwell constructed EOS.11 Outside the
bubble, where tensile waves can exist, the Van der Wa
EOS is selected.11 The expansion of the bubbles is adiaba
and the adiabats are generated for the inside and outsid
the bubbles, based on the initial conditions after the hea
of the system by the laser.
IP license or copyright, see http://ojps.aip.org/japo/japcr.jsp
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At the end of every time step and in every spatial hyd
dynamic zone, the bubble radii and the relative void volu
un(t) are calculated based on the local hydrodynamic p
sure. In the following time stepun(t) is used to transformrav

to the liquid densityr according to Eq.~3!. The densityr and
the temperatureT are included in the iterations.

III. RESULTS AND DISCUSSION

In the hydrodynamic simulation we consider a sh
pulse laser beam incident on a free boundary of an aque
liquid system. The laser energy is deposited exponenti
with an absorption lengthl a , heating the system from it
initial temperatureT0520 °C. The initial ambient pressur
in the system is 1 bar. The laser heating generates a bip
stress wave. The tensile component of the wave inter
with the ensemble of impurities and nucleates a distribut
of growing voids. We consider an exponential distribution
impurities as in Eq.~1! with R150.5mm. We select five
groups of impurities with initial radiiRi50.3, 0.5, 0.7, 1.0,
and 1.5mm. We find that the results are not sensitive to
increase in the number of groups.

For comparison with experimental results in Ref. 1 w
select a laser fluence of 1.53 J/cm2 and absorption length o
100 mm, which increases the liquid temperature at the f
surface by 40 °C.

FIG. 1. Pressure vs distance for impurity density of:~a! n0'0 and~b! n0

5108 cm23 at timest550, 150, and 250 ns.
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A. Short time scale dynamics

First consider the short time scale evolution on the or
of l a /Cs'100 ns for impurity densities in the range 0<n0

<109 cm23. Figure 1~a! shows the stress wave pressure a
function of distancex from the free surface at times 50, 15
and 250 ns and for very low impurity concentrationn0'0.
The bipolar wave is propagating almost unaltered throu
the system. Figure 1~b! considers the stress wave propag
tion for a moderate impurity densityn05108 cm23. As the
wave propagates inside the system the void growth impo
a reduction in the tensile component and causes the pres
to oscillate between tension and compression. The pres
oscillations are related to the density variation as the vo
change their volume.

Figure 2 shows a time dependent comparison of
stress wave pressure for densitiesn050, 105, 108, and
109 cm23 at x5220mm. An increase in impurity density to
n05109 cm23 almost completely screens the tensile comp
nent on the time scale of stress wave propagation.

FIG. 2. Pressure vs time for impurity densitiesn050, 105, 108, and
109 cm23 at a distance of 220mm from the free surface.

FIG. 3. The bubbles relative void volume~%! vs distance for impurity
densitiesn05106, 107, and 108 cm23 at time 500 ns.
IP license or copyright, see http://ojps.aip.org/japo/japcr.jsp



ies

b
rit
um
b
th

n

h

l-
e

tem.
are

to

wth
l
-

. 1.
in

re
tua-
ble
tem
uch

d
ig.

4723J. Appl. Phys., Vol. 91, No. 7, 1 April 2002 Strauss et al.
screening of the stress wave for densities below 105 cm23 is
small.

Figure 3 shows the relative bubble volumeun as a func-
tion of distance from the free boundary for impurity densit
n05106, 107, and 108 cm23 at time 500 ns. As the impurity
density increases, the maximum void volume increases,
less than linearly due to bubble interactions. As the impu
density increases there is a rapid decrease of the void vol
versus distance from its maximum value. This is caused
the increased screening of the tensile component of
propagating stress wave by the bubbles@See Fig. 1~b!#.

B. Long time scale dynamics

In the following we consider a long time-scale evolutio
on the order of the bubble lifetimes~microseconds!. Figures
4~a! and 4~b! show the bipolar wave pressure~with a factor
of 10 reduced scale! and a selection of bubble radii wit
initial values ofRi(0)50.3, 0.5, 0.7, 1.0, and 1.5mm as a
function of time for low impurity concentrations,n0'0 and
n05106 cm23, at a distancex5160mm from the boundary.
In Fig. 4~a! the bubbles grow without interaction and co
lapse on a timescale of about 6ms. The collapse is due to th

FIG. 4. Pressure/10 and bubble radii with initial valuesRi50.3, 0.5, 0.7,
1.0, and 1.5mm vs time atx5160mm for impurity densities of:~a! n0

50 and~b! n05106 cm23.
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1 bar ambient compression pressure in the aqueous sys
The collapse times are similar for the various radii and
independent of the propagation distancex. Bubbles with dif-
ferent initial radii grow similarly because they expand
radii much larger than their initial values. Figure 4~b! shows
the mutual influence of the stress wave and bubble gro
for an impurity densityn05106 cm23 and an exponentia
distribution of impurities. Note that the bubble lifetime in
creases to 10ms in Fig. 4~b! which is almost a factor of 2
longer than in the noninteracting case@Fig. 4~a!#. This result
is consistent with the experimental results reported in Ref

In Figs. 5~a! and 5~b! we increase the pressure scales
Figs. 4~a! and 4~b! by a factor of 100 for clarity. In Fig. 5~b!
we also include a short time scale average pressure~bold
line!. For the noninteracting case in Fig. 5~a! the long time
scale average pressure is close to 1 bar. In Fig. 5~b! the
growing bubbles interact with the liquid causing pressu
oscillations between tension and compression. These fluc
tions are due to the nonequilibrium nature of the bub
growth. We see that the bubble interaction causes the sys
to reach a short time average compression pressure m
below 1 bar, thus increasing the bubble lifetimes. In Fig. 4~b!
the bubbles with initially smaller radii collapse earlier an
there is a larger spread in bubble lifetimes compared to F

FIG. 5. Pressure310 and bubble radii as in Fig. 4~dashed lines! vs time at
x5160mm for impurity densities of:~a! n050 and~b! n05106 cm23. In
~b! we include the short time scale average pressure~bold line!.
IP license or copyright, see http://ojps.aip.org/japo/japcr.jsp
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4~a!. In Fig. 5~b! when smaller bubbles start to collapse t
reduction in the average compression pressure from bu
interactions becomes notably smaller after 8ms. This pres-
sure reduction limits any further increase in the lifetimes
larger bubbles and reduces the spread in the bubble lifetim

To study the mechanism that increases the bubble
times we consider two more types of simplified impur
distributions in the range 0–1.5mm. In Figs. 6~a! and 6~b!

FIG. 6. Pressure310 and bubble radii with initial valuesRi50.3, 0.5, 0.7,
1.0, and 1.5mm vs time at x5160mm for impurity density of n0

5106 cm23. Almost all the impurities are initially equally distributed in th
range:~a! 0.3–0.35mm and~b! 1.45–1.5mm.

FIG. 7. Bubbles lifetime vs distance for bubbles with initial radiusRi

51.0mm, n05106 cm23, andn0'0. The laser fluence is 1.53 J/cm2 and
the absorption lengthl a5100mm. The dots are the experimental resu
from Ref. 1.
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we consider the majority of the impurities in uniform distr
butions with small radii in the range 0.3–0.35mm and with
larger radii in the range 1.45–1.5mm, respectively. The pres
sure is represented on a larger scale by a factor of 10 to s
its oscillatory nature and the fact that the average pressu
strongly reduced relative to the atmospheric pressure. T
reduction is the main cause of the increase in the bub
lifetimes. In Fig. 6~a! bubbles with a smaller initial radii are
in the majority and they strongly reduce the average co
pression pressure until a time of about 8ms when the col-
lapse stage starts, and lifetimes of about 10ms are attained.
Larger impurities that are in the minority attain simila
bubble lifetimes, and the spread in the bubble distribution
small. As the collapse stage starts for the dominant sma
bubbles the average compression pressure is increased
the remaining larger bubbles collapse with only sligh
larger lifetimes.

In Fig. 6~b! large bubbles are the majority and are mo
effective in screening the tensile component of the str
wave and the bubble initial growth is reduced. This cau
the smaller bubbles to collapse earlier. But since they
relatively few in number, there is little effect on the collap
of the main bulk of larger bubbles. The larger bubbles rea
higher lifetimes of more than 10ms. In the expansion stag
the average pressure is very low over a wide range of tim
As the collapse stage starts the pressure is increased, ca
larger bubbles to collapse in a short time relative to the
pansion time. The spread in the bubble lifetimes is large

In Fig. 7 we show the bubble lifetimes as a function
distancex from the free boundary for an absorption leng
l a5100mm, a laser fluence of 1.53 J/cm2 and densitiesn0

'0 and 106 cm23. Figure 7 also includes the experiment
results reported in Ref. 1. This fluence is consistent wit
temperature rise at the free boundary of 40 °C. Compar
the lifetime results for bubbles with initial radiusRi

51 mm, for n0'0, andn05106 cm23, there is an increase
in lifetime from 6 to 10 ms for a wide range 100,x
,350mm. Good agreement is obtained for the bubble li
times between our computational results and experime
results of Ref. 1 forn05106 cm23. There is coupling be-

FIG. 8. Bubbles lifetime vs impurity density for bubbles with initial radiu
Ri51.0mm, at a normalized distancex/ l a51.6. The dashed line is for
absorption lengthl a5100mm and the solid line is forl a5200mm.
IP license or copyright, see http://ojps.aip.org/japo/japcr.jsp
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tween different locations in the liquid through the liqu
pressure, clamping the bubble lifetimes to about 10ms. It is
clear that bubble interactions have a large influence
bubble lifetimes and should be calculated consistently w
the bulk hydrodynamics. The lifetimes decrease forx
,100mm where the tensile component is low and scree
by the compression component. At larger distancesx
.350mm, the lifetime is again reduced because the ten
component is attenuated by the voids growing at smax
values.

Figure 8 considers the impurity density effect on t
bubble lifetimes for bubbles with initial radiusRi51 mm,
for absorption lengthsl a5100mm ~dashed line!, and 200
mm ~solid line! at a dimensionless distancex/ l a51.6, for
fluences 1.53 and 0.68 J/cm2. For a fluence of 1.53 J/cm2

there is an increase in bubble lifetimes with increasing
purity density, because of the strong reduction in the co
pression pressure relative to the atmospheric pressure.
this fluence the bubble lifetimes slowly increase up to d
sities of 53106 cm23. At densities above 53106 cm23

pressure screening of the tensile stress is increased an
bubble lifetimes are reduced. This effect is stronger forl a

5200mm. For a smaller fluence of 0.68 J/cm2, the bubble
lifetimes are shorter and have a much weaker dependenc
the impurity density. The results for 0.68 J/cm2 are consistent
with experimental results.1

IV. CONCLUSIONS

In conclusion we find that for aqueous systems with i
purity densities 107– 109 cm23 there is a strong interactio
between the stress wave and the ensemble of evolving v
on the short time scale of stress wave propagation~;100 ns!.
The interaction attenuates the stress wave tensile compo
and affects the bubble lifetimes. For impurity densities
low as 106 cm23 the growing voids interact with each othe
on a longer time scale~;10 ms! through the change in th
fluid pressure and strongly influence their lifetimes. Th
bubble evolution should be treated self-consistently with
hydrodynamic pressure in the liquid even well before
onset of coalescence.1 We find that various types of impuri
ties with different initial radii nucleate voids that evolve o
different time scales.

More experiments should be done with different imp
rity densities and different distributions to verify the intera
tion between stress wave propagation and bubble evolu
This effect should be extended to the coalescence stage
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liquid. The self-consistent effect of stress wave propagat
and void evolution should be tested in real tissues for diff
ent physical effects such as viscosity, elasticity, and stren
and failure mechanisms.
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