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Preface

The purpose of this book is to teach the basic theoretical principles of plasma
physics. It is not intended to be an encyclopedia of results and techniques. Nor is it
intended to be used primarily as a reference book. It is intended to develop the
basic techniques of plasma physics from the beginning, namely, from Maxwell’s
equations and Newton’s law of motion. Absolutely no previous knowledge of
plasma physics is assumed. Although the book is primarily intended for a one year
course at the first or second year graduate level, it can also be used for a one or
two semester course at the junior or senior undergraduate level. Such an under-
graduate course would make use of that half of the book which assumes a knowl-
edge only of undergraduate electricity and magnetism. The other half of the book,
suitable for the graduate level, requires familiarity with complex variables, Fourier
transformation, and the Dirac delta function.

The book is organized in a logical fashion. Although this is not the standard
organization of an introductory course in plasma physics, I have found that
students at the graduate level respond well to this organization. After the intro-
ductory material of Chapters 1 and 2 (single particle motion), the exact theories of
Chapters 3 to 5 (Klimontovich and Liouville equations), which are equivalent to
Maxwell’s equations plus Newton’s law of motion, are replaced via approxima-
tions by the Vlasov equation of Chapter 6. Further approximations lead to the
fluid theory (Chapter 7) and magnetohydrodynamic theory (Chapter 8). The book
concludes with two chapters on discrete particle effects (Chapter 9) and weak
turbulence theory (Chapter 10). Chapter 6, and Chapters 7 and 8, are meant to be
self-contained, so that the book can easily be used by instructors who wish the
standard organization. Thus, the introductory material of Chapters 1 and 2 can be
immediately followed by Chapters 7 and 8. This would be enough material for a

vii



one semester undergraduate course, while the first hall of o two semester praduate
course could continue with Chapter 6 on Viasov theory, followed in the second
semester by Chapters 3 to 5 on kinetic theory and then by Chapters 9 and 10.
It is a pleasure to acknowledge the help of many individuals in writing this
book. My views on plasma physics have been shaped over the years by dozens of
plasma physicists, especially Allan N. Kaufman and Martin V. Goldman. The
students in graduate plasma physics courses at the University of Colorado and the
University of lowa have contributed many useful suggestions (Sun Guo-Zheng
deserves special mention). The manuscript was professionally typed and edited by
Alice Conwell Shank, Gail Maxwell, Susan D. Imhoff, and Janet R. Kephart. The
figures were skillfully drafted by John R. Birkbeck, Jr. and Jeana K. Wonderlich.
The preparation of this book was supported by the University of Colorado, the
University of Iowa, the United States Department of Energy, the United States

National Aeronautics and Space Administration, and the United States National
Science Foundation.

Dwight R. Nicholson
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CHAPTER

Introduction

1.1 INTRODUCTION

A plasma is a gas of charged particles, in which the potential energy of a typical
particle due to its nearest neighbor is much smaller than its kinetic energy. The
plasma state is the fourth state of matter: heating a solid makes a liquid, heating a
liquid makes a gas, heating a gas makes a plasma. (Compare the ancient Greeks’
earth, water, air, and fire.) The word plasma comes from the Greek pldsma,
meaning “something formed or molded.” It was introduced to describe ionized
gases by Tonks and Langmuir [1]. More than 99% of the known universe is in the
plasma state. (Note that our definition excludes certain configurations such as the
electron gas in a metal and so-called “‘strongly coupled” plasmas which are found,
for example, near the surface of the sun. These need to be treated by techniques
other than those found in this book.)

In this book, we shall always consider plasma having roughly equal numbers of
singly charged ions (+¢) and electrons (—e), each with average density n, (particles
per cubic centimeter). In nature many plasmas have more than two species of
charged particles, and many ions have more than one electron missing. It is easy to
generalize the results of this book to such plasmas.

EXERCISE Name a well-known proposed source of energy that involves plasma
with more than one species of ion.

1.2 DEBYE SHIELDING

In a plasma we have many charged particles flying around at high speeds. Consider
a special test particle of charge g, > 0 and infinite mass, located at the origin of a
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three-dimensional coordinate system containing an infinite, uniform plasma. The
test charge repels all other ions, and attracts all electrons. Thus, around our test

gathers a shielding cloud that tends to cancel its own charge (Fig. 1.1).
Consider Poisson’s equation relating the electric potential ¢ to the charge densi-
ty p due to electrons, ions, and test charge,

Vz(p — ——47rp = 47‘1’8(}’[8 = n,-) — 47TqT 6(1‘) (11)

where 8(r) = 6(x)8(y)8(z) is the product of three Dirac delta functions. After the
introduction of the test charge, we wait for a long enough time that the electrons
with temperature 7, have come to thermal equilibrium with themselves, and the
ions with temperature T; have come to thermal equilibrium with themselves, but
not so long that the electrons and ions have come to thermal equilibrium with each
other at the same temperature (see Section 1.6). Then equilibrium statistical me-
chanics predicts that

. £ —eqe
n, = noexp (=), n; = ny exp( T ) (1.2)

i

where each density becomes #, at large distances from the test charge where the
potential vanishes. Boltzmann’s constant is absorbed into the temperatures 7, and
T;, which have units of energy and are measured in units of electron-volts (eV).

Assuming that e/T, << 1 ande@/T; << 1, we expand the exponents in (1.2)
and write (1.1) away from r = 0 as

1 d [ ,do 1 1
Vg _2_(’”7) = 4mnoe’ (— W T)w (1.3)

T

-4

+e

Fig. 1.1 A test charge in a plasma attracts particles of opposite sign and repels particles of
like sign, thus forming a shielding cloud that tends to cancel its charge.

=

Plasma Parameter

If we define the electron and ion Debye lengths
I‘ 1/2

Aes (4rrn(,¢"' ) (1.4)
and the total Debye length

Ap? = x* + N (xS)
Eq. (1.3) then becomes

1 d{,d 3
— __r_(r T;ri) = A% (1.6)

Trying a solution of the form ¢ = &/r, we find
d*o
dr?

The solution that falls off properly at large distances is ¢ o exp (—r/Ap). From

elementary electricity and magnetism we know that the solution to (1.1) at loca-
tions very close to r = 0 is ¢ = g;/r; thus, the desired solution to (1.1) at all

distances is

= A\p2P (1.7)

- iz
0 = exp(AD) (1.8)

The potential due to a test charge in a plasma falls off much faster than in vacuum.
This phenomenon is known as Debye shielding, and is our first example of plasma
collective behavior. For distances r >> the Debye length A, the shielding cloud
effectively cancels the test charge g,. Numerically, the Debye length of species s
with temperature 7 is roughly A, = 740[T,(eV)/n(cm™)]"? in units of cm.

EXERCISE Prove that the net charge in the shielding cloud exactly cancels the
test charge g

It is not necessary that g, be a special particle. In fact, each particle in a plasma
tries to gather its own shielding cloud. However, since the particles are moving,
they are not completely successful. In an equal temperature plasma (T, = T;), a
typical slowly moving ion has the full electron component of its shielding cloud
and a part of the ion component, while a typical rapidly moving electron has a
part of the electron component of its shielding cloud and almost none of the ion

component.

1.3 PLASMA PARAMETER

In a plasma where each species has density n, the distance between a particle and
its nearest neighbor is roughly n,"V3. The average potential energy @ of a particle
due to its nearest neighbor is, in absolute value,

2

@] ~ =~ e (1.9)
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Our definition of a plasma requires that this potential energy be much less than the
typical particle’s kinetic energy
3

l N = —— T = i 2
> mv”) ? T, 5 M, (1.10)

where m, is the mass of species s, ( ) means an average over all particle velocities
at a given point in space, and we have defined the thermal speed v, of species s by

v, = (TS )1/2 (1.11)

mg

For electrons, v, = 4 X 107 T,/2 (eV) in units of cm/s. Our definition of a
plasma requires

nl3e? << T, (1.12)
or
ne3 (—5;)>> 1 (1.13)
n, e”

Raising each side of (1.13) to the 3/2 power, and recalling the definition (1.4) of
the Debye length, we have (dropping factors of 4, etc.)

A, = nh 3 >> 1 (1.14)

where A, is called the plasma parameter of species s. (Note: Some authors call A!
the plasma parameter.) The plasma parameter is just the number of particles of
“species s in a box each side of which has length the Debye length (a Debye cube).
Equation (1.14) tells us that, by definition, a plasma is an ionized gas that has
many particles in a Debye cube. Numerically, A, = 4 X 108 T ¥(eV)/n,"*(cm™).
We will often substitute the total Debye length A, in (1.14), and define the result
A = ny A to be the plasma parameter.

EXERCISE Evaluate the electron thermal speed, electron Debye length, and

electron plasma parameter for the following plasmas.

(a) A tokamak or mirror machine with T, = 1keV, n, =~ 10" cm™,

(b) The solar wind near the earth with 7, =~ 10 eV, n, = 10 cm™,

(c) The ionosphere at 300 km above the earth’s surface with T, =~ 0.1 eV,
ny, = 10° cm™,

(d) A laser fusion, electron beam fusion, or ion beam fusion plasma with
T, = 1keV,n, = 10®° cm™.

(¢) The sun’s center with 7, = 1 keV, n, = 10* cm™.

It is fairly easy to see why many ionized gases found in nature are indeed plasmas.
If the potential energy of a particle due to its nearest neighbor were greater than its
kinetic energy, then there would be a strong tendency for electrons and ions to
bind together into atoms, thus destroying the plasma. The need to keep ions and
electrons from forming bound states means that most plasmas have temperatures
in excess of one electron-volt.

Plasma Frequency 5

EXERCISE The temperature of intergalactic plasma is currently unknown, but
it could well be much lower than 1 ¢V. How could the plasma maintain itself at
such a low temperature? (Hint: n, = 10" cm M.

Of course, it is possible to find situations where a plasma exists jointly with
another state. For example, in the lower ionosphere there are regions where 99%
of the atoms are neutral and only 1% are ionized. In this partially ionized plasma,
the ionized component can be a legitimate plasma according to (1.14), where A,
should be calculated using only the parameters of the ionized component. Typical-
ly, there will be a continuous exchange of particles between the unionized gas and
the ionized plasma, through the processes of atomic recombination and ioniza-
tion.

We can now evaluate the validity of the assumption made before (1.3), that
e/T, << 1. This assumption is most severe for the nearest neighbor to the test
charge (which we now take to have charge g, = +e). Using the unshielded form of
the potential, we require

- (%)z{,—(n—o‘fl—/;)<<1 (1.15)
or
n' et << T, (1.16)

which is just the condition (1.12) required by the definition of a plasma. Thus, our
derivation of Debye shielding is correct for any ionized gas that is indeed a
plasma.

1.4 PLASMA FREQUENCY

Consider a hypothetical slab of plasma of thickness L, where for the present we
consider the ions to have infinite mass, but equal density n, and opposite charge to
the electrons while the electrons are held rigidly in place with respect to each other,
but can move freely through the ions. Suppose the electron slab is displaced a
distance 6 to the right of the ion slab and then allowed to move freely (Fig. 1.2).
What happens?

An electric field will be set up, causing the electron slab to be pulled back
toward the ions. When the electrons exactly overlap the ions, the net force is zero,
but the electron slab has substantial speed to the left. Thus, the electron slab
overshoots, and the net result is harmonic oscillation. The frequency of the oscilla-
tion is called the electron plasma frequency. It depends only on the electron densi-
ty, the electron charge, and the electron mass. Let’s calculate it.

Poisson’s equation in one dimension is (8, = 3/0x)

0,.E = 4mp (1.17)

where E is the electric field. Referring to Fig. 1.3, we take the boundary condition
E(x = 0) = 0, and assume throughout that 6 << L. From (1.17) the electric field
over most of the slab is 47n,ed, and the force per unit area on the electron slab is
(electric field) X (charge per unit area) or —47n,’e*0L. Newton’s second law is
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Fig. 1.2 Plasma slab model used to calculate the plasma frequency.

(force per unit area) = (mass per unit area) X (acceleration), or

(—4mn,2e*8L) = (nym, L)) (1.18)
where an overdot is a time derivative. Equation (1.18) is in the standard form of a
harmonic oscillator equation,

2
o (4”""6 )5 =0 (1.19)

€

with characteristic frequency

s =

2 x 172
(M) (1.20)

m,

which is called the electron plasma frequency. Numerically, w, = 2w X 9000 n,'?
(cm™) in units of s7%.

EXERCISE Calculate the electron plasma frequency w, and w,/2m (e.g., in MHz
and kHz) for the five plasmas in the exercise below (1.14).

By analogy with the electron plasma frequency (1.20) we define the ion plasma
frequency w; for a general ion species with density #; and ion charge Ze as

drn.Z2e? \172
bt = (_ﬂ'"t_e_) (1.21)
m;
The total plasma frequency w, for a two-component plasma is defined as
0! = o’ + of (1.22)

P
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px)

ny e

I L+6 %
0 )
(a)
E (x)
4menyd
l | L
0 ) L L+§
(b)

Fig. 1.3 Calculation of the electron plasma frequency. (¢) Charge density. (b) Electric
field.

(See Problem 1.3.) For most plasmas in nature w, >> w;, 50 w,” = o,’. We will
see in a later chapter that the general response of an unmagnetized plasma to a
perturbation in the electron density is a set of oscillations with frequencies very
close to the electron plasma frequency w,.

The relation among the Debye length A, the plasma frequency w,, and the
thermal speed v, for the species s, is

Ay = v/ wg (1.23)

EXERCISE Demonstrate (1.23).

15 OTHER PARAMETERS

Many of the plasmas in nature and in the laboratory occur in the presence of
magnetic fields. Thus, it is important to consider the motion of an individual
charged particle in a magnetic field. The Lorentz force equation for a particle of
charge ¢, and mass m,; moving in a constant magnetic field B = B?Z is

qcs (t X By2) (1.24)

m;r =

For initial conditions r(¢ = 0) = (x,,)0,2,) and (¢ = 0) = (0, v,,v,) the solu-
tion of (1.24) is

Vi
x(t) = xo + T)—(l — cos 1)

v,
y(t) = yo + 0 sin Ot
z(t) = zo + v, (1.25)
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where we have defined the gyrofrequency

(1.26)

EXERCISE Verify that (1.25) is the solution of (1.24) with the desired initial condi-
tions.

Numerically, Q, = — 2 X 107 B, (gauss, abbreviated G) in units of s™', and Q; =
10* B, (gauss) in units of s™' if the ions are protons.

The nature of the motion (1.25) is a constant velocity in the Z-direction, and a
circular gyration in the x-y plane with angular frequency || and center at the
guiding center position r,,. given by

I = (xo t v, /Q Yo, Zo T v,1) (1.27)
The radius of the circle in the x-y plane is the gyroradius v, /|Q,|. The mean
gyroradius r, of species s is defined by setting v, equal to the thermal speed, so

ro = v/ |4 (1.28)

EXERCISE In the exercise below (1.14), calculate and order the frequencies w,,
w; |Q,l, Q; also calculate the gyroradii r, and r;; take T; = T, and use the
following parameters.

(a) Protons, B, = 10 kG.

(b) Protons, B, = 107 G.

(c) OTionms, B, = 0.5 G.

(d) Deuterons, B, = 0 and B, = 10° G.
(e) Protons, B, = 100 G.

At this point, let us briefly mention relativistic and quantum effects. For simplici-
ty, we shall always treat nonrelativistic plasmas. In principle, there is no difficulty
in generalizing any of the results of this course to include special relativistic effects;
these are discussed at length in the book by Clemmow and Dougherty [2].

EXERCISE To what regime of electron temperature are we limited by the non-
relativistic assumption? How about ion temperature if the ions are protons?

There are, of course, many plasmas in which special relativistic effects do be-
come important. For example, cosmic rays may be thought of as a component of
the interstellar and intergalactic plasma with relativistic temperature.

We shall also neglect quantum mechanical effects. For most of the laboratory
and astrophysical plasmas in which we might be interested, this is a good assump-
tion. There are, of course, plasmas in which quantum effects are very important.
An example would be solid state plasmas. As a rough criterion for the neglect of
quantum effects, one might require that the typical de Broglie length A/m v, be
much less than the average distance between particles n, "/,

Collisions 9

EXERCISE What is the maximum density allowed by this criterion for electrons
with temperature
(a) 10eV?
(b) 1 keV?

(c) 100 keV?

In other applications, such as collisions (see next section), one might require the
de Broglie length to be much smaller than the distance of closest approach of the
colliding particles.

In addition to these assumptions, we shall also neglect the magnetic field in
many of the sections of this book. This neglect is made for simplicity, in order that
the basic physical phenomena can be elucidated without the complications of a
magnetic field. In practice, the magnetic field can usually be ignored when the
typical frequency (inverse time scale) of a phenomenon is much larger than the
gyrofrequencies of both plasma species.

1.6 COLLISIONS

A typical charged particle in a plasma is at any instant interacting electrostatically
(see Problem 1.5) with many other charged particles. If we did not know about
Debye shielding, we might think that a typical particle is simultaneously having
Coulomb collisions with all of the other particles in the plasma. However, the ficld
of our typical particle is greatly reduced from its vacuum field at distances greater
than a Debye length, so that the particle is really not colliding with particles at
large distances. Thus, we may roughly think of each particle as undergoing A
simultaneous Coulomb collisions.

From our definition of a plasma, we know that the potential energy of interac-
tion of each particle with its nearest neighbor is small. Since the potential energy is
a measure of the effect of a collision, this means that the strongest one of its A
simultaneous collisions (the one with its nearest neighbor) is relatively weak. Thus,
a typical charged particle in a plasma is simultaneously undergoing A weak colli-
sions. We shall soon see that even though A is a large number for a plasma, the
total effect of all the simultaneous collisions is still weak. Of course, a weak effect
can still be a very important effect. In the magnetic bottles like tokamaks and
mirror machines currently being used to study controlled thermonuclear fusion
plasmas, ion-ion collisions are one of the most important loss mechanisms.

Mathematically, the importance of collisions is contained in an expression called
the collision frequency, which is the inverse of the time it takes for a particle to
suffer a collision. Exactly what is meant by a collision of a charged particle
depends upon the definition, and we will consider two different definitions with
different physical content. Our mathematical derivation of the collision frequency
is an approximate one, intended to be simple but yet to yield the correct results
within factors of two or so. A more rigorous development can be found in the
book by Spitzer [3]. (See Problem 1.6.)

Consider the situation shown in Fig. 1.4. A particle of charge ¢, mass m is
incident on another particle of charge g, and infinite mass with incident speed vj.
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4> Mg -> oo

Fig. 1.4 Parameters used in the discussion of the collision frequency in Section 1.6.

If the incident particle were undeflected, it would have position x = vt along the
upper dashed line in Fig. 1.4, being at x = 0 directly above the scattering charge g,
at¢ = 0. The separation p of the two dashed lines is the impact parameter. If the
scattering angle is small, the final parallel speed (parallel to the dashed lines) will

be quite close to v,. The perpendicular speed v, can be obtained by calculating the

total perpendicular impulse
mv, = f dt F (1) (1.29)

where F | is the perpendicular force that the particle experiences in its orbit. Since
the scattering angle v, /v, is small, we can to a good approximation use the
unperturbed orbit x = vyt to evaluate the right side of (1.29). This approximation
is a very useful one in plasma physics. In Fig. 1.4, Newton’s second law with the
Coulomb force law is

mi = q_rng 7 (1.30)

where # is a unit vector in the r-direction. Then

. sin 6 {
Fi=3sing = (pq——‘f’sin X %q;’smS 6 (1.31)

where we have used p = r sin 0 since the particle is assumed to be traveling along
the upper dashed line. Equation (1.29) then reads

_ 49 .
U gt j: dr sin® 6(1) (1.32)
The relation between 6 and ¢ is obtained from
i . i=pweos @
X rcosf = BB vyt (1.33)
so that
i, il 0
dt A0 (1.34)

EXERCISE Verify (1.34).
Using (1.34) in (1.32), we find

" 2
v, = ﬂf d6 sin § = —120 (1.35)
mvop 0 mv()p

Defining the quantity

Collisions 1

244,

> (1.36)
muy’

I)U
we have

Y Po_ (1.37)
Yo p
which is strictly valid only when v, << vg,p >> po. Insome books, the parame-

ter p, is called the Landau length.

EXERCISE Show that if ggo > 0, then p, is the distance of closest possible ap-
proach for a particle of initial speed vy.

Although (1.37) is not valid for large angle collisions, let us use it to get a rough
idea of the impact parameter p which yields a large angle collision; we do this by
setting v, equal to v, in (1.37) to obtain p = p,. Thus, any impact parameter
p < p, will yield a large angle collision. Suppose the incident particle is an elec-
tron, and the (almost) stationary scatterer is an ion. (Although Fig. 1.4 shows a
repulsive collision, our development is equally valid for attractive collisions.) The
cross section for scattering through a large angle by one ion is mp,*. Consider an
electron that enters a gas of ions. It will have a large angle collision after a time
given roughly by setting (the total cross section of the jons in a tube of unit
cross-sectional area, and length equal to the distance traveled) equal to (the unit
area), or (time) X (velocity) X (number per unit volume) X (cross section) = 1.
The inverse of this time gives us the collision frequency v, for large angle colli-
sions; thus
4mnygq,’ _ 4mnge’

mivy  mruy’

Lo oL
vy = TRyVePo =

(1.38)

Note that v, is proportional to the inverse third power of the particle speed.

Recall that a typical charged particle in a plasma is simultaneously undergoing
A collisions. Only a very few of these are of the large angle type that lead to (1.38),
since a large angle collision involves a potential energy of interaction comparable
to the kinetic energy of the incident particle and, by the definition of a plasma, the
potential energy of a particle due to its nearest neighbor is small compared to its
kinetic energy. Thus, a particle undergoes many more small angle collisions than
large angle collisions. It turns out that the cumulative effect of these small angle
collisions is substantially larger than the effect of the large angle collisions, as we
shall now show.

Unlike the large angle collisions, the many small angle collisions can produce a
large effect only after many of them occur. But these small angle collisions pro-
duce velocity changes in random directions, some up, some down, some left, some
right. We need to know how to measure the cumulative effect of many small
random events.

Consider a variable Ax that is the sum of many small random variables Ax;,
i=1,2,..5sN;

A% = Axy Ty AKX a5 T AXy (1.39)
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Suppose (Ax) 0 for each ¢ and ((Ax)") is the same for each /, where { )
indicates ensemble average [4]. Furthermore, suppose (Ax, Ax) = 0if 7 # J, so
that Ax, is uncorrelated with Ax;, i # j. Then by (1.39) we have (Ax) = 0, and

(3 a))

N
3 (Ax)d

N ((Ax)?% (1.40)

Consider a typical particle moving in the z-direction through a gas of scattering
centers. As it moves, it suffers many small angle collisions given by v which can be
decomposed into random variables Av, and Av,. These latter have just the proper-
ties of our random variable Ax; above. For one collision, with a given impact
parameter p (Fig. 1.5), we have from (1.37)

((Ax)*)

N — 2 S\ v02p02
(v)%) = (Av)) + (Ay)) = R (1.41)
Since Av, must have the same statistical properties as Av,, we must have
LT
(Av)) = (Ao = 5 =5 (1.42)
Then by (1.40) we have, for the total x velocity Av,',
tot)2y — 2y = N v'py’
((Av)%) = M(Av)) = 5 FY (1.43)

Since we are considering a particle moving through a gas of scattering centers, it is
more useful for our purposes to have the time derivative of (1.43), where on the

y

| ptdp

Fig. 1.5 The incident particle is located at the origin and is traveling into the paper. It
makes simultaneous small angle collisions with all of the scattering centers randomly
distributed with impact parameters between p and p + dp.
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right we shall have dN/dt 2ap dp nyv, as the number of scattering centers, with
impact parameter between p and p + dp, which our incident particle encounters
per unit time. The time derivative of (1.43) is then
d , dp

3 ((Av, o2 = mnyu,’py’ _P_ (1.44)
We have calculated (1.44) for only one set of impact parameters between p and
p + dp. The same logic that led to (1.40) also allows us to sum (integrate) the right
side of (1.44) over all impact parameters to obtain a total change in mean square
velocity in the £-direction. Likewise, we can add the total £-direction and the total
J-direction mean square velocities to obtain a total mean square perpendicular
velocity ((Av,'°')?. With this final factor of two we have

d tot)2\ — 2 3y 2 pmaxdp
7((Av_]_ )°) = 2mwnguypo f;}min 7
What should we use for p_, and p_, ? Recall that our derivation of the scattering
angle v, /v, in (1.37) uses the Coulomb force law. However, we know from Section
1.2 that the true force law is modified by Debye shielding and is essentially
negligible at distances (impact parameters) much greater than a Debye length.
Thus, it is consistent with the approximate nature of the present calculation to
replace p,,,, with A 5. In the case of p,..;, we use the fact that our scattering formula
(1.37) is not valid for impact parameters p < |p,| to replace p.;. by |p,|. Equation
(1.45) is then

(1.45)

d : A
7((Avﬁ°t)2) = 2mnvy’pyiln ( IPD| ) (1.46)
0

Since the logarithm is such a slowly varying function of its argument, it will suffice
to make a very rough evaluation of A ,/p,. In the definition of p,in (1.36) we take

g = —e, q, = +e, m = m,, and for this rough calculation replace v, by the €lec-
tron thermal speed v, to obtain

)\D )\Dmevez ’/ne)\D.%we2 3

'POI === 2e2 s 282 -~ 271'}10)\D = 27TA (1.47)

where we have ignored the difference between A, and A,. Dropping the small
factor 27 compared to the large plasma parameter A, and using the definition
(1.36) of p,, we find that (1.46) becomes

d 8mnge?
= I EOTY2Y et el

g (v = 5= 1n A (1.48)
A reasonable definition for the scattering time due to small angle collisions is the
time it takes ((Av,'°!)%) to equal v,* according to (1.48); the inverse of this time is

the collision frequency v, due to small-angle collisions:

_ 8mmge* In A
m vy’

(1.49)

v,

Note again the inverse cube dependence on the velocity v,. One important aspect
of v, is that it is a factor 2 In A larger than the collision frequency v, for large
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angle collisions given by (1.38). This is a substantial factor ina plasma (In A 14
if A 10°). Thus, the deflection of a charged particle in a plasma is predominant
ly due to the many random small angle collisions that it suffers, rather than the
rare large angle collisions.

Throughout one’s study of plasma physics, it is useful to identify each phenom-
enon as a collective effect or as a single particle effect. The oscillation of the plasma
slab in Section 1.4, characterized by the plasma frequency w,, is a collective effect
involving many particles acting simultaneously to produce a large electric field.
The collisional deflection of a particle, represented by the collision frequency v, in
(1.49), is a single particle effect caused by many collisions with individual particles
that do not act cooperatively.

EXERCISE s the Debye shielding described in Section 1.2 a collective effect or
a single particle effect?

It is instructive to calculate the ratio of v, to w,, which is, taking a typical speed
vy = v, in (1.49),
gy = B A T e N e
@, " miulwm, 0 2umph) T2 A,
By crudely dropping the factor In A/2m and replacing A, by A, we have the easily
remembered but very approximate expression

(1.50)

e 1
o (1.51)

Thus, the collision frequency in a plasma is very much smaller than the plasma
frequency. In this respect, single particle effects are less important than collective
effects. A wave with frequency near w, will oscillate many times before being
substantially damped because of collisions.

EXERCISE What is the ratio of the collisional mean free path, for a typical
electron, to the electron Debye length? :

The collision frequency », that we calculated in (1.49) is the one appropriate to
the collisions of electrons with ions, »,. The collision frequency v,, of electrons
with electrons could be calculated in the same way, by moving to the center-of-
mass frame rather than taking the scattering center to have infinite mass. This
procedure would only introduce factors of two or so, so that within such factors
we have v,, = v,;. Next, consider ion-ion collisions between ions having the same
temperature as the electrons that have collision frequency v,,. Equation (1.49)
yields, with m, replaced by m;and v; = (m,/m)"? v, instead of vy, v;= (m/m)">
v,.. Finally, consider ions scattered by electrons (or Mack trucks scattered by
pedestrians). This calculation in the center-of-mass frame would introduce another
factor of (m,/m;)'2, so that v;,, = (m/m)v,,.

Suppose an electron-proton plasma is prepared in such a way that the electrons
and protons have arbitrary velocity distributions, and comparable but not equal
temperatures. On the time scale v, = v,;' = A w,”, the electrons will therma-
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lize via clectron-clectron and electron-ion collisions and obtain a Maxwellian dis
tribution. On a time scale 43 times longer, the ions will thermalize and obtain a
Maxwellian at the ion temperature via ion-ion collisions. Finally, on a time scale
43 times longer still, the electrons and ions will come to the same temperature via
ion-electron collisions.

This completes our brief introduction to the important basic concepts of plasma
physics. In the next chapter, we shall consider the motion of single charged parti-
cles in electric and magnetic fields.

REFERENCES

[1] L. Tonks and I. Langmuir, Phys. Rev., 33, 195 (1929).

[2] P.C. Clemmow and J. P. Dougherty, Electrodynamics of Particles and Plas-
mas, Addison-Wesley, Reading, Mass., 1969.

[31 L. Spitzer, Jr., Physics of Fully Ionized Gases, 2nd ed., Wiley-Interscience,
New York, 1962.

[4] F. Reif, Fundamentals of Statistical and Thermal Physics, McGraw-Hill, New
York, 1965.

PROBLEMS
1.1 Debye Shielding

In the discussion of Debye shielding in Section 1.2, suppose that the ions are
infinitely massive and thus cannot respond to the introduction of the test charge.
How does the answer change?

1.2 Potential Energy (Birdsall’s Problem)

A sphere of plasma has equal uniform densities #, of electrons and infinitely
massive ions. The electrons are moved to the surface of the sphere, which they
cover uniformly. What is the potential energy in the system? Sketch the electric
field and electric potential as a function of radius. If the electrons initially had
temperature 7T, and it is found that the potential energy is equal to the total initial
electron kinetic energy, what is the radius of the sphere in terms of the electron
Debye length?

1.3 Total Plasma Frequency

In the discussion of the plasma frequency in Section 1.4, suppose the ions are not
infinitely massive but have mass m;. Modify the discussion to show that the slabs
oscillate with the total plasma frequency defined in (1.22).

1.4 Plasma in a Gravitational Field

Consider an electron-proton plasma with equal temperatures T = T, = T, no
magnetic field, and a gravitational acceleration g in the —2-direction. We desire the
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densities n,(z) and n,(z), where z = 0 can be thought of as the surface of a planet.
If the electrons and ions were neutral, their densities would be given by the
Boltzmann law n,; < exp (—m,; gz/T). Then the scale height 7/m,; g would be
quite different for electrons and ions. However, this would give rise to huge
electric fields that would tend to move ions up and electrons down. Taking into
account the electric field, use the Boltzmann law and the initial guess that n(z) =~
ny(z), to be checked at the end of the calculation, to find self-consistent electron
and ion density distributions.

1.5 Electrostatic Interaction

Show that in nonrelativistic plasma, the Coulomb force between two typical parti-
cles is much more important than the magnetic field part of the Lorentz force.

1.6 Collisions

Read Sections 5.1, 5.2, and 5.3 of Spitzer [3] and compare his treatment of colli-
sions to our Section 1.6. Watch out for differences in notation, and explain all
apparent differences of factors of two. :

CHAPTER

Single Particle Motion

2.1 INTRODUCTION

A plasma consists of many charged particles moving in self-consistent electric and
magnetic fields. The fields affect the particle orbits, and the particle orbits affect
the fields. The general solution of any problem in plasma physics can be quite
complicated. In this chapter, we consider the motion of a single charged particle
moving in prescribed fields. After studying this part of the problem in isolation,
we can proceed in following chapters to include these particle orbits in the self-
consistent determination of the fields.

2.2 E x B DRIFTS

Consider a particle with v, = 0 gyrating in a magnetic field B, in the 2-direction,
with an electric field E, in the —p-direction perpendicular to the magnetic field as
in Fig. 2.1. (The symbol & always means a unit vector in the a-direction.) The
electric field E, cannot accelerate the particle indefinitely, because the magnetic
field will turn the particle. (The component of electric field £., which we ignore
here, can accelerate particles indefinitely. In a plasma, the resulting current usually
acts to cancel the charge that caused the electric field in the first place. There are,
however, important cases where this cancellation is hindered; for example, the
earth’s aurora, and tokamak runaway electrons.) What does happen? When the
charge g, is positive, the ion is accelerated on the way down. This gives it a larger
local gyroradius at the bottom of its orbit than at the top; recall that the gyroradius
isr, = v,/Q,. Thus, the motion will be a spiral in the x-y plane as shown in Fig.
2.2, where we have used the symmetry of the situation to draw the upward part of
each orbit. We see that the orbit does not connect to itself, but has jumped a
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A
2, By
Fig. 2.1 Configuration that leads to an E X B drift.

certain distance to the left during one orbit. The net result is that the particle has a
drift velocity v, to the left. Let us guess how big the drift speed is. If we average
over many gyroperiods, we see that the average accleration is zero. Thus, the net
force must be zero. The force downward is ¢,E,, while the force upward is
(g;/c)vy; X B,. We must have

my =0 =gFE, + L-v, x B, 2.1)

where () indicates an average over one gyroperiod. Taking the cross product
of (2.1) with By, and assuming v, * B, = 0, we find

E, X B,

Vi =€ Boz (22)

Note that the drift velocity does not depend on the particle’s charge or mass.

EXERCISE What is the drift speed of an electron in the earth’s magnetosphere
if |By|] = 0.1 G and |E;| = 107 ¥ cm™'? (Remember 1 sV = 300 V.) What if
the particle were a uranium atom with charge ¢, = +57 e?

Let us now make sure that our guess is correct, and that the kind of motion we
have in mind, namely a gyration about the magnetic field lines, accompanied by a
drift, is an exact solution to the equation of motion. This equation is

qs

= ¢g,E, + v X B, (2.3)

A
i ®B
A

E,
Fig. 2.2 Motion of a particle of positive charge leading to the E X B drift.
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We define a new variable v by splitting v into a piece ¥ (which will turn out
oscillatory) and a piece v, as given by (2.2). Taking

=V + v, (2.4)

(2.3) becomes

my = q.E, + qcs ¥ X B, + —qc v, X B,
_ qs . qs
= gk v X B, + > (Ey X By) X B,
B,
qs .
= == ¥ K D
z v B, _ (2.5)

But the final form of (2.5) is an equation that we have already solved in (1.25) with
a solution that represents gyromotion about the magnetic field. Adapting that
solution we find

¥ = v, (sin Q,cos (,2,0) (2.6)

where v is any constant. Thus, the total solution is

: E, X B,
v = v, (sin 2,cos ,2,0) + ¢

T 2.7
By S

Note that any constant v, is acceptable, including v, = 0.

EXERCISE What is the initial velocity implied by the solution (2.7) with vJ~ = 0?
Sketch orblts withv, =0,v, < v, v, = v, andv > v,

Note that this entire discussion would apply if an arbitrary (temporally and
spatially constant) force F | such that F, - B, = 0 were to replace ¢,E, in the force
equation (2.1). Thus, instead of the drift velocity (2.2), we obtain

¥y = (2.8)

F, XB 1 (F P
da i slo . ( L Bo)
qs B()h Qs ms

EXERCISE What is the gravitational drift speed of an electron in a tokamak,
with [B,| = 10 kG? How about a proton? Does either of these drifts make it
hard to confine a plasma in a volume of order (1 m)? for a time of order 1 s?

We proceed to discuss other kinds of drifts. We have already seen that any real
force gives a drift according to (2.8). We shall now see that any so-called “‘ficti-
tious” force also gives a drift. For example, it is sometimes said that magnetic
fields exert a ““pressure.” This is , of course, not a real pressure, yet we shall find
that corresponding to magnetic ‘“‘pressure’ is a drift related to VB,. Likewise,
when an existing drift speed changes, the resulting acceleration is experienced as
an ““inertial” force, which then gives rise to its own drift.
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23 GRAD-B DRIFT

First, let us calculate the so-called grad-B drift. To do this we need to have a feeling
for expansion techniques. Suppose we have an equation for a variable x, with one
small term of size €, expressed as

S(x) — eg(x) =0 (2.9)
Here, € is a small constant, f and g can represent a general integro-differential
operator, and the solution of (2.9) when ¢ = 0 is x,, so that f(x,) = 0. We can
look for a solution x to (2.9) of the form

X =%+ ex; + xy; F ... (2.10)
Inserting (2.10) in (2.9) yields
SOxo + ex; + €x; + ...) = egx, + ex; + €x, + .. ) (2.11)
After Taylor expanding f and g, one obtains

1 d&f
Sxo) + f(exl-f-exz ...)+7dx2(exl+ex2+...)2
dg
Fere [g(xo) == (ex1 Eal o 2 B I ] (2.12)
where df7dx, = df/dx|,, etc. Equatmg the coefficients of each power of ¢ yields
flxy) =0 (2.13)
which determines x,, and
a
L 8(xo) (2.14)
which determines
oy = g(xo)
V' df/dx,

The approximate solutionx = x, + ex, is called the *“solution of (2.9) to order
e.” (Caution: some authors call this ““the solution to order €%.””) We must always be
careful with what we mean by small in these discussions. Something is “‘of order ¢”
if it goes to zero as e — 0; thus, 10'*¢ is of order e while 10733 is of order one.

Consider a particle gyrating in a magnetic field B,Z that increases in the y-
direction, as shown in Fig. 2.3. Let us guess what happens. The gyroradius will be
smaller at large y than at small y, so the particle will drift as shown in Fig. 2.4 for

A
¥, VB,

® ©®©@ ©
®
®©® ©®©@ ©

A
2, B,

Fig. 2.3 A magnetic field that increases in intensity in the p-direction.
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Fig. 2.4 lon VB drift.

jons and in Fig. 2.5 for electrons. Thus, electrons and ions drift in opposite
directions and, in a plasma, a net current results.
The force on a charged particle is

my = % (v X B) (2.15)

Taylor expanding B about the guiding center of the particle,

B=B,+ (- V)B (2.16)
where B, is measured at the guiding center, and where r is measured from the
guiding center (see Section 1.5) and inserting in (2.15), one obtains

my = ——= (v X By)) + —— [vX (r-V)By] (2.17)

EXERCISE What assumption is being made in (2.16)?

Expanding
v=uy, +v (2.18)
we have
M, = % (vo X By) (2.19)
which yields gyromotion, and
my, = X By) + — [vy X (r- V)By] (2.20)

where we are treating r'V as a small quantity, and to be consistent r must be
calculated using only v,.

Fig. 2.5 Electron VB drift.
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Now we are only interested in that part of v, that represents steady drift motion;
therefore, after averaging both sides of (2.20) over a gyroperiod, upon which the
left side vanishes, we have

g % v, X Bo. 5 I\ [Vu X (rikvv)iBol (2.21)
Taking v; L By, we obtain
v, = —BI—Z [vo X (r- V)B,] X B, (2.22)
0
Since the magnetic field B varies only in the y-direction,
4B, .
(r-V)B, = y Fy—“ 3 (2.23)
Then
f J . dB dB,
Vo X (l' : V)BO = Vox vt)y 0 IUOLy P} j Vox) (:)y() (2 24)
R R
34 ay
From (1.25) and (1.27),
S Y .
r = ( 0. cos (,t, 0. sin Qst,O) (2.25)
while (2.6) can be written
vy = vy(sin Q,z,cos Q,7,0) (2.26)

When we average the right side of (2.24) over a gyroperiod, the first term vanishes,
and the second term yields for (2.22), using sin® Q,t = 1/2,

—1 v’ 9B,
v, = 3B, 0. oy % (2.27)
or
1
v, = 2B X VB,) (2.28)

This is the grad-B drift. Recalling that (), contains the sign of the charge, we see
that the drift is in opposite directions for electrons and ions.

EXERCISE Given an electron and a proton with equal energies, compare the
magnitude of the grad-B drifts.

24 CURVATURE DRIFTS

Suppose a particle is moving along a field line while gyrating about it. If the field
line curves, without changing magnitude, then the particle tries to follow the field
line because all motions across field lines are resisted. It therefore feels a centrifugal

Curvature Drifts 23

force ¥, outward (Fig. 2.6), equal to

mv,’ .
F sl (2.29)
‘ Ry
Our general drift equation (2.8) then predicts

¢ F, X B, cmu)’

pt - | )
= — = = = Rp X B (2.30)
b qs B, Rpq,By° : !
or
~ N
Vi = QRB (R X B,) (2.31)

This is the curvature drift. \
In a cylindrically symmetric vacuum field, it turns out that VB, = (—By/R )R

(see p. 26 of Ref. [1]); thus we may add the grad-B drift to the curvature drift to
obtain

Ry % B
RELT L R I (2.32)

tot

Ya, T R (v

where we recall that v, is the perpendicular speed. A rigorous derivation of (2.31)
and (2.32) can be found in Refs. [2] and [3].

Fig. 2.6 Centrifugal force felt by a particle moving along a curved field line.
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2.5 POLARIZATION DRIFT

We discuss next a drift that is the result of an electric field which varies with time.
Since the drift is opposite for oppositely charged particles, it leads to a current
called the polarization current.

Cons.ider a constant magnetic field B,Z, and an electric field E(:) = — I'Ifz
where E is a constant (Fig. 2.7). The force equation is
my = ¢.E + qcs v X B, (2.33)

We expect an E X B, drift in the (—)%£-direction, which will be increasing with
time. Thus, the particle is being accelerated in the (—)%£-direction and, therefore,
feels an effective force in the £-direction. (The effective force is in the direction
opposite to the acceleration; when one steps on the gas pedal of a car, one is forced
backward into the seat.) This effective force should give rise to an F X B drift in the
J-direction. Using this intuition, we consider a solution of (2.33) of the form

V=, + vt + ou,p (2.34)

where v, will contain all gyromotion, v,is the E X B drift, and v, is the polariza-
tion drift, which is assumed to be constant. Substituting (2.34) into (2.33), we
obtain

my(vy + V) =—q.Etp + % Vo X By — qT vsBop + % u,Bo%  (2.35)

The assumed nature of the solution indicates the separation of this equation into
pieces, with

M, = "CS vo X B, (2.36)
representing gyromotion,
myy = %vaofc (2.37)
giving the polarization drift, and
) qs A
0= = gLty — = ~vBoJ (2.38)
y
@8,
X

E ()
z

Fig. 2.7 Configuration that leads to a polarization drift.
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piving the K % B drift, namely,
el £ X B, .
) o ) ] - 2.39)
vX B, \ ( B, (
I'hen (2.37) yields the polarization drift
‘m ck ¢ E
v, = i BESE P N (2.40)
q.8, B, O, B,
which in vector form is
¢ d
v, = — — E (2.41)
g OB, dt

We see that (2.34) is an exact solution to (2.33).
EXERCISE 1If E(t) = E, cos wt, can you invent a criterion for the validity of
(2.41) at each instant of time?

The polarization drift leads to a polarization current J,,, of electrons and pro-
tons, given by

: _ nyc? dE
J, = nee(vy — Vp) = ;02— oy (m, + m;) (2.42)
or
pmc? dE
= —_ 2.43
=37 & (2457

where p,, is the mass density.

26 MAGNETIC MOMENT

The preceding sections have discussed drifts due to ““forces” perpendicular to the
magnetic field. There are also forces parallel to the magnetic field that are very
important, leading to the concepts of magnetic moment and adiabatic invariants.

Recall that the magnetic moment of a current loop with current I, area 4, in
c.g.s. units, is

" % (2.44)

A charged particle gyrating in a magnetic field is such a current loop, with current
q,Q,/2m, area wp,> = v 2/ (p, is the gyroradius), and magnetic moment

qus v_l_2 quJ_Z l/zmst_Z
F =27 T a2 2cQ, B @4
or
k ]
e 001 2.46
r="3 (2-46)
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::$:::>§
/ :

Orbit

Fig. 2.8 Magnetic field with nonzero grad-B. The orbit shown is a circle in a plane
perpendicular to the paper. For the discussion following (2.51), the orbit is actually a spiral
with a velocity component v|| in the B-direction.

where W, = 'amgv,? is that portion of a particle’s kinetic energy which is per-
pendicular to the magnetic field.

We know that magnetic moments feel a force —uVB in an inhomogeneous
magnetic field. How does this work out for a charged particle? Consider a particle
gyrating about the axis of a cylindrically symmetric magnetic field, whose magni-
tude is changing along the axis, as shown in Fig. 2.8.

EXERCISE Does the field in Fig. 2.8 satisfy Maxwell’s equations?

In the figure, the vertical line is a side view of the gyrating particle. Notice that at
the top of the orbit (Fig. 2.9), for a positively charged particle, the v X B force has
one component giving gyromotion about the field, and another component point-
ing in the (—)%-direction. This latter component is constant around the gyro-orbit,
and the particle is steadily accelerated away from regions of strong field.

EXERCISE Show that this works the same for either sign of. the charge.

The force in the (—)f-direction, evaluated anywhere on the orbit, is

qs _ gl
— (v X B), =

P = v,B, (2.47)

where r is the distance from the x-axis, and B, is the component of the magnetic

field in the y-z plane in Fig. 2.8. In cylindrical coordinates,
4B, 1, .90

ox T 7 o 0B

Solving this equation with B, = 0 atr = 0, and B, << B, everywhere, one ob-

VB =0 =

X1

&>

vx B
Fig. 2.9 The vectors v, 1§, and v X B for a particle with g, > 0 at the top of the orbit in
Fig. 2:8.
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tams

rodB, r
! 2 dx 2
Inserting (2.48) in (2.47), with r equal to the gyroradius p,, we obtain

)

B |VB| (2.48)

'q\| Ps ’"'\U_'l
f o= =2 S = - —= 2.49
I L o B A= VB (2.49)
or
F = —uVB (2.50)

as expected.
Knowing the force on the particle allows the calculation of its orbit. First one

needs to know how the magnetic moment u changes along the orbit. The remark-
able fact is that the magnetic moment is constant along the orbit, provided the field
does not change much in one gyroperiod. Let us prove this.

The Lorentz force on a charged particle (with E = 0)isF = (¢,/c)v X B. A
small component F | of this force acts to accelerate the particle in the direction
perpendicular to the local magnetic field and parallel to the component of the
particle velocity v used in the definition of u. (In Fig. 2.8, let the particle shown
have a positive velocity component Y| along £. Then at the top of the orbit, v X B
has a component of magnitude Iv” B,| pointing into the paper.) This force is into

the paper at the top of the orbit of the particle in Fig. 2.8, and is given by
sl
F, = : v, B, (2.51)

where v is the component of velocity in.the £-direction and B, is negative. The
perpendicular energy of the particle then changes with time according to
d 1 S
i (7 msvj) = vyl = S vJ_v”B, (2.52)
When we use (2.48), this becomes (with r = p, at the location of the particle)
d qs ps 0B, 1 , 1 4B

LT T MY T 2 M TE e
where B, = B, or
d 1 0B
7y w, = W_Lv“ B ox (2.54)

EXERCISE Combine (2.50) and (2.53) to show that total energy is conserved.

The time rate of change of the magnetic moment is
du d (Wl) 1 aw, 1 dB

~ B -l s

d ~ dr \ B
1 0B 1 oB
=W g e T Py
= 0 (2.55)
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where the rate of change of B along the particle orbit dB/di v
been used. Thus,

I dB/dx has

L M= constant (2.56)

along the particle orbit, to within the accuracy of this calculation. This is an
.example of an adiabatic invariant, a quantity that is constant under slow changes
In an external parameter. Although our derivation treated spatially varying mag-
netic fields, the same result holds for magnetic fields with slow time variation.

We are now in the position to understand the principle of mirror confinement,
which is the basis for one of the two major approaches to magnetic fusion, and is
also the reason for the existence of the earth’s magnetosphere. Consider a magnet-
ic field created by two coils, as shown in Fig. 2.10. A particle that starts at x = 0
with energy W, and magnetic moment u conserves both of these quantities. Sup-
pose the particle initially has v, > 0;it moves to the right and feels a force to the
left, F = —uVB. Does the particle get reflected by the force, or does it go past
X = X, to be lost from the machine? This will depend on its initial v,’and v,°. We
have

Yomv} Yoy °
v=p = ;I const (2.57)
and
W = Ymfv! + vf) = W, = const (2.58)

As.the particle moves to the right, B increases and W, = Yamv } must increase to
satls.fy (2.57).- If W ever reaches W,,, then all the energy will be in perpendicular
motlgn, v, will vanish, and the particle will be reflected back toward the mirror
machine. This happens if

N Yoy O Wy _ Ymu + o) ’
Bmin Bmax Bmax ( 59)
or
02
v Bnin
2 g 2.60
v of v Brax (2.60)

Defining the pitch angle 6 = tan"'(v '/ v), we have from (2.60)

Fig. 2.10 Simple mirror machine configuration.
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,fllllll l “ I
sinf) > ] (2.61)
I“ (I).In.l\ ) I\,I“
where we have introduced the mirror ratio R = By /Bumin. Particles whose pitch

angles satisfy (2.61) at the center of the machine are confined. Those that do not
are lost out from the ends. While our derivation applies only to particles circling
the central magnetic field line, a similar statement is true for off-axis particles.

2.7 ADIABATIC INVARIANTS

The magnetic moment, constant under slow spatial or temporal changes in the
magnetic field, is one example of an adiabatic invariant. It often turns out that in a
system with a coordinate ¢, and its conjugate momentum p, the action, defined by

J Zip dq (2.62)

is a constant under a slow change in an external parameter. Here, we have as-
sumed that when there is no change in the external parameter, the motion is
periodic, andf represents an integral over one period of the motion. In the case of
a charged particle in a magnetic field, we could take, for example, measuring x
from the guiding center: p = mv,, ¢ = x, and

20/0,
J ‘—'f myv, dx :f mgv ! sin® (Q,1) dt
0

_ mmyw,®  2mgme (ﬂ) _ 2mgmc (2.63
R B K -

qs
which is the magnetic moment to within a constant.

One famous example of the constancy of action was derived at the 1911 Solvay
conference, where Lorentz asked: “What happens if we slowly shorten the string
of a swinging pendulum?” The next morning, Einstein answered: “Action [=
energy/frequency] is conserved.”

Let us now demonstrate the invariance of the action in the general case. We
have in mind the picture of a particle bouncing in a potential well, with the shape
of the well changing slowly with time, as shown in Fig. 2.11. In Hamiltonian
mechanics, we have a Hamiltonian H(p,q,\) where p is the momentum (mx in the

V(x)

- =
i\’\/{

X X3

X

Fig. 2.11 Periodic motion in a slowly changing potential well.
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figure), ¢ is the coordinate (x in the figure), and A is the parameter that determines
the shape of the well. When A is constant, the Hamiltonian is constant; when A
changes,
dH 0H d\
@ T X dr (a8
The Hamiltonian equations of motion are
: oH : oH
7= 35 == o (2.65)
The time derivative of the action
q
szpmzzfzp@ (2.66)
is b &
=2 4 pdq + 2p(9,)q, — 2p(41)4, (2.67)
I .
The last two terms vanish since the momentum is zero at the turning points; then
. 72 0H
4wl - dq = —2[H(q)) — H(q)] = 0 (2.68)

since dH/dq is to be taken at fixed A, implying H(q,) and H(q,) are to be taken at
fixed A, and H is a constant except for its variation with A. We have thus shown
the approximate constancy of any action variable in the presence of periodic
motion and slow changes of external parameters. Note that the present derivation
is heuristic, since it has been assumed that the variation is so slow that the turning
points g,(#) and ¢,(7) can be treated as continuous functions of time and can be
differentiated as in (2.67) [4]. A rigorous treatment of this problem can be found in
the fundamental paper of Kruskal [5]; see also Goldstein [6].

The knowledge of an adiabatic invariant can be very useful in predicting particle
behavior. Let us return to the mirror machine, where the constancy of the magnet-
ic moment adiabatic invariant has already enabled us to determine which particles
will be confined and which will be lost. Consider a confined particle. The confined
particle executes periodic motion between x, and x,. Thus,

: J, =fp dq ='¢ muv, dx (2.69)
must be a constant of the motion, even when the entire mirror field undergoes
slow temporal changes, or when the mirror field is not axisymmetric.

There is yet a third adiabatic invariant. As the charged particle bounces from x,
to x,, it drifts perpendicular to the field lines, with speed v,. Eventually, it comes
all the way around the mirror machine. Because this is like a huge gyro-orbit
about the axis of the magnetic field, we define a new adiabatic invariant

h=fwﬂ (2.70)

where / is the distance around the mirror machine measured at some fixed x, for
example x,. It turns out that J, is proportional to the total magnetic flux enclosed
by the drifting motion. This invariant is useful when the mirror field is not axisym-
metric, or when it undergoes slow temporal changes.

Ponderomotive Force N

EXERCISE Sketeh the earth’s magnetosphere, and discuss the motion leading
to u, J,, and J,.

2.8 PONDEROMOTIVE FORCE

All of the examples of single particle motion considered in previous scgtions
involve motion in a magnetic field, with or without an electric ficlfi. T’hcrc is one
very important single particle effect, the ponderomotiveforcef or Mlll.cr force, that
occurs in spatially varying high frequency electric fields, w1.th or w1.th0ul. an ac-
companying magnetic field. Consider a charged particle osc111gtmg ina hlg.h l.rc—
quency electric field E(¢) = E,cos (w?). The motion is then a smuso'lda.l variation
of distance with time, as shown in Fig. 2.12. Now suppose the electric field has an
amplitude that varies smoothly in space, E(x,7) = Ey(x) cos '(wt), being s.troggcr
to the right and weaker to the left. Then the first oscillation brings the particle n‘]‘to
regions of strong field, where it can be given a strong pgsh to the left .(see Fig.
2.13). When the field turns around, the particle is in a region of weaker field, aqti
the push to the right is not as strong. The net result is a displacement to th.e lcll,’
which continues in succeeding cycles as an acceleration away from the region of
strong field [7]. e
Mathematically, the force equation is

mx = q.E = qEy(x) cos wt 2.7
It is convenient to decompose x into a slowly varying component x,, ca!lec{ the
oscillation center (compare this concept to the guiding center in alnagnetlc field)
and a rapidly varying component x,, x = x, + x,. Here, x, = x where .( )
indicates a time average over the short time 27/w. Making a Taylor expansion of

t .
Fig. 2.12 Sinusoidal motion of a charged particle in a high-frequency electric field.
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Weak Strong

t

Fig. 2.13 Motion of a charged particle in a high-frequency electric field that is weaker to
the left and stronger to the right.

E(x) about the oscillation center x,, (2.71) becomes

my(x, + %) = g, (Eo o+ % d—;) cos wt (2.72)
where dE,/dx is to be evaluated at x,. Averaging (2.72) over time, we get
" dE,| ————
mXo = g; | X1 cOs wt (2.73)

To obtain an equation for x,, we note that ¥, >> ¥, since x, is high frequency;
moreover, in the spirit of the Taylor expansion we have E, >> x,(dE,/dx); there-
fore (2.72) is approximately

mi, = q.E, cos wt (2.74)
with solution x; = —(q,E,/m,w?)(cos wt); inserting this in (2.73) and performing
the time average one obtains

. _ _ 4°E, dE

R 2:)2 = (2.75)

so that the ponderomotive force F, = m%, is

- gt
F,=— rEs (E (2.76)

T‘his formula will be easier to remember if we introduce the jitter speed 5 =
(xl)max — quO/msw; then

m, d

F,=—-——= —

& 4 dx

This force is very important in such applications as laser fusion, electron beam

fusion, radio frequency heating of tokamaks, radio frequency plugging of mirrors,

radio frequency modification of the ionosphere, and solar radio bursts. The study

() (2.77)
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of the effects of ponderomotive force is one of the areas of current basic plasma
physics rescarch, Notice that the overall mass dependence is as given in (2.76), so
that the ponderomotive force acts much more strongly on electrons than on ions.
A more complete derivation of the ponderomotive force, including the magnetic
field in an electromagnetic wave, can be found in Schmidt [4].

2.9 DIFFUSION

We conclude this chapter with a brief discussion of the effects of collisions on the
location of the guiding center of a particle in a magnetic field. The discussion of
Chapter 1 shows that the effects of many small angle collisions in a plasma are
more important than the effects of rare large angle collisions. However, it is
simplest to consider here a single large angle collision between two charged parti-
cles; the results can then be qualitatively applied to determine the effects of many
small angle collisions.

Consider first the head-on collision between two electrons at x = 0, as shown
in Fig. 2.14. The last gyro-orbit, and the guiding center, of each particle before the
collision are indicated in the upper half of the figure. After the collision, electron

Before

A

x, B
z
After
b 4
°1)_,

A

x, B

Fig. 2.14 Head-on collision between two electrons in a magnetized plasma. Numbers
indicate the location of the guiding centers of the two electrons.



34 Single Particle Motion

number 2 has the same orbit that electron number 1 had before the collision, and
vice versa. Thus, the locations of the two guiding centers have been interchanged,
and there is no net motion of the electrons. We conclude that collisions between
like particles do not lead to diffusion of those particles across magnetic field lines.

Next, consider the (almost) head-on collision between an electron and a slightly
more energetic positron at x = 0, as shown in Fig. 2.15. The last gyro-orbit and
the guiding center of each particle before the collision are indicated in the upper
half of the figure. After the collision, the electron has slightly more energy than the
positron, and both guiding centers have moved by two gyro-radii in the (—)2-
direction. Thus, the center-of-mass of the system has moved a substantial distance
in the (—)Z-diréction. We conclude that collisions between unlike particles can
cause significant diffusion of particles across magnetic field lines. Further discus-
sion of diffusion can be found in Ref. [1].

This completes our discussion of single-particle motion in prescribed electric
and magnetic fields. In the next chapter, we begin a systematic treatment of
plasma physics in which the electromagnetic fields and the particle orbits are
determined self-consistently.

BEFORE

AFTER

g

A

x, B

Fig. 2.15 Head-on collision between an electron and a slightly more energetic positron in
a magnetized plasma.
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PROBLEMS
2.1 Example of a Dfift

(a) Consider a particle of charge ¢ and mass m, initially at rest at (x,y,z) =
(0,0,0), in the presence of a static magnetic field B = B,Z and E = EJ.
Taking E,, B, > 0, sketch the orbit of the particle when g > 0.

(b) Derive an exact expression for the orbit [x(7), y(#), z(2)] of the particle in
part (a). Does this result agree with the sketch of part (a)?

(c) Show that the orbit in (b) can be separated into an oscillatory term and a
constant drift term. After averaging in time over the oscillatory motion, is
there any net acceleration? If not, how are the forces in the problem bal-
anced?

(d) In what direction is the drift for ¢ > 0? For ¢ < 0? If there were many
particles of various charges and masses present, would there be any net
current?

(e) Suppose the electric field were replaced by a force F, in the p-direction.
What would be the drift velocity? [ Hint: Guess the answer using the last part
of (¢).]

2.2 Grad-B Drift

Let us derive the grad-B drift in a different way. With the force equation F =
(¢/c)v X B, insert the zero order orbit and the Taylor expanded magnetic field.
Average F over one gyroperiod to obtain an average force. Insert this average
force into the general drift equation (2.8), and compare the resulting drift to the
grad-B drift (2.28).

2.3 Polarization Drift

Let us get the polarization drift (2.41) in a faster but less rigorous manner. With
the given electric field E = —Etp, calculate an E x B drift. Relate the resulting
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accelerated drift to a force (being careful with signs), plug in the E X B formula
(2.8), and compare the result to (2.41).

2.4 Mirror Machines

(a) A mirror machine has mirror ratio 2. A Maxwellian group of electrons is
released at the center of the machine. In the absence of collisions, what frac-
tion of these electrons is confined?

(b) Suppose the mirror machine has initially equal densities n = 10" cm™® of
electrons and protons, each Maxwellian with a temperature 1 keV = 107°C.
The machine is roughly one meter in size in both directions. Recalling our
discussion of collisions from Chapter 1, estimate very roughly the time for
(1) loss of the unconfined electrons;

(2) loss of the unconfined ions;

(3) loss of many of the initially confined electrons (due primarily to which
kind of collision?); why do not all of the electrons leave?;

(4) loss of the initially confined ions (due primarily to which kind of col-
lision?).

For fusion purposes (supposing the protons were replaced by deuterium or

tritium) which of these numbers is the most relevant?

2.5 Drift Energy

A particle of mass m and charge ¢ in a uniform magnetic field B = BZ is set into
motion in the £-direction by an electric field E£(¢#) that varies slowly from zero to a
final value E,. Thus, at the final time the particle has an E X B drift v,.

(a) Use energy arguments to show that the particle’s guiding center must
have been displaced a distance v,/{) in the direction of the electric
field.

(b) Integrate the polarization drift velocity from time zero to time infinity
to obtain a displacement. Does the answer agree with (a)?

CHAPTER

Plasma Kinetic Theory I:
Klimontovich Equation

3.1 INTRODUCTION

In this chapter, we begin a study of the basic equations of plasma physics. The
word “kinetic”” means ‘‘pertaining to motion,” so that plasma kinetic theory is the
theory of plasma taking into account the motions of all of the particles. This can
be done in an exact way, using the Klimontovich equation of the present chapter or
the Liouville equation of the next chapter. However, we are usually not interested
in the exact motion of all of the particles in a plasma, but rather in certain average
or approximate characteristics. Thus, the greatest usefulness of the exact Klimon-
tovich and Liouville equations is as starting points for the derivation of approxi-
mate equations that describe the average properties of a plasma.
In classical plasma physics, we think of the particles as point particles, each with
a given charge and mass. Suppose we have a gas consisting of only one particle.
This particle has an orbit X,(?) in three-dimensional configuration space x. The
orbit X,(#) is the set of positions x occupied by the particle at successive times ¢.
Likewise, the particle has an orbit V,(#) in three-dimensional velocity space v. We
combine three-dimensional configuration space x and three-dimensional velocity
space v into six-dimensional phase space (x,v). The density of one particle in this
phase space is
N(x,v,t) = 8[x — X ;(9)]o[v — V(8] 3.1

where 6[x — X,] = 8(x — X,)6(y — Y,)6(z — Z,), etc. (The properties of the
Dirac delta function are reviewed in Ref. [1], p. 29, and in Ref. [2], pp. 53-54.)
Note that X,, V, are the Lagrangian coordinates of the particle itself, whereas x, v
are the Eulerian coordinates of the phase space.
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EXERCISE At any time 1, the density of particles integrated over all phase
space must yield the total number of particles in the system. Verify this for the
density (3.1).

Next, suppose we have a system with two point particles, with respective orbits
[X, (), V,(#)] and [X,(?), V,(#)] in phase space (x,v). By analogy to (3.1), the particle
density is

2
Nx.v,2) = 3,8[x — X(5)]8[v — V()] (3.2)

i=1

EXERCISE Repeat the previous exercise for (3.2).

Now suppose that a system contains two species of particles, electrons and ions,
and each species has N particles. Then the density N, of species s is

Ny(x,v,0) = ié[x = X(DJ8[v — V{(1)] (3.3)

i=1
and the total density N is
NxV,t) = D Ny(x,v.,1) (3.4)

EXERCISE Repeat the previous exercise for (3.4).

If we know the exact positions and velocities of the particles at one time, then
we know them at all later times. This can be seen as follows. The position X,(#) of
particle 7 satisfies the equation

X(1) = V(1) (3.5)
where an overdot means a time derivative. Likewise, the velocity V() of particle i
satisfies the Lorentz force equation

mVi1) = qEMX(0.1] + <= V(1) X B[X(1).1] (3.6)
where the superscript m indicates that the electric and magnetic fields are the
microscopic fields self-consistently produced by the point particles themselves,
together with externally applied fields. [On the right of (3.6), the portion of E” and
B™ produced by particle i itself is deleted.] The microscopic fields satisfy Maxwell’s

equations

V - E"(x,t) = 4mp™(x,1) 3.7)
V-.-B"(x,1) =0 (3.8)
v x B = - L B0 69
and
V X B"(x,t) = :4; J"(x,t) + % %)— (3.10)
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The microscopic charge density is

p"M(x,t) = b3 q, ’u’v N, (x,v,1) (3.11)

|
el

while the microscopic current is

In(x,1) = 2 qs f dvwN(x,v,7) (3.12)

EXERCISE Convince yourself that (3.11) and (3.12) yield the correct charge
density and current.

Equations 3.7 to 3.12 determine the exact fields in terms of the exact particle

orbits, while (3.5) and (3.6) determine the exact particle orbits in terms of the exact

fields. The entire set of equations is closed, so that if the positions and velocities of
all particles, and the fields, are known exactly at one time, then they are known

exactly at all later times.

3.2 KLIMONTOVICH EQUATION

An exact equation for the evolution of a plasma is obtained by taking the time
derivative of the density N,. From (3.3), this is

NU
O — 3 %, Vy0lx — X(0lolv — VA
4 =1
N()
= 3, ViV 8lx — X(0)8lv — Vi)l (3.13)

i=1
where we have used the relations
gt fhan 4te SR PR
a—af (T sl == b f(a )
and

d _ 4
Wf[g(t)] e

and where V, = (4,,9,.9.) and V, = (0y.50,.0,,)- Using (3.5) and (3.6), we can
write X, and V,in terms of V;and the fields E” and B”, whereupon (3.13) becomes

N()
INGVD — 3, v, V0% — XJaly — Vi
z =1

N() q q
= 3o ) + LV x B J

i=1 s

-V, 8[x — X]J6[v — V] (3.14)
An important property of the Dirac delta function is
ad(a — b) = bd(a — b)

EXERCISE How would one prove this relation?
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This relation allows us to replace V(7) with v, and X,(7) with x, on the right of
(3.14) (but not in the arguments of the delta functions) so that (3.14) becomes
IN(x,v,t &
% == vV 3, 8lx — XJ3lv — V]
i1
q N,
[S -V, Za[x—X]a[v—V]
=1
3.15)
But the two summations on the right of (3.15) are just the density (3.3); therefore
AN (x,v,¢ s
% + vV, N, + Z—(E"’ . % X B”’)-VVNS =0 | 3.16)

This is the exact Klimontovich equation (Klimontovich [3]; Dupree [4]).

The Klimontovich equation, together with Maxwell’s equations, constitute an
exact description of a plasma. Given the initial positions and velocities of the
particles, the initial densities N (x,v,s = 0) and N(x,v,t = 0) are given exactly by
(3.3). The initial fields are then chosen to be consistent with Maxwell’s equations
(3.7) to (3.12). With these initial conditions the problem is completely determinis-
tic, and the densities and fields are exactly determined for all time.

In practice, we never carry out this procedure. The Klimontovich equation
contains every one of the exact single particle orbits. This is far more information
than we want or need. What we really want is information about certain average
properties of the plasma. We do not really care about all of the individual electro-
magnetic fields contributed by the individual charges. What we do care about is
the average long-range electric field, which might exist over many thousands or
millions of interparticle spacings. The usefulness of the Klimontovich equation
comes from its role as a starting point in the derivation of equations that describe
the average properties of a plasma.

The Klimontovich equation can be thought of as expressing the incompressibili-
ty of the ““substance” N,(x,v,?) as it moves about in the (x,v) phase space. (Is it any
wonder that a point particle is incompressible?) This can be seen as follows.
Imagine a hypothetical particle with charge q,, mass m,, which at time ¢ finds itself
at the position (x,v). This hypothetical particle has an orbit in phase space deter-
mined by the fields in the system. Imagine taking a time derivative of any quantity
along this orbit (such a time derivative is called a convective derivative). This
derivative must include the time variation produced by the changing position in
(x,v) space as well as the explicit time variation of the quantity. Thus, it must be
given by

D 0 dx

Dt ot ar " (3=17)

orbit

orbit

where by dx/dt|owi We mean the change in position x of the hypothetical particle
with time; likewise for dv/dt|owi. But for our hypothetical particle at position (x,v)
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in phase space we know that
L v (3.18)
dt | i
and
‘;: = q—: [E"(x,1) + ~— X B"(x,0)] (3.19)
Thus,
Dit = — 4+ vV, + — [E"(x,?) + — X B"(x,7)]" (3.20)

and the Klimontovich equation (3.16) simply says

N(x,v,t) = 0 (3.21)

ko
Di

The density of particles of species s is a constant in time, as measured along the
orbit of a hypothetical particle of species s. This is true whether we are moving
along the orbit of an actual particle, in which case the density is infinite, or
whether we are moving along a hypothetical orbit that is not occupied by an actual
particle, in which case the density is zero. Note that the density is only constant as
measured along orbits of hypothetical particles; in (x,v) space at a given time it is
not constant but is zero or infinite.

There is yet a third way to think of the Klimontovich equation. Any fluid in
which the fluid density f(r,?) is neither created nor destroyed satisfies a continuity
equation

9, f(r,t) + V.- (fV) =0 (3.22)

where V, is the divergence vector in the phase space under consideration, and V is
a vector that gives the time rate of change of a fluid element at a point in phase
space. (See, for example, Symon [5], p. 317.) In the present case, V, = (V,,V,)
and V = (dx/dt|owir, dv/dt|omir). Since the particle density is neither created nor
destroyed, it must satisfy a continuity equation of the form

d,Ny(x,v,t) + V,-(VN,) + V,- {Z; [E"’ + — X B”’]N } =0 (3.23)
It is left as a problem to demonstrate that the continuity equation (3.23) is equiv-
alent to the Klimontovich equation (3.16).

3.3 PLASMA KINETIC EQUATION

Although the Klimontovich equation is exact, we are really not interested in‘exact
solutions of it. These would contain all of the particle orbits, and would thus be far
too detailed for any practical purpose. What we really would like to know are the
average properties of a plasma. The Klimontovich equation tells us whether or not
a particle with infinite density is to be found at a given point (x,v) in phase space.
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What we really want to know is how many particles are likely to be found in a
small volume Ax Av of phase space whose center is at (x,v). Thus, we really are not
interested in the spikey function N,(x,v,), but rather in the smooth function

fi(x,v,0) = (N(x,v,1)) (3.24)
The most rigorous way to interpret ( ) is as an ensemble average [6] over an
infinite number of realizations of the plasma, prepared according to some pre-
scription. For example, we could prepare an ensemble of equal temperature plas-
mas, each in thermal equilibrium, and each with a test charge g at the origin of
configuration space. The resulting £, and f; would then be consistent with the
discussion of Debye shielding in Section 1.2.

There is another useful interpretation of the distribution function f,(x,v,t), the
number of particles of species s per unit configuration space per unit velocity
space. Suppose we are interested in long range electric and magnetic fields that
extend over distances much larger than a Debye length. Then we can imagine a
box, centered around the point x in configuration space, of a size much greater
than a mean interparticle spacing, but much smaller than a Debye length (this is
easy to do in a plasma; why?) We can now count the number of particles of species
s in the box at time ¢ with velocities in the range vto v + Av, divide by (the size of
the box multiplied by Av, Av, Av.), and call the result f(x,v,?). This number will of
course fluctuate with time but, if there are very many particles in the box, the
fluctuations will be tiny and the f,(x,v,f) obtained in this manner will agree very
well with that obtained in the more rigorous ensemble averaging procedure.

An equation for the time evolution of the distribution function £,(x,v,#) can be
obtained from the Klimontovich equation (3.16) by ensemble averaging. We de-
fine 8N, 6E, and 6B by ‘

Ny(x,v,t) = fi(x,v,t) + 6N,(x,v,)

E"(x,v,t) = E(x,v,?) + 8E(x,v,?) (3.25)
and

B"(x,v,t) = B(x,v,t) + 6B(x,v,?)
where B = (B"), E = (E™), and (6N,;) = (§E) = (6B) = 0. Inserting these def-
initions into (3.16) and ensemble averaging, we obtain

af,(x,v,1) +

R R

qs A%
e &+ T X B)-V.f,

= — L (6E + L x sB)-V,5N,) (3.26)

Equation (3.26) is the exact form of the plasma kinetic equation. We shall meet
other forms of this equation in the next chapter.

The left side of (3.26) consists only of terms that vary smoothly in (x,v) space.
The right side is the ensemble average of the products of very spikey quantities like
OE = E™ — (E™) and 6N,. Thus, the left side of (3.26) contains terms that are
insensitive to the discrete-particle nature of the plasma, while the right side of
(3.26) is very sensitive to the discrete-particle nature of the plasma. But the
discrete-particle nature of a plasma is what gives rise to collisional effects, so that
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the left side of (3.26) contains smoothly varying functions representing collective
effects, while the right side represents the collisional effects. We have seen in
Section 1.6 that the ratio of the importance of collisional effects to the importance
of collective effects is sometimes given by 1/A, which is a very small number. We
might guess that for many phenomena in a plasma, the right sidc. of (3-.26) has a
size 1/A compared to each of the terms on the left side; thus the right side can be
neglected for the study of such phenomena. This indeed is the case, as shown in the
next two chapters. .

This important point can be illustrated by a hypothetical exercise. Imagine that
we break each electron into an infinite number of pieces, so thatn, — o, m, — 0,
and e — 0, while nje = constant, e/m, = constant, and v, = constant.

EXERCISE Show that in this hypothetical exercise, w, = constant, A, =
constant, but 7, — 0 and A, — <.

Then any volume, no matter how small, would contain an infinite number of'p(.)inl
particles, each represented by a delta function with infinitesimal charge. Statlsgcal
mechanics tells us that the relative fluctuations in such a plasma would vanish,
since the fluctuations in the number of particles N, in a certain volume is propor-
tional to the square root of that number. Thus, on the right side of (3.26) we hgvc
8N, ~ N, ~ A,'2, and 6E and 8B, which are produced by 6N, behaving 'llkC
(from Poisson’s equation) ~ edN, ~ N, ' N> ~ Ny™'> ~ A2, so that the right
side becomes constant. On the left, however, each term becomes infinite as f; — .
Thus, the relative importance of the right side vanishes ~ Ny ~ A, and we

have

(3.27)

Afs(X,,1) k'3 v . =
= e T N ms(E+ - XB) V.l =0

which is the Viasov [7] equation (sometimes referred to as the collisionless Boltz-
mann equation). This approximate equation, which neglects collisional effects, is
often called the most important equation in plasma physics. Its properties will be

explored in detail in Chapter 6. :
The fields E and B of (3.27) are the ensemble averaged fields of (3.25). They

must satisfy the ensemble averaged versions of Maxwell’s equations (3.7) to (3.12),

which are
V - E(x,t) = 4mp

V-B(x,t) =0
__19
V X E(x,t) = & B

4
VXBxH=—J3+— 5

o) = (0 = 3 g, [dvfen)

and

J(x,0) = @™ = 2 g, f av vf(X,V,1) (3.28)
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In the next two chapters we shall approach the plasma kinetic equation (3.26)
from another direction, and shall use approximate methods to evaluate the colli-
sional right side. In Chapter 6 we shall take up the study of the Vlasov equation
(3.27).
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PROBLEM

3.1 Klimontovich as Continuity

Prove that the continuity equation (3.23) is equivalent to the Klimontovich equa-
tion (3.16).

CHAPTER

Plasma Kinetic Theory IlI:
Liouville Equation

4.1 INTRODUCTION

In addition to the Klimontovich equation, there is another equation, the Liouville
equation, which provides an exact description of a plasma. Like the Klimontovich
equation, the Liouville equation is of no direct use, but provides a starting point
for the construction of approximate statistical theories. One of the most useful
practical results of this approach is to provide us with an approximate form for the
right side of the plasma kinetic equation (3.26), which tells us how the distribution
function changes in time due to collisions.

The Klimontovich equation describes the behavior of individual particles. By
contrast, the Liouville equation describes the behavior of systems. Consider first a
“system” consisting of one charged particle. Suppose we measure this particle’s
position in a coordinate system x,; then the orbit of the particle X,(#) is the set of
positions x, occupied by the particle at consecutive times z. Likewise, in velocity
space we denote the orbit of the particle V,(?); this is the set of velocities taken by
the particle at consecutive times #; these velocities are measured in a coordinate
system v;. We thus have a phase space (x;,V;) = (¥1,Y1,Z1,Vx,»Vy,,Vz,)- In this six-
dimensional phase space there is one “system’ consisting of one particle. The
density of systems in this phase space is

N(x;,v,.1) = o[x; — Xy(D)18[v, — Vi(2)] 4.1
Next, consider a system of two particles. We introduce a set of coordinate axes for
each particle. Particle 1 has (x,,v,) coordinate axes as before. Particle 2 has (x,,V,)
coordinate axes that lay right on top of the (x,,v,) coordinate axes. The orbit X,(?),
V,(z) of particle 1is measured with respect to the (x,,v;) coordinate axes, while the
orbit X,(?), V,(#) of particle 2 is measured with respect to the (x,,v,) coordinate
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axes. We now introduce an entirely new phase space, having twelve dimensions.
The phase space is

(X1,V1,X2,V2) = (X1, 1,215 Vs, Uy s V25 X2,V 2522, Uy o Uy, Us,) (4.2)
In this twelve-dimensional phase space, there is one system that is occupying the
point [x; = X,(2), v, = V,(2), x, = X,(#), v, = V,(¢)] at time ¢. The density of
systems in this phase space is
N(x1,v1,%,5,V2,1) = 8[x, — X,(0)18[v, — Vi(D)]Id[x, — Xy(0)18[v, — Vo(1)] (4.3)

EXERCISE Show that there is indeed one system in the phase space by integrat-
ing the density (4.3) over all phase space.

Note that the density N in (4.3) is completely different from the density N, used in
the previous chapter in the discussion of the Klimontovich equation. The density
N, in Ch. 3 is the density of particles in six-dimensional phase space. The density N
in (4.3) is the density of systems (each having two particles) in twelve-dimensional
phase space.

Finally, suppose that we have a system of N, particles. With each particle i,
i =12,...N,, we associate a six-dimensional coordinate system (x,,v;). Using
these 6V, coordinate axes, we construct a 6 N,-dimensional phase space, analogous
to the twelve-dimensional phase space in (4.2). There is one system in 6 N,-dimen-
sional phase space; therefore the density of systems, by analogy with the density of
systems (4.3), is

N, ;
N(X1,V1,%5,Vs - o Xy Wy 0) = II slx; — Xu(®)18lv; — V.(2)] 4.9
i=1
where IIL, f; = fifs ... fo

EXERCISE Use (4.4) to prove that there is one system in all of phase space.

4.2 LIOUVILLE EQUATION

As with the Klimontovich equation in Chapter 3, the Liouville equation is ob-
tained by taking the time derivative of the appropriate density. In this case, we
take the time derivative of the density of systems (4.4). Because the density of
systems (4.4) is the product of 6N, terms, its time derivative involves the sum of
6N, terms. Using the relation

_ 60X,
ar

and similar relations encountered in the previous chapter, the time derivative of
(4.4) is

el E Tl 7 )] B © Vy olx; — X(1)] (4.5)

S + 2 Vi) - vV, H 8(x; — X)8(v; — V)

0 . NU
s Z V- VV’ II o(x; — X)é(v, — V,) =0 (4.6)
i=1 i=1
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Using ad(a b) bida b) to replace V, by v,, and similarly for V, so that for
the remainder of this chapter
: g [ .. v;
V(1) . E"(x;,t) + -y X B"(x;,1) (4.7)

and noting that the products are just the density of systems N, (4.6) becomes

6N+§;v VN+2v,(z)VN—o

=1

(4.8)

which is the Liouville equation. When combined with Maxwell’s equations and the
[.orentz force equation, the Liouville equation is an exact description of a plasma.
FFor a two-component plasma with N,/2 electrons and N,/2 ions, the expression
for V,(z) will depend upon whether the ith particle is an electron or a proton. The
Liouville equation has all of the advantages and all of the disadvantages of the
Klimontovich equation. Because it contains all of the exact six-dimensional orbits
of the individual particles in a single system orbit in 6/N,-dimensional space, it
contains far more information than we want or need. Its usefulness is as a starting
point in deriving a reduced statistical description, which with appropriate approx-
imations can yield practical information.

Equation (4.8) has the form of a convective time derivative in the 6/Ny-dimen-
sional phase space,

D
D7 N(X;,V,X5,Va, o« -, Xpn,sVn,0t) = 0 4.9)
where
D d
E£—+2v V+2V(t)V (4.10)
Here, V(1) is expressed in terms of the position (xl,vl,xz,vz, <+ =5 Xy Vo) of the

system in 6 N,-dimensional phase space, since that position determines the posi-
tions of the particles in six-dimensional space and thus the fields at all points in
six-dimensional space through Maxwell’s equations. Thus, the convective time
derivative, taken along the system orbit in 6 N,-dimensional phase space, is zero.
The density of systems is incompressible.

The Liouville equation (4.8) can also be put in the form of a continuity equa-
tion. Recall the vector identity V * (ab) = b+ Va + aV - b. Then

Vie VyN = V, *(V;N) (4.11)
since v; and x; are independent variables. Similarly,
V,* V\N =V, - (V,N) (4.12)
since
VoV = Ve 2 e + £ x B [ =0 @

EXERCISE Prove (4.13).
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Then the Liouville equation (4.8) becomes
()N N Yy .
4 2, Yyt (WN) + 3, Y, - (V,N) =0 (4.14)
=1
In the form of a continuity equation, the Liouville equation expresses the conser-
vation of systems in 6/N,-dimensional phase space.

As we have introduced it, the Liouville equation describes the exact orbit of a
single point in 6/N,-dimensional phase space. An example is shown in Fig. 4.1,
which is a projection of the orbit onto three of the 6N, dimensions. As the indi-
vidual particles of the system move about in six-dimensional space, the system it-
self moves along a continuous orbit in 6 N,-dimensional phase space.

Suppose that we have an ensemble of such systems, prepared at time 7,. At any
later time ¢t = ¢, we define

Irne (X0 V1X Vas o oo Xy, Vi, )X, AV d%odv, . . . dXy, dvy,
to be the probability that a particular system is at the point (x,,v, . . ., Xy,,Vy,) I0
6.N,-dimensional phase space, that is, the probability that X,(¢) lies between x, and
x, + dx,, and V(1) lies between v, and v, + dv, and Xz(t) lies between x, and
x, + dx,, and etc. Since f,, is a probability density, its integral over all 6N,
dimensions must be unity.

Each system in the ensemble moves along an orbit like that shown in Fig. 4.1.
We can think of this orbit as carrying its “piece” of probability along with it. A
large probability for point A4 in Fig. 4.1 at time ¢, implies a large probability for
point B at time z. In other words, we can think of the probability density as a fluid
moving in the 6 N-dimensional phase space. Each element in the probability fluid
moves along an exact orbit as given by the solution of the Liouville equation (4.8).
Since each element of probability fluid moves along a continuous orbit, and since
probability is neither created nor destroyed, the probability fluid must satisfy a

i~

o

%32

N

Fig. 4.1 A projection onto three dimensions of a typical system orbit in 6 N,-dimensional
phase space.

BBGKY Mierarchy a9

continuity equation in 6 Ng-dimensional phase space of the form (4.14). Thus, /y

must satisty

N
'V\' 2, Vs,  (Vifw) + 2 Yy (Vifw) =0 (4.15)
i=]
where V,-(t) is, as usual, calculated from the Lorentz force equation (4.7) and the
ficlds E™ and B™ are the exact fields appropriate to the system that occupies this
particular point in 6 V,-dimensional phase space.

We shall only be concerned with smooth functions f},. Thus, we might think of
adrop of ink placed in a glass of water. The initial drop contains all those systems
that have a finite probability of being represented in the ensemble of systems at
time t,. Ignoring diffusion, the drop may lengthen, contract, distort, squeeze,
break into pieces, deform, etc., as time progresses. However, the total volume of
ink is always constant; the total probability is always unity. The convection of the
probability ink is expressed mathematically by reversing the steps that led from
the Liouville equation (4.8) to the continuity equation (4.14). (See Problem 4.1.)
Equation (4.15) becomes

o)
an + 2 \fi *V fN(l + Z V V fNu o (416)
= =1
which by (4.10) is
DS ...
i 0 4.17)

Equation (4.16) is the Liouville equation for the probability density fy, Thus, the
density of the probability ink is a constant provided that we move with the ink.
The probability density fy, is incompressible.

4.3 BBGKY HIERARCHY

As discussed above, the density fy, represents the joint probability density that
particle 1 has coordinates between (x,,v;) and (x, + dx,,v, + dv,) and particle 2
has coordinates between (Xx,,v,) and (x, + dx,,v, + dv,), and etc. We may also
consider reduced probability distributions

Si(X1, VX0, Vo, oo X, Vo E) = kadxk+ldvk+l o dXydVy [ (4.18)

which give the joint probability of particles 1 through k having the coordinates
(x,v) to (x; + dx,,v, + dv,))and . . .and (x,,v;) to (x;, + dx,,v, + dvy), irre-
spective of the coordinates of particles k + 1,k + 2,..., N,. The factor V* on
the right of (4.18) is a normalization factor, where V is the finite spatial volume in
which fy, is nonzero for all x;,%,, . . . , Xy, (Fig. 4.2). At the end of our theoretical
development, we will take the limit N, — oo, V¥ — o, in such a way that n, =
N,/V is a constant giving the average number of particles per unit real space. For
the present, we assume that fy, — 0asx;, — Feory, — *eorz; — tooforany
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Y%
%
Fig. 4.2 Finite spatial volume V in which fy, is nonzero for any x,, i = 1, ..., N,.

i. Likewise, because there are no particles with infinite speed, fy, =~ Oas v, — *oo
or v, — 0 or v, — oo for any i.

In this development, we do not care which one of the N, particles is called
particle number 1, etc. Thus, we always choose probability densities S, that are
completely symmetric with respect to the particle labels. For example,

fNo(---Z7:2cm--.Zl3=5cm...t)
= faldoz =5em ., 2, = Zem D) (4.19)

provided all of the other independent variables are the same. Here, we must
interchange all of the /i = 7 variables with all of the i = 13 variables. This means
that when we set k' = 11in (4.18), the function f,(x,,v,,?) is (to within a normaliza-
tion constant) the number of particles per unit real space per unit velocity space.
Thus, this function f(x,,v,,7) has the same meaning (to within a normalization
constant) as the function f(x,v,7) introduced in the previous chapter in connection
with the plasma kinetic equation.

To keep the theory as simple as possible, we shall ignore any external electric
and magnetic fields. We shall deal with only one species of N, particles; it is easy
enough to generalize the results to a plasma with two species of N,/2 particles each
at the end of the development. For some purposes, such as calculating electron-
electron collisional effects, the second species can be introduced as a smeared-out
ion background of density n,, which simply neutralizes the total electron charge.
Finally, we adopt the Coulomb model, which ignores the magnetic fields produced
by the charged particle motion. In this model, the acceleration

N()
Vi) =3 a, ' (4.20)
=1
where

= “'IS (x; — xj) (421)
/!
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in the acceleration of particle i due to the Coulomb electric field of particle /. Since
n particle exerts no force on itself, we use (4.21) only if i % j; if i = j, we use
n, 0. Equation (4.21) replaces Maxwell’s equations and the Lorentz force law.
I'he Liouville equation (4.16) becomes

. N, N, N,
(') 0 0 0
Do b S vV fu 3 3 w0V fy =0 (4.22)
i=1 =l j=1
Equations for the reduced distributions f; are obtained by integrating the Liou-
ville equation (4.22) over all X4 1, Ve 1, Xg12,Via2s - - - XpysVa,- FOT example, to obtain
the equation for fy,_, we integrate (4.22) over all x,, and vy,, obtaining
® ®
Afn, Mo
fdeovao o +fa’x,‘,0 vy, 2 Vi Vi fa
=1
®
Nl) N()
# f Ay, dvy, 3 3 8,V fu, = 0 (4.23)
=l fel

Term @ is easy, since we can move the time derivative outside the integral to

obtain

a _ a
@ = ?t—fdeo vaofNo = Vl Mo WfNo‘l (4‘24)

where the definition (4.18) has been used. Term () is also easy. In the first N, — 1
terms in the sum, the integration variables are independent of the operator v;* V, ;
this operator can then be moved outside the integration and we again obtain a
term proportional to fy,,. The last term in the sum, with i = N,, is

XNy =

f den vao (v.\‘,\-,, aA\‘A‘. + v,ll\'“ a_l’:\‘,, it v:A‘,, a:.\\,)fNu

= f avy, dyn, dzn, Uxn, I
=0 (4.25)

since fy, vanishes at the boundaries of the system that have been placed at xy, =
+oo, etc. Thus,

+oo o
+ 2 similar terms
00

N1
@ = V'™ 3 v VS (4.26)
=1
Term @ is not much harder. Splitting the double sum
N, N, Nyl Nyl Nyl Nyl ‘
T D gt 3 gmit X et Ewm,
=l j=l =1 =1 j=1 i=1

we get
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<

fod
‘\_4 "u : v\../.\'. |
=1

® = VN ‘\_‘

i=]

=

N1
+ deNo dvy, z ay,; * va S
J=1
Ni1
+ f Xy, Vi, D, i+ Vi, f, 4.27)
=1
where thei = N,,j = N, term has been discarded because ay,n, = 0. The second
term on the right vanishes after direct integration with respect to dv,, and evalua-

tion at v,, = oo, etc. The remaining terms in @, @, and (), after multiplication
by V¥ are
o ® ®
5 Np1 Nyl Ngl
Eng—l + 2 A/ Vx‘ I a;-° Vv‘fNo—l
i1 1
®
Nyl
AR f dxy, dVy, 4y, * Vy fr, = 0 (4.28)
=1

This is the desired equation for fy,-;. Notice that it does not depend only on fy,-1;
the last term (® depends on fy,. We have made no approximations in deriving
(4.28); within the Coulomb model, it is exact. .

Having succeeded in deriving the equation for fy, -1, let us proceed to derive the
equation for fy,,. To do this, we integrate (4.28) over all Xy,-1 and over all vy _,. As
in (4.24), term @ yields V 9, fy,».

EXERCISE Use the definition (4.18) to explain the difference between the power
of V encountered here and that encountered in (4.24).

As in (4.26), term (@) yields one term that vanishes upon integration, leaving a sum
from 1 to Ny — 2. In term ®), we do as in (4.27); we split the double (N, — 1) sum
into a double (N, — 2) sum plus two single (N, — 2) sums, the i = N, — 1,
J = N, — 1 term vanishing since Ay, 1, n-1 — 0. Term @) becomes

Ny2 N2
@@=V a;° Vy fne-
=1 =L
Ny-2
+ fdeo—l dvy, E A N1 ° Vv,fNo—l
=1 g
Ny2
+ [ axgs dvges 3, 2w, Vo S (4.29)
Jel

The last term on the right vanishes upon direct integration with respect to vy, ;.
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'or term (0) we have
\“ I -
@ P }_: ] dXy,1 dVy, dXy, dvy, ay, VY, fy,
=]
NU 2

=y 2 fde.» dvy, ay, * vv,fdeu 1 AVt g (4.30)
=1

where the Ny — 1 term in the sum vanishes upon doing the dv,,, integration. The
variables (Xy,,Vy,) and (Xy,;,Vy,-1) are simply dummy variables of integration on
the far right of (4.30). Therefore, we can switch the labels Ny and N, — 1, so that

iy, becomes a; y,-,. The density fy, can stay the same, however, because it has the
symmetry property (4.19). Equation (4.30) becomes

N2
@ = P 2 f dXyy-1 AVNe-1 A; Nt * 5 f dxy, dvy, [y,
=1 | T

Vl_NUan—l

N2
E fdeo—l AVt A Ner Vv,fNo-l (4.31)
i=1

which is identical with the middle term on the right of term @ in (4.29). Collecting
all of the remaining terms in @, @, ®, and ® and dividing by V, we obtain

Ny2 Ni2 Ny-2

d
';9‘;‘f1v0—2 + Z Vi'Vx,fNo—z + Z E a;° Vv,fNo—z

i=1 =1, =1

o Ni2
+ 23 [ s dVys ages - Vo frn = 0 (4.32)
=1

This equation for fy,, is quite similar in structure to (4.28) for f},,. Notice again
that this equation does not involve only fy,,, but also involves fy,., in the last term
on the left. -

By comparing (4.28) and (4.32), we see a pattern emerging. Using the same
manipulations that we have been using (see Problem 4.2), we can generate an
equation similar to (4.28) and (4.32) for arbitrary k. This equation is

k

St 2 At eV
i= = =

(No — k)

B v

k
2 fdxkﬂ AVisy A1psr * Vy fron = 0 (4.33)
=1

fork = 1,2,..., Ny, — 2. This is the BBGKY hierarchy (Bogoliubov [1]; Born
and Green [2]; Kirkwood [3, 4]; and Yvon [5]). Each equation for f; is coupled to
the next higher equation through the f., term.

EXERCISE Verify that (4.22) for fy, and (4.32) for fy,, are in agreement with
(4.33). Verify that (4.28) for fy,-, is in agreement with (4.33), provided that fy, is
replaced by V™ £}, in (4.33) [see (4.18)].
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As it stands, the BBGKY hierarchy (4.33) is still exact (within the Coulomb
model) and is just as hard to solve as the original Liouville equation (4.22). It
consists of N, coupled integro-differential equations. Progress will come only
when we take just the first few equations, fork = 1,k = 2, etc., and then use an

approximation to close the set and cut off the dependence on higher equations.
From (4.33) the k¥ = 1 equation is

atf‘l(xl,vlat) + \ VX,.fl
NO oY 1
i1 —V—f(;zx2 vy a1+ Vy f(X0V1,%0,V0,1) = 0 (4.34)

This is coupled to the k = 2 equation through f,. One way to proceed is to find
some approximation for f, in terms of f;. If we can do this, then (4.34) will be
written entirely in terms of f;, and we will have a complete description of the time
evolution of fi(x;,v,,?) given the initial value f,(x,,v;,t = 0).

This is a good point at which to repeat our interpretation of the functions
JSi(x1,v,,7) and £5(x,,1,X,,v,,1). We have said before that f; is equivalent to f; in the
plasma kinetic equation; when multiplied by n, = N,/V, it is the ensemble averaged
number of particles per unit real space per unit velocity space at the point (x,,v,)
in six-dimensional phase space.

EXERCISE Use the definition to show thatfdvlfl(xl,vl,t) = 1 provided that
none of the functions f;, k = 1,2,..., N, depend upon the positions x;,X,,

.

We may also say that f)(x,,v,,#)dx, dv, is the probability that a given particle finds
itself in the region of phase space between (x,,v,) and (x, + dx,,v, + dv,). The
interpretation of £, is similar to the interpretation of fi. The function £, is the
ensemble averaged number of particles per unit x, real space per unit X, real space
per unit v, velocity space per unit v, velocity space. We may also say that
J2(X1,¥1,%,,¥,,2) is proportional to the joint probability that particle 1 finds itself at
(x1,v1) and particle 2 finds itself at (x,,v,). Since in this discussion all particles are
of the same species, we know that an exact expression for f, would include the fact
that no two particles (electrons, for example) can occupy the same spatial location.
Thus, an exact expression for f, must have the property thatf, — 0asx; — x,,
regardless of the values of v, and v,. In developing an approximate expression for
/2, we could of course lose this property. Another property that f, should have is
symmetry with respect to the particle labels: f5(x;,V;,X,,V,,2) = So(X5,V5,%4,v,,0).
This symmetry occurs because the original fy, has such symmetry, by assumption.
It turns out that £, has an intimate relation to f,, which can be seen by an
elementary example from probability theory. Suppose we have two loaded dice,
each of which always rolls a five. Then the probability distribution for the value of
the throws of either die is
Pi(x) = 8(x — 95) (4.35)
The joint probability that the value of the first die will be x and the value of the
second die will be y is
Py(x,y) = o(x — 5)é(y — 5) (4.36)
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Hut by (4.35) this 1s just
Py(x,y) P(x)P(y) (4.37)
I his separation always occurs when two quantities are statistically independent,
that is, the value of one quantity does not depend on the value of the other
(uantity. Thus, it is always useful in considering joint probability distributions to
[nctor out the piece that would be there if the two quantities were uncorrelated.
I'hus, for the dice we have
Py(x,y) = Pi(x)P\(y) + 8P(x.y) (4.38)
where 6P(x,y) = 0 by (4.37). For a plasma, we define the correlation function
g(X[,v,,X;,V5,2) by
Fo(X1,91,X%0,¥5,8) = f1(X1,V1,0) f1(X3,V2,1)
+ 8(X1,V1,Xp,V,,1) (4.39)

I'his is the first step in the Mayer [6] cluster expansion.

I'XERCISE From the definitions of fy, and f;, convince yourself that £, has the
same units as f; f;.

We are ready to insert the form (4.39) into the equation (4.34) for f;, which
becomes

9, fi(xy,v,0) + vy Vx,fl

+ o [ dx, dv a1z + Vo, (9103 (xa,v2,0)
+ g(xlavl,xbvz’t)] == 0 (44())

where we have replaced (N, — 1)/V by n, because we are interested only in
systems with Ny >> 1.

Suppose one assumes that the correlation function vanishes. That is, we assume
that the particles in the plasma behave as if they were completely independent of
the particular positions and velocities of the other particles. This assumption
would be exactly valid if we performed the pulverization procedure discussed in
the previous chapter, in whichn, — o,e — 0,m, — 0, A — %, n,e = constant,
¢/m, = constant, v, = constant, w, = constant, and A, = constant. Then each
particle would have zero charge, and its presence would not affect any other
particle. Collective effects could of course still happen, as these involve only f; and
not g. When we set g equal to zero, (4.40) becomes

a,fi + v Vx,fl
+ [0 [ dx, dvs a3 (092,01 * By, Fi(3i¥1,0) = 0 (4.41)
But the quantity in brackets is just the acceleration a,, produced on particle 1 by

particle 2, integrated over the probability distribution f(x,,v,,?) of particle 2. This
is the ensemble averaged acceleration experienced by particle 1 due to all other

particles,
a(x,,1) = o [ %, dv, 2 fi(Xo.¥200) (442)

EXERCISE Convince yourself that a is normalized correctly.
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Then (4.41) becomes

Wit vi-VNhitav, =0 (4.43)

which we recognize as our old friend the Vlasov equation.

The Vlasov equation is probably the most useful equation in plasma physics,
and a large portion of this book is devoted to its study. For our present purposes,
however, it is not enough. It does not include the collisional effects that are
represented by the two-particle correlation function g. We would like to have at
least an approximate equation that does include collisional effects and that, there-
fore, predicts the temporal evolution of £, due to collisions. We must therefore
return to the exact k = 1 equation (4.40) and find some method to evaluate g.

Since g is defined through (4.39) as g = £ — fi fi, we must go back to the
k = 2 equation in the BBGKY hierarchy in order to obtain an equation for f,
and, hence, for g. Setting k = 2 in (4.33) and using (N, — 2)/V = ny, one has

O ©) ®
9, fa + (v~ Vx, + v, sz)fz + (a;, - Vvl + oay - sz)fz
®
+ n, | dx; dvy(a;, - Vy, + ay- Vi)fs =0 (4.44)

We have seen that it is useful to factor out the part f] f; of f, = JSifi + g, which
exists when the particles are uncorrelated. Likewise, it is useful to factor from f;
the part that would exist when the particles are uncorrelated, plus those parts that
result from two-particle correlations. This leads to the next step in the Mayer
cluster expansion, which is

£123) = AMADAG) + £i(Dg23)
+ /1(2g(13) + £1(3)g(12) + A(123) (4.45)

where we have introduced a simplified notation: (1) = (x,v)),2 = (x,,v,), and
(3) = (x3,v;). Equation (4.45) will be explored further in Problems 4.4 and 4.5.

Our procedure is to insert (4.45) into (4.44) and neglect #(123). This means that
we neglect three-particle correlations, or three-body collisions. It turns out that
these correlations are of higher order in the plasma parameter A; therefore their
neglect is quite well justified for many purposes. The resulting set of equations
constitute two equations in two unknowns f; and g. Thus, we have truncated the
BBGKY hierarchy while retaining the effects of collisions to a good approxima-
tion.

Inserting (4.45) for f; and f, = £, Ji + g into the k = 2 BBGKY equation
(4.44), we find for the numbered terms:

L LORYES  E :
O = /(MA@ + /(A + §(12)

® ;
@ =,V ADAQ + v, - Vi, 8(12) + {1 =~ 2}
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) R Yy ilDA2) + a0V, g(12) + {1 = 2}
" ©
O) n, / d3 a,, Vvl [AA2)A3) + fi(1)g(23)
N 4.46)
+ £1(2)g(13) + £i(3)g(12)] + {1 ~ 2} (4.46

where d3 = dx;dvsand {1 < 2} means that all of the preceding terms on TC right
side are repeated with the symbols 1 and 2 interchanged. Recall Fha.t g(12) = g(ZI?
by the symmetry of f,. Many of the terms in (4.46) can be eliminated using the
k 1 BBGKY equation (4.40). For example,

@+O+0+®@={H1)+ v VA0
+ n, f d3a; -V, [A(DAG) + g(13)1}£1(2)

= [left side of (4.40)]£;(2) = 0 (4.47)
I'erm () likewise combines with three of the {1 — 2} terms to vanish, leaving

g(12) + (v; - Vy, + v, - Vi )g(12) =
—(a; - Vvl + ay - sz)[fl(l)f](Z) + g(12)]

~ {no [ 3 2+ V,, (DY) + /iP)g(12)] + (1 - )| @4B)
Together with (4.40) which in the condensed notation reads
AQ) + vi -V A + n [ a2 2y,
$V, LA(DAR) + g(12)] = 0 (4.49)

we have two equations in the two unknowns f; anq g. We have truncated the
BBGKY hierarchy by ignoring three-particle correlations. ' ;

In practice, (4.48) and (4.49) are impossibly difficult to solve, e¥ther ana'lytlcgll'y
or numerically. They are two coupled nonlinear integro—dlfferent'lal clequatlons ina
twelve-dimensional phase space. The present thrust of plasma k.metlc thc?ory con-
sists in finding certain approximations to g(12) that are th.en inserted in (4.49).
Using the definition of the acceleration a in (4.42), we rewrite (4.49) as

B“) +v Vo fita V= fd2as 9,0 | @s)

which is in exactly the same form as the plasma kinetic equatiqn (3.26). :
Most of the discussion in this chapter has been exact, in particular, the deflva-
tion of the Liouville equation and the BBGKY hierarchy. Even the approxima-
tions that lead to (4.48) and (4.49) are extremely good ones, for exgmpl:c, 1 << N,
and the neglect of three-particle collisions. By contrast, the aPprox1matxons n.eeded
to convert (4.48) and (4.49) into manageable form are sometimes quite drastic and
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less justifiable, as will be seen in the next chapter. Further discussion of the
Liouville equation and the BBGKY hierarchy can be found in the books of Mont-

gomery anq Tidman [7], Montgomery [8], Clemmow and Dougherty [9], Krall
and Trivelpiece [10], and Klimontovich [11].
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PROBLEMS

4.1 Continuity vs. Convective

I?emonstrgte the equivalence between the convective derivative form of the Liou-
ville equation (4.16) and the continuity equation (4.15).

4.2 BBGKY Hierarchy

Integrate (4.32) over all xy,_, and vy, to obtain the k = N, — 3 equation of the
BBGKY hierarchy, and compare your result to (4.33).

4.3 Normalization

Explain in detail the normalization of (4.42).

Problems 59

4.4 Three-Point Correlations (Coins)

In (4.45) we define a three-point joint probability function /f, in terms of the

one-point probability /|, the two-point correlation function g, and the three-point

correlation function A. Suppose we apply this kind of thinking to the case of three

coins, each of which can come up heads (+) or tails (—). What is the meaning of f

in this case? Write out f; in the form (4.45), and evaluate f3, f|, g, and 4 in each of

the following cases.

(a)  All three coins are ““honest,” that is, each coin is equally likely to come up
heads or tails, and each coin is unaffected by any other coin.

(b) Because the coins are mysteriously locked together, in any one throw all
three are heads or tails, the result changing randomly from throw to throw.

(¢)  All three coins always come up tails. '

(d) The first two coins always come up heads, while the third is honest. Note
that here the probability functions are not symmetric, so that, for example,
f1(1) is not the same function as f;(3).

4.5 Three-Point Correlations (Dice)

In (4.45) we define a three-point joint probability function f; in terms of the
one-point probability £, the two-point correlation function g, and the three-point
correlation function 4. Suppose we apply this kind of thinking to the case of three
dice, each of which can take on integer values from one through six. What is the
meaning of f; in this case? Write out f; in the form (4.45), and evaluate f3, £}, g, and
4 in each of the following cases.

(a) All three dice are “‘honest,” that is, the value of each die is equally likely
one through six and is independent of the value of any other die.

(b) Because the dice are mysteriously locked together, in one throw all three
always show the same value, the value changing randomly from throw to
throw with all six values equally likely.

(¢) All of the dice always come up “five.”

(d) The first two dice always come up ““two”’; the other one is ““honest.”

4.6 BBGKY Hierarchy

In this chapter, we derive the BBGKY hierarchy from the Liouville equation. This
can be done in a completely different way [10], starting with the Klimontovich
equation. Explain, by using words and writing equations only for illustration, how
the k = 1 and k = 2 equations of the BBGKY hierarchy can be obtained from
the Klimontovich equation.
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CHAPTER

Plasma Kinetic Theory Il
Lenard-Balescu Equation

5.1 BOGOLIUBOV’S HYPOTHESIS

In the preceding chapter, the BBGKY hierarchy is truncated by neglecting three-
particle correlations (three-body collisions). For a good plasma, this is probably a
very good approximation, although no rigorous proof exists. The spirit of the
approximation is the same as that of Section 1.6, where the collision frequency is
calculated as a series of two-body collisions, even though the particle is interacting
with A particles simultaneously. Since the collision of particle A with particle B is
usually a small angle collision, its effect on the orbit of particle 4 is small, thus
making a negligible effect on the simultaneous collision of particle A with
particle C.

The result of our truncation of the BBGKY hierarchy is the set of coupled
equations (4.48) and (4.50) in the two unknowns Ji(x,,v1,2) and g(x,,v,,X,,V,7).
These equations are quite intractable in. general. However, there is one set of
simplifying assumptions that is both physically very important and allows the
exact (almost) solution of (4.48) and (4.50).

Consider a spatially homogeneous ensemble of plasmas. This means that any
function of one spatial variable must be independent of that variable; so
Si(x1,v,,8) = fi(v,,1) and a(x;,?2) = a(r) = 0 by (4.21) and (4.42). Any ensemble
averaged function of two spatial variables can only be a function of the difference
between those variables; therefore we write g = g(x; — x,,v,,v,,1). With these
assumptions, (4.50) simplifies considerably and becomes

9, filv,t) = — node2 av, aj, Vi, 8(X1 — X,,,,v,,2) 5.1)
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Fquation 4,48 simplifies since two terms are of the form

Iz [:/j a; /f,(3)] V,.I g(12) = a- vv, g(12) = 0 (3.2)

leaving

al g(xl - xZ’vl’VZat) + Ve VX, g(lz) + v?_ * Vx_, g(l2)

+ (a;, - vy, + ay - V‘,_‘)g(l2)

+ o [d3 8-V, £i(D223) + 5, [ d3 25y - Vi, 1Dg(13)

= —(a;*Vy, + ay - sz)fl(l).fl(z) (5.3)

We now wish to argue that the fourth term on the left is smaller thar‘l all the o.lhcr
terms and can be discarded. Recall the pulverization pro.c.edur.e of th.e previous
chapter. By that argument, as well as the disc.ussion' of (?OIIISIOHS in S.CCtIOI] 1.'().‘ w’c
argue that the two-point correlation function g 1s.h1gher ordzer in the Vplla‘.-sm‘.t
parameter A than f,; thus g/f; ~ A~'. The acceleration a,, ~e /me pr A Mf]“.
e/m, is constant and e ~ n,' ~ A'; here, we phrase our discussion in terms (.)t
clectrons. Thus, all terms in (5.3) are ~ A™! except for the fourth term on the left,
which is ~ A™2. We discard this term, leaving

6g(§§2) + Ve +Vg=S (5.4)

where V', and V, are operators defined by

Vig(12) = v, -

+ [n, [ d3a g23)] - Vi, £i(1) (5.6)

Vy, £(12)

V.g(12) = v, - Vy, g(12)

+ [no [ ddax gU3)] - Vo, £12) (5.7)

and the source function S is
S(x; = Xp,V,Vy) = — (a, * Vy + a5+ V) Si(D f1(2) (5.8)

In this chapter we alternate between the notations (1) and (x],vl.) depending on
convenience. For simplicity, we suppose that we are dealing with an electr.on
plasma. A neutralizing ion background can be thought to be present; it is conslld-
ered to be smoothed out so that it does not contribute explicitly to the acceleration
a;;, which by (4.21) is

2
e
VI N N (5.9)
) e o Xj'3 (x ‘

The important physical situation to which this discussion applies is as fo'llows.

Imagine a beam of electrons incident on a Maxwellian electron plasma in the
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K=direction, Then the function
F(y,) = »/(/nr dv, fi(v) (5.10)

has the form shown in Fig. 5.1. Ignoring questions of stability (see Chapter 6), we
recognize that the beam of electrons represented by the bump at large positive Uy
will experience collisions that will eventually (¢ — o) produce a new Maxwellian
at a higher temperature. By the discussion of Section 1.6 we can predict the time
scale for this process to be ~ Ve, ~ w,/A. The solution of (5.1) and (5.4) which we
are about to obtain should yield a very good theoretical description for this
important process. This evolution is encountered in such applications as electron
beam-pellet fusion and (when generalized to ions) ohmic heating of tokamaks.
The further assumption that allows us to solve the (still very complicated) set of
equations (5.1) and (5.4) is Bogoliubov’s hypothesis. The assumption is that the
two-point correlation function g relaxes on a time scale very short compared to the
time scale on which f, relaxes [1]. Imagine introducing a test electron into a
plasma. The other electrons will adjust to the presence of the test electron in
roughly the time it takes for them to have a collision with it. With a typical speed
v, and a typical length A, the time for a collision is ~ A./v,~ w, . By contrast, the
time for f; to change because of collisions is ~ Aw,™; thus it is indeed quite
reasonable to assume that g relaxes quickly compared to f;. Mathefnatically, we
incorporate this assumption by ignoring the time dependence of fi(v,,2) and
1(v2,?) in the source function S on the right of (5.4). Equation (5.4) is then a linear
equation for g with a known, constant (in time) source function on the right. We
can solve such a linear equation for 8(X; — X,,v,,v,,t — ) where t — oo is
understood to refer to the short time scale on which g relaxes. The solution for g
will then depend on the factors J1(vy,1) and f(v,,?) in the source function (5.8).
When this solution for g is substituted into the right side of (5.1), there results a
single nonlinear integro-differential equation in the one unknown function f,. We

F(v.)

Fig. 5.1 Distribution F(v,) defined in (5.10) for an electron beam incident on a plasma.
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have finally achieved our goal of truncating the BBGKY hierarchy and have

expressed the entire plasma kinetic equation (5.1) in terms of the one unknown

function fi(v,,1). SFACE . .
The implementation of this procedure is straightforward but complicated. In

order to understand it, it is useful to have first studied the material in .Cl?a;.)lcr 6 on
the Vlasov equation. Thus, we will not perform the deriv.atio‘n hch;“lt is !ncludcd
in Appendix A. The reader who is studying plasma physics for the 11r§t tlmc_muy
wish to accept the results as given here, and proceed to read Appendix A after a
thorough study of Chapter 6. ' - P
The solution of (5.1) and (5.4) uses the techniques of Fourier transtc.)rmatl‘o‘?i in
space, Laplace transformation in time, and their inverses. The conventions used in

this book are as follows:

F ) = [ e (5.1
£ (%) =fdk e*x £ (k) (5.12)
fw = [ a e (5.13)
10 = [ G e s (5.14)

where the integrals over x, k, and 7 are usually along the real axes while the integral
over w is along the Laplace inversion contour to be discussed later. .
Expressed in terms of the difference variable x = x; — x,, the acceleration a,,

in (5.9) is )
ap(x) = Y (5.15)
with Fourier transform i
a;(k) = T (k) (3.16)
where p
k) = 5532 (5.17)
is the Fourier transform of the Coulomb potential
e(x) = l_iz|— (5.18)

(See Problem 5.1.) Then, as shown in Appendix A, the solution of (5.1) and (5.4),
under the Bogoliubov hypothesis, is

o) _ _ Bwtmy [ R
Lo gyt g fdk R s
X 8k - (v — VIIf(WMVy f(¥) — f(V)V, f(V)] (5.19)
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which is the Lenard-Balescu equation (Refs. [2] to [6]). In this equation, we have
dropped the subscript 1 from v,, and the subscript 1 from /|, and have used the
dielectric function
w,’ k-V,f(v)
k, =1+—‘fdv—”_ 5.20
i) Iz w— kv (5.20)

which will be studied in detail in the next chapter. The velocity integral must be
performed along the Landau contour, as discussed in the next chapter. The inter-
pretation of the Lenard-Balescu equation (5.19), and several alternate forms, will
be discussed in the next section. :

5.2 LENARD-BALESCU EQUATION

The Lenard-Balescu equation (5.19) is obtained from the BBGKY hierarchy after
several assumptions: three-particle correlations are negligible, the ensemble of
plasmas is spatially homogeneous, and the two-particle correlation function g
relaxes much faster than the one-particle distribution function f. Thus, the Len-
ard-Balescu equation is applicable to situations such as the collisional relaxation
of a beam in a plasma, but is not applicable in general to the collisional damping
of spatially inhomogeneous wave motion or any phenomena that involve high
frequencies like w,.

The right side of (5.19) represents the physics of two-particle collisions, since the
right side of (5.1) is proportional to the two-particle correlation function g. This is
indicated by the factor ¢(k)/e(k,k - v), which appears squared. It will be shown in
the next chapter that the dielectric function ¢(k,w) represents the plasma shielding
of the field of a test charge. Thus, this term in (5.19) represents the interaction of
one particle (together with its shielding cloud) with the potential field of another
particle (together with its shielding cloud); that is, the collision of two shielded
particles.

There is a problem with the Lenard-Balescu equation (5.19) as it stands. If one
converts the k integration into spherical coordinates, and takes into account the
forms (5.17) of (k) and (5.20) of é(k,w), one finds that at large k the integral
diverges likefdk/k ~ In k. Thus, just as in the derivation of the collision frequen-
cy in Section 1.6, we find a logarithmic divergence at large k, or small distances. In
Section 1.6 we cut off the spatial integral at the lower limit p,, where Do is the
impact parameter for large angle collisions. It is argued in Section 1.6 that the
physical formulation is not valid for large angle collisions, thus producing an
unphysical divergence at short distances. The same thing is going on here. The
derivation of the Lenard-Balescu equation is based on the assumption that in the
expression

£(1D) = () AQ2) + g(12) (5:21)
we have |g| << |f, f,|. This assumption led us to discard a term in (5.3) to obtain
(5.4). However, this assumption is not always valid. It is not possible for two
electrons to get very close to each other; therefore, we must have f, — 0 as
X; — X,, which impliesg = — £, f,. Thus, for small values of [x; — x,| (large k),
it is not correct to assume |g| << | /i fil. In practice, since the divergence is
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logarithmic, we can simply cut off the integral in (5.19) at some upper limit wave
number corresponding to some lower limit spatial sc:llc.. l.'m' this pfu'p(.m‘. the
impact parameter (Landau length) p, for large angle collisions (see Section 1.6)
would be a reasonable choice. i)

The Lenard-Balescu equation (5.19) has several desirable features [4-5]. These
are:

(a) Iff=0attr=0,f=0atallz.

(b) Particles are conserved: d/dtfdv f(v,2) = 0.

(¢) Momentum is conserved: d/dtfdvv f(v,) = 0.

(d) Kinetic energy is conserved: d/dt [ dv v* f(v,.t) = 0.

(¢) Any Maxwellian is a time-independent solution. .

(f) Ast — oo, any f satisfying (a) approaches a Maxwellian.

A simplified but fairly accurate form of the Lenard-Balescu equation (5.19) can
be obtained as follows. We rewrite (5.19) in the form

6fgv,t) =T .0 'fdv' Q (W) (Vy — V)f (/) (5.22)
t

with the tensor

- o gatm kke? (k) i
Q (vwy) = — - fdk —|e(k,k Y o[k (v V)]
_ 2}1064 & ok - (v — v')] V 5.23)
- mez f k4 II + l/f lz (
N2

where the definition (5.17) has been used, and where the dimensionless function i

is found from (5.20) to be
Lk Ve (V)
wkk-v) = v2 f A e (5.24)

Again, the velocity integral must be performed along the Land_au contour, as
discussed in the next chapter. The wave number integral in (5.23) is performed as
follows. When we orient the k, axis in the v — v’ direction, the Q,; component of

the tensor Q is
, 2n,e* kik; 1 S(k,) 5.25)
Gitrae) =~ o ity e T~ TG
The factor 8(k,) implies Q;; = 0 if either i = 1 orj = 1. The .kl integration is
trivially performed using this factor. In cylindrical coordinates with k, = k cos—Ol,
k,; = k sin 6, and cutting off the integration at an upper wave number k, = p, ',

we find, using Q,; as an example,

LS e (546)
Os(VV) = = 3y — v fo Bsin“6] % T+ WRRDP

Since ¢ is a function of 6 but not of k [see (5.24)], the wave number integration can
be performed (Problem 5.3). The result is
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ehs nye* "I Im[yn (1 + kA7)
v, | —— 0 ( T,
@n(v,¥) mAlv =y ./“ a0 Im(yr) sin"9  (5.27)

It turns out (as can be seen more clearly after a study of the following chapter) that
the dimensionless function ¢ is of order unity. In addition, we recognize the factor
koA, = A./p, from Section 1.6 to be (within factors of order unity) the plasma
parameter A. Thus, we neglect unity compared to k,2\,2/4, and In (¢) compared
to In (k*A*) = In (A% = 2 In A, to obtain

r ’ 2 4
Q33(v.v) = Qy(v,V) = — b o L g (5.28)

milv — v|
Similar arguments yield Q,; = Q,, = 0. A tensor with only the Q,, and Q,,
components nonzero can be conveniently expressed in terms of the unit tensor T =
kik, + kyk, + k;ky; withg = v — v’ and recalling that 121 = g, we have
= - 2mne*lnA g2T— gg
AP L p (5.29)
This expiession is known as the Landau form for Q.

Wlth Q in the form (5.29), it is possible to put the Lenard-Balescu equation
(.5.22') in the f.orm of a Fokker-Planck equation. The general Fokker-Planck equa-
tion isa very'lm'portant equation in all aspects of statistical physics, and is derived
from first principles in Appendix B. Following Montgomery and Tidman [5], we
notice that i

_gT— g
V,V,g= P (5.30)

so that with an integration by parts (5.22) becomes
2whnge* In A

9f vt = T2V (9, 1) W, [ av grw)
— 1) [dv 9,9, - Vg £
_ 2mnge*In A
= TS NV OV, f v gf(v)]
=29, W) [ v V¥, - Vg £

m,
+ VY VY, [ av g fo) (5.31)
where in the first step we have used V,g = — Vyg, and in the third step we have

used (V,+V,)g = 2/g. This is in the standard form of a Fokker—-Planck equation
(see Appendix B),

Af (v,0) B
e = N A G —;— ViV, : [Bf(V)] (5:32)
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where the coefficient of dvnamic friction
8mwnyet In A i (vt
A(v,t) = lJi*,-»-” V‘,j dv’ 1 -),- (5.33)
m,* v — V|
and the diffusion coefficient
= 4mrnge’ In A
B,y = 7/ —2 Vvvadv’ v — V| f(V,0) (5.34)

With the coefficients (5.33) and (5.34), Eq. (5.32) is known as the Landau form of
the Fokker-Planck equation.

The meaning of the terms in the Fokker-Planck equation is discussed in Ap-
pendix B. The coefficient of dynamic friction A represents the slowing down of a
typical particle because of many small angle collisions. The diffusion coefficient
represents the increase of a typical particle’s velocity (in the direction perpendicu-
lar to its instantaneous velocity) because of many small angle collisions. Thus, the
two terms on the right side of the Fokker-Planck equation (5.32) tend to balance
cach other. They are in perfect balance when f is a Maxwellian, as shown in
Problem 5.5.

The Landau form of the Fokker-Planck equation (5.32) has been solved nu-
merically by MacDonald et al. [7] (Fig. 5.2). The initial distribution function

f(v,t = 0) = f(|v|,t = 0) is spherically symmetric in velocity space. Figure 5.2

shows the steady progression of the distribution, as time increases, toward a Max-
wellian. At late times, there is an overshoot at low speeds, which indicates that it

Maxwellian
distribution

Dimensionless velocity
distribution

Dimensionless velocity

Fig. 5.2 Time evolution of a spherically symmetric electron distribution function as ob-
tained from a numerical solution of the Landau form of the Fokker-Planck equation (5.32)
by MacDonald et al. [7].
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takes a.long time to populate the high speed tail of the Maxwellian, (Remember
that Coulomb collisions become quite weak for fast particles.)

There exist even simpler forms of the Fokker—Planck equation [4] but these are
not too accurate and are used only to get a rough idea of collisional effects. One is
of ; i

21 = vV lv = v f 0tV ] (5.35)

where v is a collision frequency, and vy is a constant velocity. An even cruder
model, which is not related to the development of the present chapter, is the Krook
model,

af _

P2 e AV B lE ) (5.36)

where f, is the appropriate Maxwellian distribution. Equation (5.36) is also called
the BGK equation, after Bhatnagar, Gross, and Krook [8].

This brings us to the end of our study of plasma kinetic theory including the
effects of two-body collisions. The material in this chapter can be truly appreciated
only after a careful study of Appendices A and B. However, Appendix A itself can
best be understood after one has mastered the treatment of the Vlasov equation, to
which we turn our attention in the next chapter.
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PROBLEMS
5.1 Fourier Transforms

Find the Fourier transforms (5.16) and (5.17). (Hint: Use spherical polar coordi-
nates with k + x = kr cos 6.)
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5.2 Lenard=Balescu Equation

After referring to Clemmow and Dougherty [4], and Montgomery and Tidman
|5], sketch the proofs of properties (a) to (f) of the Lenard-Balescu equation as
listed below (5.21).

5.3 An Integral
With the help of a table of integrals, perform the integration in (5.26).

5.4 Simpler Derivation of the Landau Form

The development of the Landau form for Q, from (5.23) to (5.28), is the stam‘iurd
one. However, a simpler one exists. In (5.23), replace ¢ by unity, and cut off the
wave number integration at a lower wave number A,”! as well as at‘the. upper wave
number p,~!. Show that (5.28) results. The replacement of e by unity is equivalent
to ignoring the shielding, as can be seen in (5.20).

5.5 Maxwellian

Show that a Maxwellian is an exact time-independent solution of both the L.en—
ard-Balescu equation (5.19) and the Landau form of the Fokker-Planck equation
(5.32).

5.6 Two-Point Correlation Function

Discuss the meaning of f, = f, fi + g. Why should g depend on fl? In particular,
how would g change as we turn up the temperature of a Maxwellian?

5.7 Plasmas and Brownian Motion

Discuss the analogy between collisional effects on a particle in a plasma and
Brownian motion. Explain why the collisional effects can be described by a Fok-
ker-Planck equation. Thus, using only words, explain how we cquld use the
results of Section 1.6 on collisions to obtain the Fokker-Planck equation directly,
without starting from Liouville = BBGKY — Lenard-Balescu — Fokker-Planck.
This is actually the technique used by Rosenbluth et al. [9].

5.8 Units

Check all of the units in (5.19) to (5.36). Using crude dimensional arguments,
derive the model (5.35) from the Fokker-Planck equation (5.32) and the coeffi-

cients (5.33) and (5.34).
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Vlasov Equation

6.1 INTRODUCTION

Possibly the single most important equation in plasma physics is the Viasov equa-
tion. This equation describes the evolution of the distribution Junction f(x,v,t) in
six-dimensional phase space. As discussed in Chapter 3, the distribution function
f,(x,v,) can be thought of as the ensemble averaged number of point particles per
unit six-dimensional phase space. It can also be thought of as the number of
particles at any given time ¢, in a small region of the six-dimensional phase space
of a single plasma, divided by the volume of the small region of six-dimensional
phase space. As discussed in Chapter 3, the Vlasov equation becomes exact in the
limit that the number of particles A in a Debye cube becomes infinite.

The Vlasov equation arises naturally from the Klimontovich equation (Chapter
3) or from the BBGKY hierarchy (Chapter 4) when the effects of collisions are
ignored. For this reason, the Vlasov equation is also called the collisionless Boltz-
mann equation. By ignoring the effects of collisions from the start, we can derive
the Vlasov equation as follows.

Consider f(x,v,?) as a probability density associated with an ensemble of Sys-
tems. This probability density can be thought of as a fluid in six-dimensional
phase space. Since particles are neither created nor destroyed, this fluid must
satisfy a continuity equation with the form

)
orbit

=y T ) =0 (6.1)

dx

ats L) v
fix,v,t) + V (dt

dv
+ Vv' (7

Equilibrium Solutions m

where d/Zdi| o refers to the orbit of the fluid element at the position (x,v) in phase

pace. But the fluid represents the probability density of particles; therefore the
orbit of the fluid element must be the same as the orbit of a particle of species s at
position x with velocity v. With this identification, we have immediately

—‘5:-' o =v (6.2)
and
M5 =4 [E(x fH + Y ox B(x,?) ] (6.3)
dt |omit my : (e i

where because the effects of collisions are being ignored the fields E and B are the
smooth, ensemble averaged fields satisfying Maxwell’s equations (3.28). Equation
(6.1) becomes

9, f(x,v,2) + Vi (v f)

q . £ s
Fon T [(E+ - X B)fs] 0 (6.4)

With the vector identity V - (ab) = bV - a + a - Vb, we find

8 LX) + V-Vyf, + Z(E + — X B)-V,f, = 0 (6.5)

which is the Viasov equation [1].

EXERCISE Verify that the two terms dropped in going from (6.4) to (6.5) in-
deed vanish.

When this equation, one for each species, is combined with Maxwell’s equations
(3.28), we have a complete description of the behavior of a plasma. Although in
principle the Vlasov equation only applies to an ensemble of plasmas, in practice
we assume that, because of the large number of particles in a single plasma, the
fluctuations are so small that the Vlasov equation yields good predictions for a
single plasma. Since collisions have been ignored, the Vlasov equation applies only
when collisional effects are unimportant. Often, this means that we are limited to
phenomena with a characteristic frequency w >> v, = w,/A.

6.2 EQUILIBRIUM SOLUTIONS

For time scales short compared to a collision time v,;! = A w,”!, we are interested
in finding steady-state solutions to the Vlasov equation (6.5), that is, those for
which 9, f; = 0. (In this chapter, the words ““equilibrium” and “‘steady-state” are
used synonymously.) Of course, there is no guarantee that such steady-state solu-
tions are stable to small perturbations. (A pencil standing on its tip is a steady-
state solution, but not a stable one.)

As we look for solutions to the Vlasov equation, it is useful to interpret the left
side of (6.5) as the total time derivative of £, along a particle orbit. Consider a
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particle of species s whose orbit in six-dimensional phase space is X(7), V(1), where
X(?) is the function that gives the position x in real space of the particle at time 1,
and V(1) is the function that gives the position v in velocity space of the particle at
time 7. Then the total time derivative of any quantity, measured along the test
particle’s orbit in phase space, is

D aX(1) dv(r)
B -ttt
dx dv
=9 + i . ety %
! dt orbit Vx E dl orbit Vv
Fay qs v
—6),+v-VX+m—(E+7xB)-Vv (6.6)

s

where we have inserted (6.2) and (6.3). Thus, the Vlasov equation (6.5) simply says

D
o7 FEv) =0 6.7)

Knowledge of the form (6.7) gives us one way to solve the Vlasov equation (6.5).
Suppose we construct f, out of functions C,(x,v,t) that are constants of the motion
along the orbit of a particle. Then by (6.7),

D . D
or Acxuop = 3 2 2o =0 (639)

i

so that the Vlasov equation (6.5) is satisfied. Thus, any distribution that is a
function only of the constants of the motion of the individual particle orbits is a
solution of the Vlasov equation.

In the present section we are interested only in equilibrium solutions that do not
depend explicitly on time. Noting that the fields E and B in (6.5) can be combina-
‘_Lions of externally imposed fields and self-consistent fields, we consider the follow-
ing cases.

CASEA:E=B =0

In the absence of external fields, the energy Y2ma? and momentum my =
my(v,,v,,v.) of a particle are constants of the motion. Thus, any function

L = L0 1) (6.9)
is g.solution.of the time-independent Vlasov equation. This can also be seen by
writing the time-independent Vlasov equation with no external fields,

vV fs =0 (6.10)
to which (6.9) is seen to be a solution.

CASE B: E = 0, B = CONSTANT

In the presence of a uniform background magnetic field, the total particle momen-
tum is no longer a constant. If we choose the magnetic field in the Z-direction,
then the constants of the motion are the momentum v, in the 2-direction and the
energy Yamy, > = Yim(v,.? + v,?) in ;he plane perpendicular to the magnetic
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field, Thus, any function
Ss = filv,v) (6.11)

i an equilibrium solution to the Vlasov equation in the presence of a uniform

magnetic field.

EXERCISE Show (Chapter 1) that v is a constant of the motion in a uniform
magnetic field. Verify by direct calculation that (6.11) is a solution of the Vlasov
cquation (6.5) in this case.

CASEC:B = 0,E = E(x) # 0

In the presence of an arbitrary electric field E(x) = — X d/dx ¢(x) in the X-
direction, the particle constants of the motion are the momenta mv, and m,v., and
the energy Yamv,> + g, o(x) associated with motion in the £-direction. Thus,
fo = filvd + 29, o(x)/ mg,v,,0.) (6.12)
is an equilibrium distribution function. (Note that f; can also depend upon the sign

of v,.)

EXERCISE Verify by direct substitution that (6.12) is a solution of the Vlasov
equation (6.5) in this case. :
In addition to these three simple cases, there are other important examples that
are used. For example, in Chapter 2 we discussed the adiabatic invariants that are
approximate constants of motion. Using these adiabatic invariants, one can con-

struct approximate equilibrium distribution functions. Such solutions find wide
applications in the study of magnetic confinement devices such as the tokamak

and mirror machine.

6.3 ELECTROSTATIC WAVES

One of the simplest and most instructive predictions of Vlasov theory is the
existence of electrostatic waves, waves that have only an electric field with no
magnetic field, and in the small amplitude limit have a time and spatial depen-

dence
~exp (ik * x — iw?) + c.c. (complex conjugate), where k||E

EXERCISE Show that for waves with k||E, Maxwell’s equations predict no
magnetic field.

We begin with the simple situation of a plasma with no applied electric or magnet-
ic fields. Each species has a distribution function

L sde T Ju (6.13)
where f,, = fi(v) is one of the equilibrium solutions discussed in the previous
section, and f,,(x,v,?) is a small perturbation associated with the small-amplitude
wave. For each species,

f AV £o¥) = 1, (6.14)
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where n, is the average number of particles per unit conhiguration space. Choosing
the electric field in the £-direction, and treating waves with a spatial variation in
the £-direction only, the Vlasov equation is

Aot 0,8, F, + "1’1— Ed,f, =0 (6.15)

Withfso a zero order quantity, and f;, and E small quantities of first order, we look
for linearized solutions of (6.15). The zero order terms in (6.15) yield

0, foo T v:0,f50 =0 (6.16)
which is trivially satisfied by our equilibrium solutions JSso = fy(v). The first order
terms in (6.15) are

qs
my

0,01 T ey fop T Ed, fu =0 (6.17)

Looking for plane wave solutions ~ exp(ikx — iw?) this is

— iwfy + kv, f, = — r"’; Ed, fi (6.18)
or
_ —ig/my
Salon) = S Ea, fu) (6.19)

The only one of Maxwell’s equations (3.28) needed for electrostatic waves is
Poisson’s equation, which in the present case is

ikE = 4mwe(n; — n,)
= 47refdv(f,— = £
= 4me [av (fy = fu)

m' 4, fi il :
= —i47re2Efdv [ i ol 8”‘f‘°] (6.20)

o — kv, w — kv,

Eliminating E from both sides we obtain the dispersion relation for electrostatic
waves in an unmagnetized plasma,

o’ dgu) _
I i2 fdum—o (6.21)
where
_ m, 1
80 = e [du,dv. fuw) + [, dv. £y (6.22)

Notice that the ion component of g is reduced by the factor m,/m;. For example, if
the electrons and ions are Maxwellian, we have

o n() 2 2 2
T = m exp [—(v,” + u}.2 T v°) 2v3] (6.23)

whereupon
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g(u,) exp(—v,%/2v,%)

|
(27)"y,
m, |

G ) 2 /202 "
@7, exp(—v,*/2v?) (6.24)

|
m;

1

where as usual v,’ T./m;:

EXERCISE Verify that the Maxwellian (6.23) satisfies the normalization (6.14).

I'or equal temperatures 7, = T; we have v; << v,, and g(u) is as shown in Fig.
0.1. Notice that g(u) has the units (velocity)™'. The ion contribution appears tiny
when compared to the electron contribution. However, for low frequency motions
the ion contribution can be very important, as in the ion-acoustic wave.

Let us use the dispersion relation (6.21) to find the relation between frequency w
and wave number k for high frequency electron plasma waves called Langmuir
waves. The high frequency of these waves implies that the massive ions do not have
time to respond to them, so we ignore the ion contribution to g(«) in (6.22), that is,
we let m; — oo, This is equivalent to ignoring the ion motion in our derivation of
the plasma frequency in Section 1.4. The dispersion relation (6.21) includes an
integration over an integrand with a pole at u = w/k. This pole must be handled
with care. For the present, suppose we restrict ourselves to waves such that
w/k >> ufor all u for which g(u) is appreciable, so thatd,g(u) = Oatu = w/k
(Fig. 6.2). With this assumption, (6.21) can be integrated by parts to obtain

w’ ([ g(u)

=~ e = k)

iy~ [w T = (625

where the boundary terms vanish because g(¥ — =+o°) = 0. Expanding the de-
nominator up to and including second order terms in uk/w, we find

w,’ 2uk | 3uwk?\ _
0= = fdug(u) (1 = )—o (6.26)

EXERCISE Verify the expansion.

g ()

lon contribution

Electron
contribution

u

Fig. 6.1 The function g(u) as predicted by (6.22) for an equal temperature Maxwellian
plasma.
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g )

1 |
07, w/k

u

Fig. 6.2 The Langmuir wave calculation of Section 6.3 is appropriate only when the
phase speed w/k of the wave is much larger than the thermal speed v,.

With g(u) given by the first term on the right of (6.24), we havefdu g(u) =1
[adugwyu = 0, [ du g(wu* = v, ’

EXERCISE Verify these statements.
Equation 6.26 then predicts

fi w,’ 3k*v,w,’
o aia S (6.27)

w w

which upon solving for w? and assuming kv, << ? yields

@ = ol + 3k%; (6.28)

which is the famous Langmuir wave dispersion relation; it can easily be committed
to memory.

EXERCISE

(a) Obtain (6.28) from (6.27) with the given assumptions.

(b) Verify that (6.28) is consistent with the given assumptions.

(c) Show that (6.28) is equivalent to w = w,(1 + 3k*A,2/2).

(d) Use.the result of Problem 1.3 to modify (6.28) to include the effects of ion
motion.

In the next section we shall return to the dispersion relation (6.21) and show how
to properly treat the pole when we do not have d, g(#) = 0 at u = w/k.

6.4 LANDAU CONTOUR

.In this section, we present a more complete treatment of electrostatic waves, which
includes a careful evaluation of the pole in the dispersion relation (6.21). As’shown
by Landau [2], the best way to proceed is by solving the Vlasov equation (6.17)
and Poisson’s equation (6.20) in the context of an initial value problem.
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o simplify the discussion, we treat only high frequency Langmuir waves and
ipnore ion motion. Looking for waves with the spatial dependence ~ exp (ikx),
and denoting the first order electron distribution by fi(k,v, 1), Eq. (6.17) becomes

a, f, + ikv, f, — (e/mIE d, foy = 0 (6.29)
When we use the Laplace transform convention (5.13) to (5.14), and the fact that
the Laplace transform of d,g(?) is —iwg(w) — g(1 = 0), the Laplace transform of
(6.29) is

_iwfl(kavaw) + l‘kv.\'fll
— (e/m)E(w)d, fu = filk,v,t = 0) (6.30)

EXERCISE Demonstrate that the Laplace transform of d,g(?) is —iw g(w) -
gt = 0).
Poisson’s equation (6.20) is in this case

ikE(w) = — 4me f dv f,(k,v,0) (6.31)

Solving (6.30) for fi(k,v,w), we obtain
(e/m)E(w)d, fo + filk,v,t = 0)

fl(k7v9w) = —lw + lkU (632)
which when substituted in (6.31) yields
] 4mer/m, 3y fuo
ik [1— % fdv vx—(w/k)]E(w)
—4e filk,v,t = 0)
= — " .35
ik f R (6:584
The factor in brackets on the left is the dielectric function
_ o’ d, g(u)
elk,w) = 1 % fdu % — (o/B) ! (6.34)

where the definition (6.22) of g(u) has been used. Note that e(—k,—w*) = ¢*(k,w).
Equation (6.33) then becomes

_ 4me f filk,v,t = 0)
E@) = arkay J & o, = (@/k) (6=
As with all Laplace transforms, E(w) is defined only for w; sufficiently large, and

the inverse Laplace transform

E(t) = fL %797’— E(w)e~i! (6.36)

is carried out along the Laplace contour as shown in Fig. 6.3. The Laplace contour
must pass above all poles of E(w), which by (6.35) includes all zeros of e(k,w).
With the Laplace contour as shown in Fig. 6.3, we have w; > 0 everywhere on the
contour and thus w; > 0 in the evaluation of e(k,w) in (6.34). By analytically
continuing the function g(u) to the entire complex ¥ = u, + iu-plane, we can
think of the integration in (6.34) as occurring along the real u-axis, with a pole at
u = w/k in the upper half u-plane, as shown in Fig. 6.4.



78 Viasov Equation

Wy

ec(k, w)=0

Wy

Fig. 6.3 Laplace contour.

The inverse Laplace transform (6.36) is accomplished by analytically continuing
E(w) to the entire complex w-plane. By (6.35), when we analytically continue E(w),
we must analytically continue e(k,w). This means that when w crosses the real
w-axis from above to below, we cannot allow the pole in Fig. 6.4 to cross the
integration contour; if it did, the value of e(k,w) would jump by —27ri times the
residueat ¥ = w/k. Thus, we must deform the integration contour in the complex
u-plane as shown in Fig. 6.5 when w; < 0. The two sets of contours shown in Figs.
6.4 and 6.5 are collectively known as the Landau contour. A similar contour must
be used to evaluate the other integral in (6.35).

With E(w) in (6.35) analytically continued to the entire complex w-plane, the L
contour in (6.36) can be deformed as shown in Fig. 6.6. We do not attempt to close
the contour with a semicircle in the lower half w-plane, since it is not clear from

ou=wsk

Fig. 6.4 Contour of integration used in evaluating the dielectric function (6.34) when
w; > 0.
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®u=w/k

Fig. 6.5 Contour of integration used in evaluating the dielectric function (6.34) when
w, < 0.

(6.35) that E(w) falls off fast enough at large negative w; for this to be d(.)nc.
Rather, we treat each part of the contour in Fig. 6.6 separately. There are _tour
types of contributions. First, there are the poles of E(w) such as the one at pm.]?l A
in Fig. 6.6. We assume that this pole comes from a zero of e(k,w) rathe':r than from
the other factor on the right of (6.35). Denoting the frequency at pgmt A by w,,
this pole contributes a term to E(#) with the time dependence exp(—zwAt): Wc.cull
these contributions the normal modes, and we note that since the frequencies of the
normal modes are given by e(k,w) = 0, they correspon_d to the waves fqund by
solving the dispersion relation (6.21) in the previous section. After some time has

w;
S A E p—3p
L)
- (W,
wp ¥
v O O
B c D

Fig. 6.6 Deformed Laplace contour used in taking the inverse Laplace transform (6.36).
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elapsed, the dominant contribution from the normal modes comes from the one
with the largest imaginary part of the frequency, as in point A of Fig. 6.6. If this is
positive, the normal mode is unstable and grows with time; if it is negative, the

normal mode is damped and decays with time.

Second, there are contributions from segments like the one from point B to
point C. With the contour a distance v > 0 below the real w-axis, this contribu-
tion is of the form

“de ; Cdw .
< i o —lwl — L=yt bt =t
E(1) [ 5 E(e e l 5 Ew)e (6.37)

which decays very.rapidly with time. Thus, after an initial transient period of time,
these contributions can be ignored.

Third, there are contributions from the two segments like the one from point D
to point E, of the form

fdw )
~ PR —lwt
E(1) l 5 E(w)e

. Eq
= e~iwt f ﬁ E(w, + iw;)e (6.38)

D
These contributions can be ignored since E(w) is small for wy, — ©°; by (6.35) it
varies as w™' for large w.
Fourth, the segment from point £ to infinity gives a contribution

L0 R f”;’—;" el E(w) (6.39)
E

which vanishes since for w, — o the integrand oscillates infinitely fast.

Thus, the response to an initial perturbation consists of normal modes that
oscillate with the normal mode frequencies given by the dispersion relation (6.21),
and transients. After some time, the normal mode with the largest imaginary part
dominates. This discussion refers to a single wave number k. A spatially localized
perturbation in a plasma will have a spectrum of wave numbers, and the response
after an initial transient period will consist of a spectrum of normal modes at
different wave numbers. If any one of the normal mode frequencies has a positive
imaginary part, the plasma is unstable and the perturbation grows with time. If all
of the normal mode frequencies have negative imaginary parts, the perturbation
eventually damps away. In the next section, we quantitatively evaluate the real and
imaginary parts of the normal mode frequencies in terms of the zero-order distri-
bution function f,(v).

6.5 LANDAU DAMPING

In this section, we return to the Langmuir wave dispersion relation (6.21) and use
our knowledge of the integration contours to carefully evaluate the contribution
of the pole atu = w/k. This calculation is especially elegant when we assume that
lw;] << |w,|, which can be checked after w is calculated.

Writing the dispersion relation (6.21) in the form
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c(k,w) 6 + le 0 (6.40)

and Taylor expanding about w w, yields

. de,(k,w) _
o(kw) + ie(k,w,) + iw, o , =90 (6.41)

w=w,
Here the term ~ w; de,/dw is ignored because it is the product of w,, which is small,
and de;/dw, which can be assumed to be small because w, ~ ¢;, which can hc. seen
by equating the real and imaginary parts of (6.41) separately to zero; this yields

e(k,w,) = 0 —| (6.42)

and
el 4 ei(k’a)r) 4‘;
o e (k,w)/dw| y=q, (6.43)

When w; = 0, the Landau contour is as shown in Fig. 6.7. The Plemelj formula
(see Appendix C), as applied to the contour in Fig. 6.7, is

! =P ( - ) + 7id(u — a) (6.44)
u—a Ui q

where P means principal value; this allows (6.34) to be written

@ o ™ d.g(u)
etkoo) =1 — =5 PL =T

0 2 .
i k—ez d, g(u)luZw/k (6.45)

where for any function f(u),

- L : Ty J& g _f(_")_]
P-/_;, du;f%= 11_.1{)1 [_m dum'i‘ e duu_a (6.46)
The second term on the right of (6.44) comes from integrating around. the semicir—‘
cle in Fig. 6.7, which yields one-half of 27 times the residue. Th.e mt'egrand of
(6.46) is shown as Fig. 6.8. The two large contributions of opposite sign cancel
each other, so that the principal value is not very sensitive to the prope.r'ues of the
function f(u) near the pole atu = a. From (6.42) and (6.45) we determine the real
part of the frequency w, from

I i d, g(u)
— = — i Bl 4
e(k,w,) 0 1 = P[w du » (/%) (6.47)

For purposes of this integration, we can take d,g(¥) = 0 at u = w,/k, integrate
by parts as in (6.25) to (6.27), and obtain

.}’ 3k, w,?

e(kw) =1 — T i T =0 | (6.48)
which by (6.28) yields, with the assumption kv, << w,?,
w? = w? + k™2 (6.49)
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u=w/k

=\ O F o
<7

Fig. 6.7 Landau contour when w, = 0. The straight line portions of the contour are
exactly on the real axis. ‘

[Note that the expressions below (6.26) are valid for an arbitrary g(u), provided
that fdu g(u)u = 0 and provided that one defines v, by fdu gwu? = v2]1In
order to calculate w; with (6.43) we need

de,(k,w) _ delk,w,) 20,2 2
£ A —— R (6.50)

dw, w, w,
where terms O(k?\,%) have been ignored. Then by (6.43) and (6.45),

Tw,’

O = e )y (6.51)

w

The total normal mode frequency is finally

3

_ 3 . T,
E) = w, ( 179 > kN2 ) + i %2 dug(u)le,/k (6.52)

Th1:s equation is valid for all Langmuir waves such that kA, << 1. The generali-
zation of (6.52) to encompass all wave numbers has been presented by Jackson [3].

B[

u—a

Fig. 6.8 Principal value integrand.
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When the slope of the distribution function d,g(u)|,.,, ,x 18 negative, as with the
Muaxwelhan distribution in Fig. 6.2, Langmuir waves have w, << 0 and are Landau
damped. When the slope is positive at u w,/k, as it is for a range of wave

numbers in the “bump-on-tail” distribution in Fig. 5.1 at t+ = 0, then these wave
numbers grow exponentially.
With a Maxwellian g(u) given by the first term on the right of (6.24) one can
cxplicitly evaluate w;, which is
Tw,’ u
T T 2% @ P

(—u2/2v‘,2)|u:w’/,\.

T 172 1
= - = — — e 2y 2 3
We (g ) (kN,)? exp (—3/2)exp (—1/2k*\,%) (6.53)

I'his vanishes for k& — 0 and increases rapidly with increasing wave number, such
that for kA, > 0.3 the damping w; ~ w, is so large that such waves are never
observed.

In Section 6.7 we shall consider the physical mechanism of Landau damping.
Heuristically, this can be considered as follows. Consider a wave with a phase
speed ¥V, = w,/k in a Maxwellian plasma (Fig. 6.2). Those particles with speeds «
very close to ¥V interact strongly with the wave. Particles with speeds slightly
laster than V_ are grabbed by the wave and slowed down, giving up energy to the
wave, while particles with speeds slightly slower than the wave are sped up, taking
cnergy from the wave. Since in a Maxwellian plasma there are more particles with
speeds slightly less than ¥ than with speeds slightly greater than V. the net result
is an energy gain by the particles and an energy loss by the wave; this is Landau
damping.

On the other hand, consider a wave with phase speed V, = w/k = usuch that
d,(g) > 0as on the left half of the ““bump-on-tail’’ in Fig. 5.1. Now there are more
particles slightly faster than Fa than slightly slower, the particles lose net energy to
the wave, and the wave grows. These ideas will be made quantitative in Section
6.7.

6.6 WAVE ENERGY

In Section 6.5 the real and imaginary parts of the normal mode frequency for
longitudinal waves are determined from a knowledge of the dielectric function
€(k,w). The importance of the dielectric function for longitudinal waves is due to
its equivalence to Poisson’s equation
_ ikE = 4mp (6.54)
which is effectively replaced by
ike(k,w)E = 0 (6.55)

for purposes of calculating normal modes [see (6.33)]. Thus, all of the physics
contained in Poisson’s equation is also contained in the dielectric function. It is
important to note that the 1’ in the dielectric function

_ e o O dug(u)
elk,w) = 1 E fdu 2 = Tl (6.34)
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comes from the left side of Poisson’s equation (the “'vacuum® contribution) where-
as the other term comes from the right side of Poisson's equation and represents
the contribution of the plasma (plasma = medium dielectric).

The dielectric function e(k,w) provides a very useful approach to wave energy.
In this section, we present a somewhat heuristic demonstration of the relation
between the dielectric function and wave energy. A more rigorous development
can be found in Landau and Lifshitz [4].

When we deal with energy, we deal with squared quantities, such as electric
fields; therefore we must be certain to have only real quantities before squaring.
Consider a real oscillatory electric field

Ew = % E(t)exp (—iw,t) + % E*(t) exp (im,1) (6.56)

at a fixed spatial point. The time-averaged electric field energy density at this
spatial point is

BL —— T ;
W, = == [E*exp (—2iw,t) + 2|E|* + E*? exp iw,1)]
2 6.57
T 16m (50
where the terms at frequencies & 2iw,7 vanish on averaging over the fast time scale
21/ w,.

With the real electric field £ one can associate a real current J, such that J(1) =
%J(t) exp (—iw,t) + Y2 J*(t) exp (iw,?). Since we are dealing with linear waves,
there is a linear relation between current and electric field,

J(t) = o(w)E(1) (6.58)
where o(w) is the conductivity. There is a simple relationship between the conduc-
tivity o(w) and the dielectric function e(w). Ampere’s law for longitudinal waves
yields

- 4 1 OE
0=VXxB=-—"7J+= =
c c ot
st 4
=@ ( = I)E
C —lw
_ 1 D
T ¢ ot
=
= C‘“ e(w)E (6.59)
with which we identify
o
) =1 o) (6.60)

where in accordance with electromagnetic theory we have introduced the dis-
placement D = ¢E.
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Let us now develop an expression for the time rate of change ol wave energy.
F'rom the first form of Ampere’s law in (6.59), we obtain for real ficlds
i
1,‘ = = 4] (6.61)
at
Multiplying each side by /4 yields
Jiiliag iy
R
8 dt ()

= — —i— [E exp (—iw,t) + E*exp (iw,2)][oF exp (—iw,t)

+ o*E* exp (iw,?)] (6.62)

where we have used (6.56) and (6.58). Taking the average of both sides over the
short time 27/ w,, the second harmonic terms disappear and we have, using (6.57),

1 d 5 1 oy

Sl — E*oE 6.63

6x ar El g T T \es
At this point we expand o(w) exactly as we expanded e(w) in (6.41). From (6.60),
iy o 1 o ) (6.64)

w’
while

elw,) = ii’)(ﬁ)— (6.65)

Consistent with the assumptions used in (6.41), we assume |o,(w,)| << |o(w,)|
and expand

d
a(w)=0(w,)+7d—:— 71707
do,
= o) + iofw) — @ 5 (6.66)

where we have ignored the term wi(do,/dw)lwr as being second order in small
quantities. By (6.56), the normal mode electric field E(z) has the time dependence
exp(w;t); therefore dE/dt = wE, and we can write

dUi o dUi i
W 7 Ity = i E (6.67)
whereupon (6.63) becomes
5 Tndor ad, (Ll 0D 2 g Ao 4 g,
e o 4[2"'(‘“')'E' o o, dt =
do; d
R o Whakied —
2 do 'dt E]
1 do; d
= — 3. LYt i
=~ 5 G@IIER + 5 21| o IEP (669

Moving a term to the left side, we find
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| d £ I do, d o y
s AL ; . N ¢
167 dt |E| 4 do |, di £ 2 olw,)|£] LB}
— ——— | —
field energy particle energy dissipation

where we recognize the first term on the left as the time derivative of the electric
field energy. Because the second term on the left involves o,, we identify it as the
time derivative of the particle energy contained in the current. The right side

represents dissipation due to o,(w,), which is proportional to €/(w,) and thus to w;

by (6.43). Since 0,(w,) represents dissipation, it is known as the resistive part of the
conductivity, while o,(w,) represents the particle energy in the wave and is thus
called the reactive part of the conductivity.

The two terms on the left of (6.69) represent the time derivative of the total wave
energy Wi Thus, as a function of the electric field energy density (6.57),

do;
Wi = (1 — 4r % w) W (6.70)
From (6.64), the constant can be written
do; d
1 — 47 E i = ;‘; [we,(w)]wl (6.71)
so the total wave energy is
sl By
Wi = e [we,(w)]w’ W, (6.72)

For example, for Langmuir waves with kA, — 0, we have [see (6.48)]

w,’

e(w) =1 — o (6.73)

Therefore
2

o e, = =2 (6.74)

so there are equal amounts of energy in particles and electric field in a Langmuir
wave.

,

EXERCISE Compare this result to your result in Problem 6.4.

Since the wave energy is ~ |E|% and E ~ exp (w;#), we must have

dWlol
T == 2(1),'%0( (675)
Let us verify that (6.75) is indeed satisfied by (6.69), which says
AWt 1 : 1
G = 5 S@IE? = — = 0(w)16x W,
1
= — 8mo,(w,) Wiot (6.76)

(d/dw)(we,)| i
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But (d/dw)we,)|,, w(de,/dw)|, since ¢ (w,) 0 by (6.42), and o,(w,)

w e (w, )/ 4 from (6.65); thus (6.76) is
AW 2¢/(w,) .
- 2w Wi A
dt de,/dw|, Wia mudd 4

where (6.43) has been used to insert w;. Thus, (6.75) is indeed satisfied.

I'he convenient formulas (6.43) for growth rate and (6.72) for wave energy in
terms of the dielectric function e(k,w) are applicable to all electrostatic waves in a
plasma, and are very useful in practice. Because of the form (6.34), one can plaus-
ibly state that a full knowledge of e(k,w) for all values of k and w implies a full
knowledge of the distribution function g(u). In the next section, we consider in de-
(ail the effect of an electrostatic wave on the distribution function; this leads to a
microscopic understanding of Landau damping.

6.7 PHYSICS OF LANDAU DAMPING

In Section 6.5 the phenomenon of Landau damping (6.52) is introduced as a
mathematical consequence of the solution of the dispersion relation. In the present
section we discuss the detailed physics of Landau damping [5]. This is done by
considering the effect of the small wave, associated with the perturbed distribution
function fi(x,v,t = 0), on the background plasma represented by f;,(v). For con-
venience in this section, we denote the x-component of velocity by v, and suppress
the “‘electron” subscript on f; and f;.

Consider a linear Langmuir wave of the form E,(x’,z) = E, sin (kx’ — w,t)
where x” denotes the laboratory frame of reference, E; is a small constant, and for
the moment we ignore the imaginary part of the frequency. In the frame of
reference x moving with the phase speed w,/k > 0 with respect to the laboratory
frame, the wave field is independent of time and is given by E,(x) = E, sin (kx), as
shown in Fig. 6.9. All of the particles in the background distribution function f,(v)
are affected by this electric field, and some are speeded up while others are slowed
down. We focus our attention on only those particles in fy(v) that have speed v, in
the lab frame at #+ = 0 and, thus, have speed ¥ = v, — v, in the frame moving
with the wave phase speed v, = w,/k (Fig. 6.10). This “‘beam” of particles with
speed v, in the lab frame and speed 3, in the wave frame will see the energy of some

X
0 \/)\

Fig. 6.9 Stationary electric field as seen in the frame x = x” — (w,/k)t moving to the
right at speed w,/k with respect to the laboratory frame x’.




88 Viasov Equation
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Fig. 6.10 Beam of electrons, all with speed v, with respect to the laboratory frame and
speed ¥, = v, — v, with respect to the moving frame.

of its members increase with time and the energy of some of its members decrease
with time, depending on the initial particle position x,. After a time 7, a particle
will have experienced a change in speed Av (independent of frame) so that the
particle’s energy, as measured in the lab frame, suffers a change

1 1
AE = 7 me(vo + Av)2 i —2— mevoZ

= m,v,Av + O[(Av)?] (6.78)
where we shall ignore the term in (Av)? in what follows; it can be shown that in the

present derivation this term gives a negligible contribution to quantities of inter-
est. We are interested in the average change in energy over a wavelength,

(AE),, = m,u(Av),, (6.79)
Since Av can be calculated in any frame, we work in the wave frame. Then

Av(7) =ft S e

23
0 f dr’ sin k%(t') (6.80)
me 0
where %(?) is the orbit of the particle. If we insert in (6.80) the unperturbed particle
orbit X(¢) = x, + T2, without the effects of the wave field, we would find
(Av),, = 0. Thus, we must include the lowest order correction to the particle orbit
due to the effect of the wave. This is done as follows:

o E 1
Av(f) = —:1—" f dr’ sin k(')
e 0

"
xo +f dt" i’)(t”)
e
E, ("
5= 22 [ arsinks(r)

m, J,

Xo + Tt (6.81)

where we have gone far enough to pick up the lowest order correction in E,.
Performing the last integration we find
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v(r") v, 4 ‘.I"“, [cos (kx, + kvyt") = cos kx| (6.82)
m kv,
I'he next to last integration yields
ek
X(t') = xo + Upt’ — mvké'o cos (kx,)
B o + kvot’) — sin (kx,)] (6.83)
+ M5, [sin (kx, ot") § 0 e

I'he first integrand is of the form sin (kx, + k¥, + A) where A is proportional
to E,,
Pk t'eE,

cos (kx,)

~

m,vy
eE, . 4%y )
+ ——— [sin (kx, + kTyt’) — sin(kx,)] (6.84)
mk?,
Since we are looking for the lowest order correction in E,, we can Taylor expand
sin(a@a + A) =sina + Acosa (6.85)

to lowest order in A. Then
t
¢Eq f dr'[A cos (kx, + k¥yt’) + sin (kxo+ kTo?)]  (6.86)
m, J,
We next wish to average Av over one wavelength, upon which the sin term disap-
pears. The other terms are evaluated using the identities

Ay(t) = —

(sin(u — a)cos(u — b)), = — % sin (a — b) (6.87)
(sin (u — a) sin (u — b)), = {(cos (u — a) cos (u — b)),
= — cos(a = b) (6.88)

where ( ), means an average over one period of the variable . We find

eE,X k [, 1 . .,
(Av(D),, = (m:)) 7/(; dt {“ k2—1~)02 sin (k?,t")

tl
kv,
The integration can be performed, and yields

+ cos (kT/OZ")} (6.89)

E,

aun, = (5

2
1
et kot) — 1
m ) 2k2'f)03 {2[COS( Vol) ]

-

+ kot sin (kDyt)} (6.90)

Our aim is to form the change of energy, (AE), = m,v,(Av),, and integrate over
all velocities v, in the lab frame to find the total change in energy of the particles.
Before doing so, let us evaluate (6.90) at early time, such that k¢ << 1. Note
that early time for one “beam” of velocity v, may not be early time for another
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“beam” of velocity >> 9,. Using the formulas

x°

sinx =~ x — .3 AT (6.91)
and
2 4
cosx%l—);-i-—;—“——f—... (6.92)
we find
. . ~—x4
2(cosx — 1) + xsinx = B (6.93)
Therefore (6.90) becomes
eEy ¥ k%
(Av(?)),, = — (m°) —2:" B iR v T (6.94)

Thus, we see that ““beams” with ¥ > 0, that is, those moving faster than the wave,
are indeed slowed down at early times, in the sense of an average over x,,. “Beams”
with ¥ < 0, those moving slower than the wave, are sped up in an average sense.

We are now ready to integrate the spatially averaged energy change over all
velocities, in the lab frame. We cannot use (6.94) for (Av),,, because kvot << lis
not true for all “beams’ at a given time 7. Rather, we use (6.90) to find the total
energy change W(1¢),

W) = [ a0 @B, = [ d fiwomanan, 699

where we have used (6.78). Since (6.90) involves velocities ¥, in the wave frame, it
is convenient to make the change of variable ¥, = v, — v, in (6.95), which be-
comes

W) = m, [ di, FE)E + v A0, (6.96)

where f(3y) = fo(3, + v,). We expect the major contribution to (6.96) to come
from particles with velocities close to ¥, = 0; this can be seen from the fact that
the expression (6.90) for (Av),, varies as (%,). We therefore expand f(3,) =
F(0) + %, (0). The product

F@I@ + v,) =703, + F(0)v,
+ B F(0) + Byv,, F/(0) (6.97)

has four terms. Since (Av),, in (6.90) is odd in 9, the two terms in (6.97) that are
even in 9, will give zero when the integration in (6.96) is performed. Only the two
odd terms in (6.97), 7(0)%,, and %, vwf’(O) contribute. Usually, the latter term
makes a much larger contribution.

EXERCISE Verify this statement for a Maxwellian, with v, =
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Il we keep only the latter term, (6.96) becomes

|,~" ",' i /\"
W) = IH,,“./‘(()) (lll,) j {\x.'x (2[cos (ki) 1

2k* m, Vo
+ kvt sin (kvyt)} (6.98)
With the change of variable x = k¢, the integral I in (6.98) becomes
1= ktf xf [2(cosx — 1) + xsinx] (6.99)
The second term is found from an integral table to yield
f dx LR ™ (6.100)
o x

while the other term yields —2ar.

EXERCISE

(a) Verify the last statement by changing the limits of integration to (0,%), care-
fully integrating by parts, and using (6.100).

(b) Evaluate (6.100) using contour integration. First, move the contour off of
the (nonexistent) pole at z = 0 and then expand the sine in terms of expo-

nentials.

Thus, we find

2
T MU, s, ek,
= - 6.101
Wiy = — 7 e oy (52« (6.101)
or 3
T, T Ay ek
W =— 5 —a i) (m—") ! (6.102)
or identifying f; with n,g, and taking o, = w,,
w 3
W) = — gz 8@ E’ (6.103)

Equation 6.103 shows that the total particle energy is changing as the first power

of time 7, and is positive when g’(v,) < 0 and negative when g’(v,) > 0. The

energy gained or lost by the particles must come from the wave. The rate of change

of wave energy Wi must be equal and opposite to the rate of change of particle
energy. From (6.103),

d d w,’

shd = = —% o'(v )E,> 6.104

dt Wwave dt W(t) 8k2 g(U‘p) 0 ( )

The total wave energy, averaged over a wavelength, is Wuae = 2E;* (sin’

(kx)),/8m = E,*/8m, where the factor of 2 is introduced because a Langmuir

wave has equal amounts of energy in electric field energy and in particle kinetic

energy. Thus, (6.104) is

_ Tw,’
WWaVE

dr TR

gl( vw) Wave (6105)
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If the electric field amplitude is varying with time as £,(7) exp (1), then the
wave energy Wuya. ~ exp (2yt); thus

W ' 2y W, 6.106

dt — &Y Wwave (6. )
Comparing (6.106) and (6.105), we find
m we3 ’
=5 5 g'(v,) (6.107)

which is in exact agreement with the formula (6.52) obtained by contour integra-
tion of the linearized Vlasov equation.

We see therefore that Landau damping is related to the initial behavior of the
background particles, with particles moving slightly faster than the wave being
slowed at early times and particles moving slightly more slowly than the wave
being sped up at early times; this is true only in a spatially averaged sense. The net
Landau damping (or Landau growth) comes from contributions from all particles,
averaged over space; however, because of the §,”* dependence in (6.90), particles
close to the wave phase speed give the biggest contribution, which is why g’( v,)is
so important.

The theory just developed is a linear one and thus is exact only for waves of
infinitesimal amplitude. In the next section we discuss heuristically the modifica-
tion of these ideas for waves of finite amplitude.

6.8 NONLINEAR STAGE OF LANDAU DAMPING

In previous sections we have treated linear Landau damping, first by integrating
the linearized Vlasov equation, and then by considering the detailed orbits of the
background distribution function. Let us next look at the consequences of finite
wave amplitude.

We again think in terms of the initial value problem. We consider the back-
ground distribution function, in the presence of the wave E(%,1) = E,(¢) sin
(k% — w,?). In the wave frame, moving at velocity v, = w,/k with respect to the
lab frame, the electric field is E(x) = E, sin kx, with corresponding electrostatic
potential ¢(x) = (E,/k) cos kx (Fig. 6.11). In this wave frame, ignoring the slow
time dependence of E(t), the electrons see a time-independent electric field, so
their total energy H = — e@(x) + Y2muv?is a constant, when v is measured in the
wave frame. For each particle, the constant H is determined by the initial position
and initial velocity; therefore,

H = — eg[x(2)] + Yami?(2)
= — eg[x(t = 0)] + Yamv*(t = 0) (6.108)
The corresponding equation of motion is
- : ek, d
mi = — eE,sinkx = — T T (— cos kx) (6.109)

Thus, the particles are moving in a potential well — ep(x) = — (eEy/k) cos kx.
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k(x)

Fig. 6.11 Electric field and electrostatic potential in the Langmuir wave frame.

Consider all particles with v = 0 at time ¢ = 0. These particles have different
cnergies depending on their position; from (6.108),

H = — eo[x(t = 0)] (6.110)
Att = 0, these particles find themselves in a potential field as shown in Fig. 6.12.
Particles at A do not move. Particles at B begin to move in the well, with constant
energy. Those at C do the same. Those at D are marginally stable; a slight pertur-
bation will allow them to begin moving in the well. Each of these particles oscil-
lates in the well with a certain frequency of oscillation, which decreases as we
move up the well, until the frequency at D is zero and the period infinite. Near the
bottom of the well, at B for instance, we can find the frequency of oscillation by
expanding the force about x = 0; thus from (6.109),

mx = — eE, sin kx = — eEykx (6.111)

from which we identify the characteristic frequency of oscillation,
e (6.112)

m
or
172
w, = (eE"k) (6.113)
m

where w, is known as the bounce frequency.

—e¢ (x)

L NN E
_7\/ \\1‘0’ B ‘\7\

Fig. 6.12 Potential well for electrons in a Langmuir wave.
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Linear Landau damping was derived on the basis of only small perturbations in
particle orbits. However, after one-half of a bounce period, the particle at B has
moved a substantial fraction of a wavelength, and lincar theory is invalidated.
Thus, we expect linear Landau damping to hold only for short times, such that

m \172

eEok)
Another way to look at this phenomenon is to draw the particle orbits in the v-x
plane, as shown in Fig. 6.13. The labels 4, B, C, and D in this figure correspond to
the previous figure, all for particles with initial velocity v = 0. The solid lines
indicate the orbits of these particles, and also indicate curves of constant energy.
Consider the particle at £ at the initial time # = 0. It has the same position as the
particle at B and, thus, the same potential energy. However, because it also has a
finite kinetic energy at ¢+ = 0, its total energy — ez + Yamv? is larger, and it
finds itself on the same orbit as particle C. For an even larger initial velocity, we
find a particle at position F. This particle is called untrapped, since its orbit carries
it out of the original wavelength and into the neighboring wavelength to the right.
By contrast, the particles at 4, B, C, and E are called trapped, because their orbits
remain forever in the original wavelength. The particle at D is neither trapped nor
untrapped; its orbit is called the separatrix because it separates the trapped orbits
from the untrapped orbits.

At the initial time # = 0, the particles take off along their orbits, moving to the
rightif v > 0 and to the left if v < 0, as shown in Fig. 6.14. During the time each
particle represented by a dot moves from its dot to the tip of its arrow, we have the
period of linear Landau damping, or growth. When the slope of the distribution
function is negative, this early time behavior results in Landau damping, with the
particles on the average gaining energy from the wave; both trapped and un-
trapped particles contribute. However, after a substantial fraction of a bounce
period, the trapped particles are smeared out around their phase space orbits and
the stage of linear Landau damping is over. The smearing process is facilitated by

1 << oyl = ( (6.114)

<

A2

A
)

-2 \\

Fig. 6.13 Particle orbits in the v-x plane, neglecting the self-consistent change in the wave
electric field due to the motion of the particles.

Nonlinear Stage of Landau Damping 95

A
\/

I'ig. 6.14 Initial particle orbits in x-v phase space.

the fact that neighboring trapped particle orbits have slightly different bounce
periods. At x = 0 in the wave frame, the initial distribution might be a Maxwelli-
an, as in Fig. 6.15. At a much later time after many bounce periods, the particles
with velocity v =~ v, are smeared out, and the distribution looks as in Fig. 6.16.
The flat region is v, = v, < v <, t+ v, where the trapping speed v, is defined
by

l/2”"“.},2 = 2|€(P’max (61]5)
or
e |2
v, = 2 (E) lof 2 (6.116)
or
E 172
v, =2 (%) (6.117)

Note the relation between the bounce frequency wj, from (6.113), and the trapping
speed v, from (6.117),
wy, = Yk, (6.118)

@)

| v
%

Fig. 6.15 Maxwellian atz = 0, x = 0.
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vy—v,— | Ly, +o,
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(]
Fig. 6.16 Distribution at x = 0, 1 >> 0.

We can now attempt to construct an overall scenario for the initial value prob-
lem of a finite amplitude Langmuir wave. At early time ¢ << w,”!, we have
Landau damping at the appropriate damping rate. At t =~ 7/w,, the trapped
particles have gone through a half a bounce and as they start to come through the
second half of a bounce, they can put back into the wave some of the energy that
they initially took out of it. This reversal of energy is by no means complete,
however, because by this time the trapped particles are out of phase with each
other. We can then construct a picture of the behavior of wave amplitude versus
time as shown in Fig. 6.17. Here, vy, is the Landau damping rate, and we have
assumed 7y, >> w,;. For very large time, far off the right side of the figure, the
curve will approach a straight line, all the phases will be completely mixed, and the
wave will become a BGK mode [6] (see Section 6.13). Much of the present discus-
sion has been heuristic. A completely self-consistent and nonlinear treatment of
Langmuir waves is a very interesting current topic of research; see, for example,
References [7] to [9].

log |E (2) |

L L1 | .

-1 -1 -1 -1
o 2y 3 4y

F —

~ 21/,

Fig. 6.17 Langmuir wave amplitude versus time.
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6.9 STABILITY: NYQUIST METHOD, PENROSE CRITERION

In Section 6.2 we discussed methods of constructing Vlasov equilibria. Once we
have found these equilibria, we must ask the question: Are they stable or unstable?
I'or example, we know that when the ions and electrons are both Maxwellian with
no relative drift, we expect the system to be stable. On the other hand, when the
clectrons form a cold beam moving through cold ions, elementary fluid theory (see
Chapter 7) predicts instability. The question of whether or not a spatially uniform
cquilibrium is stable can be answered by the Nyquist method. [Note that the
cquilibrium must be uniform; this means that the Nyquist method unfortunately
cannot determine the stability of BGK modes (see Section 6.13)].

We know that all information concerning the linear stability of an equilibrium
to electrostatic perturbations is contained in the dielectric function e(k,w), which
is obtained by linearizing the basic physical equations about an equilibrium.
Knowledge of e(k,w) everywhere in the complex w-plane determines all of the
electrostatic stability properties of a system.

Consider a general function e(k,w). Regarding k as a fixed real positive con-
stant, we can then consider € to be a function of w only. Form a new function (1/¢)
de/dw. Then it turns out that

1 1 Je e

— f — —— dw = N = # of zeros of e(k,w) inside the contour (6.119)

2mi ¢, € 0w
where ¢ is any closed contour in the complex w-plane, the integration is in the
counterclockwise direction, and we assume de/dw has no poles in the enclosed
region, and e has only simple zeros. The derivation of (6.119) is as follows: Near
any simple zero w, of €, we have

e(k,w) =0 + j—; (0 — wp) + ... (6.120)
while ) y
—g—:}— = :—; % (w —wp) + ... (6.121)
Thus, near w,, we have b i
% :—; = w_—ljo (6.122)

A trivial application of the residue theorem to the left side of (6.119) then yields
the right side of (6.119). Thus, (6.119) tells us the number of roots of e(w,k) = 0in
a certain region of w-space. In order to locate all the unstable roots, we simply
need to evaluate (6.119) along a contour that includes all of the upper half w-
plane, since having e(k,w) = 0 when w; > 0 means instability. In Fig. 6.18,
(6.119) would yield N = 2, while in Fig. 6.19, (6.119) would yield N = 0 (left),
N = 1 (middle), and N = 3 (right).
As one integrates around a contour in the w-plane, it is possible to draw a
corresponding contour in the complex e-plane. In that plane we have from (6.119)
1 1 Je 1 1
2_771.[ ?Edw—%[e—de—N (6.123)

€
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Fig. 6.18 Contour c, encircling the upper half of the w-plane.

where c_ is the contour in the e-plane obtained by evaluating e(k,w) at each point
on the contour ¢, in the w-plane. Thus, the middle term in (6.123) says that the
contour ¢, must pick up N zeros of ¢, so that in the e-plane it must circle the origin
N times. Three examples are shown in Fig. 6.19.

We thus have a powerful technique, the Nyquist method, for determining wheth-
er a physical system described by a dielectric function e(k,w) is stable or not. We
simply draw the curve ¢, in the e-plane, found by mapping the curve ¢4, Which
encircles the upper half w-plane. If ¢, does not encircle the origin e = 0, then the
system is stable. If ¢, does encircle the origin one or more times, the system is
unstable. The Nyquist method by itself does not tell us the growth rate of the
instability.

w; w; wj
e €e=0 e=0 e=0
w w
@y Wy Wy
€; & €
Ce
e /_— //) g, G
Ce Ce

Fig. 6.19 Three examples of contours c,, and the corresponding contours c,.
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Let us test these ideas using the Vlasov=Poisson system, as represented by
c(k,w) in (6.34) tor any w, and in (6.45) for w, 0. We are trying to map the ¢,
contour onto the e-plane. First, consider the semicircle at e, Then (6.34) yields

e(k,w) = 1 (6.124)
everywhere on the semicircle, since for [w| — o the second term in (6.34) van
ishes. The remainder of the ¢ contour is the path from w = — to @ = +

along the real w-axis. But this is precisely the situation when we can use the form
(6.45).

By looking at the sign of the imaginary term in (6.45), we can see that as
w — Foo, ¢ > 0, while as w — —0, ¢, < 0. Also, for large |w|, ¢, = 1
w,’/w*. We thus have the beginning of our path c, in the e-plane as shown in Fig.
6.20. If the remaining part of the path ¢, looks as it does in Fig. 6.21, we shall have
no instability because the origin is not encircled. However, if the remainder of ¢,
looks as in Fig. 6.22 we have one unstable mode, because the origin is encircled
once in the counterclockwise direction. Note that it is impossible to obtain the
contour shown in Fig. 6.23 because this encircles the origin in the clockwise sense,
predicting N = —1 by (6.123), which is nonsense.

Because of the handy formula (6.45), which describes the entire path c, except
for the point ¢ = 1, we know immediately all the places where ¢, crosses the real
e-axis. These are just the places where ¢; = 0, or by (6.45), where d,g(u)|,,, = 0.
Thus, a single humped g(u) has only one position u, where d,g(#) = 0. In this
case, ¢, can only cross the real e-axis in one place, and we immediately know that
this is a stable system. This is because it is not possible, with what we already know
about the contour c,, to encircle the origin in a counterclockwise sense and only
cross the real e-axis once.

w,->+°°

->—
Wy e

Fig. 6.20 Portion of the contour ¢, that comes from all portions of the ¢, contour in Fig.
6.18 with |w| — oo.
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C
d

Fig. 6.21 A contour c, that would yield no instability.

We can verify this conclusion by evaluating e, at the position w = ku, where ¢;

vanishes. From (6.45),

e _dug(u)
4 k2 u — o’k
- _dg(u)
1 k2 ey (6.125)

If in the numerator of the integrand we subtract zero, in the form of 0 = d,g(u,),
we can write

= dlg(w) — g(u)]

u — u,

= (6.126)

€

Ce

N

&

Fig. 6.22 A contour ¢, that indicates one unstable mode.
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r

all (
N

Ce

Fig. 6.23 A contour c, that can never occur because it indicates N = —1.

We can integrate (6.126) by parts, because all quantities are well defined at the
singularity, to obtain
[g(uo) — g(uw)]
(v — u0)2
where the principal value symbol is no longer needed. The integrand in (6.127) is
positive definite, since g(u,) is the maximum value of g. Thus, (6.127) yields
e(w = kuy) > 1 (6.128)

so that the picture of ¢_is as shown in Fig. 6.24, confirming our prediction that the
origin is not encircled and that there is no instability for a single-humped distribu-
tion. This result is known as Gardner’s theorem [3, 10].

In interpreting this result we must remember that g(u) includes an ion contribu-
tion as well as an electron contribution. Thus, one situation in which the above
result holds is when a single humped electron distribution is moving through a
background of infinitely massive ions; when m; — <, (6.22) shows that g(u) de-
pends only on the electron distribution.

Next, consider the case where the distribution has a double hump, with a
relative minimum between them (Fig. 6.25). Then (6.45) predicts three values of w;

e(w = kuy) = (6.127)

£

C

Y

< €(w=kuy)

Fig. 6.24 Contour ¢, obtained from Vlasov-Poisson theory for a single-humped distribu-
tion g(u).
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8 (u)

e de o u

)

Fig. 6.25 A double-humped distribution, with zero slope at Uy, Uy, and u,.

w = ku;, o = kuy, and @ = ku,; where ¢, crosses the real axis. If the absolute
maximum of g(u) occurs at u = u;, then it is straightforward to show that
e(w = ku)) > 1.

EXERCISE Verify this, using the same argument as in (6.127) and (6.128).

It furthermore must be the case that as we move along the w contour from
@ = —%to w = +, we encounter the crossings of the real e-axis in the order
€(w = ku,), e(w = ku,), and then €(w = ku,). Thus, the first part of c.looks as shown
in Fig. 6.26. We are now allowed two more crossings of the real e-axis. One possibil-
ity is as shown in Fig. 6.27, which does not give instability. Another possibility is
shown in Fig. 6.28, which indicates one unstable root. We see that a necessary
condition for instability is

e(lw = kuy) <0 (6.129)
which from (6.45) is

d.8(u)

e (6.130)

w,? i
e(w=ku0)=1—7(‘;—P]: du

Nl

e(w=ku,)

\,

(R

Fig. 6.26 Portions of c, for a double-humped distribution.
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Bl Sk} € (w=kuy)

/ /e (o = kuy)

&

Fig. 6.27 Contour c, for a stable double-humped distribution.

By once again subtracting 0 = d,g(u,) in the numerator, we can integrate by parts
to obtain

ol [ [g(u) — g(u)]
= = — 131
elw = kuy) i B f_w du S (6.131)
where the justification is the same as in (6.127). Now (6.129) says we need
e(w = ku,) < 0 for instability. But this will be assured if

fw PALLAC Rl (L)) IO (6.132)
- (v — uy)

€ (w = kuy)

O frt
€

} 1 €lw = ku,)

Fig. 6.28 Contour ¢, for an unstable double-humped distribution.
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g (u)
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0 |
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Fig. 6.29 Three regions 4, B, C that contribute to the integral in (6.132).

for when (6.132) is true, (6.131) ranges from e(w = ku,) = 1 for k — < to
e(w = ku,) = — for k — 0. Thus, for some value of k, we must have
e(w = kuy) < 0 while (o = ku,) > 0, which is the necessary condition for in-
stability. Equation (6.132) is called the Penrose criterion [11, 12]; it is a necessary
and sufficient condition for the linear instability of a Vlasov-Poisson equilibrium.

Consider the integration in (6.132) as applied to the three regions shown in Fig.
6.29. In all of region B the integrand is negative, while in regions 4 and C the
integrand is positive. Thus, the negative contribution in B must exceed the positive
contributions from A and C in order that the Penrose criterion be satisfied. Notice
that the negative contribution in B is enhanced by a deep hole.

EXERCISE Show that if g(u,) = 0, the Penrose criterion is always satisfied.

The Nyquist method also tells us the range of unstable wave numbers. By
requiring e(w = ku,) < 0 and e(w = ku,) > 0, we find that Eq. (6.131) for

g )

Vdrift

Fig. 6.30 Two drifting Maxwellians with v, < vy that are unstable.
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8 (u)

Ve

Fig. 6.31 Two drifting Maxwellians with vy, < v, that are stable.

e(w = ku,) and the equivalent expression for e(w = ku,) yield

Y L CEC5) PR A U Rl (COIPEY
5 g (v — u,) Gl (u — up) ..
for the range of unstable wave number.

We have seen that the Penrose criterion needs a deep enough hole to predict
instability. Thus, two weakly drifting Maxwellian groups of electrons will be
unstable only when, crudely, the drift velocity equals the thermal speed, as indi-
cated in Figs. 6.30 and 6.31.

Other cases of stability or lack thereof will be explored in the problems.

6.10 GENERAL THEORY OF LINEAR VLASOV WAVES

In preceding sections we have discussed linear electrostatic waves in the context of
the Vlasov and Poisson equations; there was no background magnetic field. We
found Langmuir waves and ion-acoustic waves, and we found a new physical
effect, Landau damping. Let us now include a background magnetic field, and set
up an approach that will yield all linear waves, including electromagnetic waves.
Several new effects will appear. One of these is cyclotron damping, which is the
magnetized analogue of Landau damping.
The basic equation is the Vlasov equation,

gs
,f, + v Vufs + e

(E+%xB)-vvf=0 (6.134)

S

_where E(x,7) and B(x,?) can have internal and external contributions. Linearizing

(6.134) about a time and space independent, zero order distribution function,
fi(xv,0) = fo(v) + fu(x,v,1), we have

L (EO 4 % x BO) SV, fo) =0 (6.135)

S

for each species, and
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S+ v Vafu bl (B X B )V

s

=L (5 + L xB) Vs (6.136)
The total charge density is
ox0) = 3 g [ dufutxv) (6.137)
while the total current is
Ix) =, g, f BVvfi(X,V,1) (6.138)

where we have taken the zero order charge density and current to vanish. Combin-
ing (6.135) to (6.138) with Maxwell’s equations

V-E, = 4mp (6.139)
i 1 0B,
V XE, = PR (6.140)
V:B, =0 (6.141)
and
47 1 JE,
X B = — — = 4
\v) B, - J + T (6.142)

we have a complete set of linear equations with which to find the dispersion
relation for an arbitrary linear wave. |

Let us now solve the first order Vlasov equation (6.136). Recall that in Section
6.2 we introduced the concept of unperturbed orbits of hypothetical particles, so
that the zero order Vlasov equation (6.135) could be written

D -
Efso(v) =0 (6.143)

We then proceeded to find equilibrium distribution functions that were functions
of the constants of motion of the hypothetical particles. Consider a hypothetical
particle moving in a given force field, consisting of zero order electric and magnet-
ic fields. For the present, we allow the zero order electric and magnetic fields to be
functions of both space and time; later we will make them constant. From New-
ton’s laws of motion we can follow the orbit of a particle to find X(z), its orbit in
real space, and V(?), its orbit in velocity space. The equations for these variables
are

X(t) = V(1) (6.144)

and
V()
c

V() = L {EO[X(t),t] + x BO[X(t),t]} (6.145)

mS
In particular, we associate one of these orbits with every point (x,v,?) in seven-
dimensional phase space, by choosing the appropriate constant of integration.
That is, we choose
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g LY
X(t) X j X(t")dt" (6.146)
v
(8]
!
X(t) = x —f V(t")dt" (6.147)
.
which satisfies (6.144) and also has the property that
X(t) = x (6.148)
Similarly, for velocity, we choose the constant of integration such that
{
V(') = v ——f V(t")dt” (6.149)
v

Thus, the orbit [X(2’),V(#')] is the orbit of that particle which reaches the position
(x,v) at time ¢.
Consider any function A(x,V,) | —x,- Then

v=V(1)

. oh ror gt
x'=X(1") =5 Et_r (X VY N )
V=V (1)

X=X(r')

d
a [h(x’,v’,t’)
v=V(r)

= X(t,) « Vg BX',¥ ;1) X=X(r')
vV=V(1)
e (6.150)
V=V()

Along the unperturbed orbit, we have X(#) = V(¢) = Vv, and
? N v
LR X, + T X BX(.) (@15D

Vi) = 75 -
Thus, the right side of (6.150) is just the left side of (6.136) when /2 = fs1, and we
can write (6.136) as

+ V() -+ Vyh(X, V1)

;Z—, FaKVot) |yoxiy = — 2 {EI[X(z'),t']
V=V(r)
V(t)
+ YD B X1 - Vi Sl vmxer (6.152)
v=V(r)
Both sides of (6.152) can be integrated from # = —oo to t' = ¢ along the unper-

turbed orbit that ends up at X(¢#) = x and V(#) = v. The result is
Faxv,0) = fuX(@)V(@)E = —]

S ! ’ ’ 73 V t’
8 [ e fmixnn + Y x x|
' vv'_fso(x’av,st,) x=X(1) (6153)
v=V(?)




108 Viasov Equation

Equation (6.153) is a formal solution for f,,, where in the integrand we must
evaluate E,, B, and f, at the correct point of the unperturbed orbit [X(2), V(1) of
the hypothetical particle at time 7. From now on, we consider only uniform,
stationary zero order fields E, = 0, B, = constant, and f, = fo(v) a function
only of velocity, although (6.153) can be used in more general cases.

Let us look for plane wave solutions to (6.153),

E,(x,f) = E exp (—iot + ik X) (6.154)
B,(x,f) = B exp (—iwt + ik-X) (6.155)

and
Fa(x,v,1) = Fo(v) exp (—iwt + ik - x) (6.156)

where E and B are constant vectors. For the moment, we take Im(w) > 0, so the
wave is exponentially growing with respect to time. Then a finite amplitude at time
¢ implies f, (' = —) = 0, and we can ignore the contribution of f,;(#’ = —)
in (6.153). The philosophy here is to find a dispersion relation valid for Im(w) > 0,
and then to analytically continue the dispersion relation for arbitrary w. This is the
same technique used earlier for Langmuir waves, which led in that case to the
Landau contour for evaluating the electrostatic dispersion relation.
Equation (6.153) now reads

7(v) exp (—iwt + ik x) = — ﬁ—f dt’[F: + V(C") x B ]

s 00

© Vy foo) | y=v(ry €XP [—iwt’ + ik - X(1)] (6.157)
Moving exp (—iw? + ik * x) to the right we find
= 5 V(¥ =
) = — Z; f dt’[E+ () XB]

c

« Vo fooW)ly=v(r) EXP {—iw(t — t) + ik [X(t) — x1} (6.158)

Making the change of variable 7 = ¢/ — t we have
mo ST R 2 Vi) o ]
fw == 35 L dr[E +-—2x B
- Vy fo(W)vin €xp {—iwT + ik - [X(7) — x1} (6.159)

where we realize that in this notation, [X(7),V(7)] is the orbit that yields [X(+ = 0),
V(r = 0)] = (x,V).

6.11 LINEAR VLASOV WAVES IN UNMAGNETIZED PLASMA

Let us evaluate (6.159) for the case of an equilibrium plasma with no zero order
fields. Then the unperturbed orbits are from (6.147) and (6.149):

V() = v (6.160)
and
X(#)=x — vt — 1)
={x + vr (6.161)
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Since V(r) does not depend on 7, (6.159) becomes
T "”I (R b x B ) © Yy falv)
X f: dr exp (—iwr + ik * V1) (6.162)

Since Im(w) > 0, the integral is well behaved and we find
0

drexp (—iwT T ik-vr) = :l—(w’l—_k—_‘a (6.163)

—00

Lo =L (g " Eal P T Ly
\ Fo) = g —kew) (E + — B) Y, fio(¥) (6.164)

50 that

Taking B = 0and looking for electrostatic waves, we could combine (6.164) for
cach species with Poisson’s equation to obtain our old Vlasov-Poisson dispersion
relation, leading to Langmuir waves, jon-acoustic waves, and Landau damping.

Taking B,(x,7) = B exp (—iw? + ik - x) # 0, we find from Ampere’s law
(6.142) and Faraday’s law (6.140) that

iw

ik X E, = e B, (6.165)
and ¢
> 4 iw
ik X B, = i J — = E, (6.166)
or
Ak x (k X E)] = —idrwd — «’E, (6.167)

For isotropic zero order distribution functions f(v) = f(v), the term (v X B) -
V, f. in (6.164) vanishes.

EXERCISE Verify this.

Then
Jxn =3 q_,fdv VE(50,0)
E-V
=3 g,exp(—iwt + ik-x)fdv —;’% T(E_:kio—(% v (6.168)
Let us look for transverse waves, such that B | k.Thenk X (k X E) = — KE,

and (6.167) becomes

2 E - V.f
Z;s fdv ————f—“(v—)) v (6.169)

5 o 2R = — :
(0> — k*c)E 47ﬂw§s: T

where the harmonic dependence has been factored out. Suppose the vectors are
arranged as shown in Fig. 6.32. Then the numerator in (6.169) has a term E-V,=
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2, Hl

A
x, k

Fig. 6.32 Vector components for an electromagnetic wave in an unmagnetized plasma.

E avy,. while the denominator is of the form o — kv,. Thus, we can integrate by
parts in the numerator, picking out only the term £ d, v=FEp=E. Wefind

2
Bl g ap g f _8@)
( c?) Tk o d, —= s (6.170)

where g(v,) is as usual defined by (6.22) and where we have ignored the ion
depepdence .by all_owmg m; — <. Dividing out the constant vector E, we finally
obtain the dispersion relation for electromagnetic waves in unmagnetized plasma

Zlv,)
w — kv,

(6.171)

®

3 == 3.5

w® = k'c +w,_,2wf dv,
—c0

Whenever there might be a problem with the pole in (6.171), the Landau contour
must be used, for the same reason as in the discussion of Langmuir waves. The
integral in (6.171) can easily be performed with the assumption w/k >> y_forall
v, of interest. Then w — kv, =~ w, the integral f_: dv, g(v,) = 1, and we find

Dz = @ I kzczj (6.172)

for linear electromagnetic waves in unmagnetized plasma.

E).(ERCISE" Show from (6.172) that even in a more accurate treatment of the
nztegral in (6.171), there is no need to consider a contribution involving
g Ux)lv.—_w/k-

I'n this section we have seen how electrostatic and electromagnetic waves in a
uniform plasma with no external fields are treated via the Viasov equation. In the

next section we shall set up the equivalent procedure for a uniformly magnetized
plasma.

6.12 LINEAR VLASOV WAVES IN MAGNETIZED PLASMA

In the previous section we have seen that the linearized Vlasov equation can be
solved by integrating along the orbits of hypothetical particles moving in the zero

Linear Viasov Waves in Magnetized Plasma m

order fields; these orbits are called unperturbed because they do not feel the effect
ol the wave motion for which one is looking. In an unmagnetized plasma, the
unperturbed orbits are simple, and it is straightforward to evaluate the perturbed
distribution function. Consider the evaluation of (6.159) in the presence of a
uniform background magnetic field. Now the unperturbed orbits are spirals around
the magnetic field lines, satisfying Newton’s law

mV(r) = qT V(r) X B, (6.173)

Choosing the magnetic field in the Z-direction, the gyro-orbits that satisfy
X(r =0) = x, V(r = 0) = v, are

V(r) = v. (6.174)
20 =z + ur (6.175)
Vir) = v, cos (¢ — Q1) (6.176)
v, . Vg
X(r) = x = - sin(e — ) + o= sing (6.177)
V() = v, sin (¢ — Q,7) (6.178)

and

W s — ) (6.179)
(1) =y + gocos (e = ur) — rcos @ :

S

where the gyrofrequency is ), = ¢,B,/m,c, and ¢ is a constant 0 < ¢ < 2.
&
EXERCISE Verify that (6.174) to (6.179) satisfy (6.173) with the appropriate
boundary conditions.

Inserting the orbit (6.174) to (6.179) into (6.159), we can carry out the integration
over 7in (6.159). Then using Maxwell’s equations to eliminate B in terms of E, we
could obtain a general dispersion relation for waves in a uniformly magnetized
plasma. This dispersion relation would contain all of the waves to be encountered
in the next chapter on fluid theory, for example, Alfvén waves, upper-hybrid
waves, and extraordinary waves. In addition, entirely new wave modes appear in
the Vlasov formulation, which are impossible to obtain from a fluid formulation.
Known as Bernstein modes, these waves depend on the detailed interaction of the
wave motion with the gyro-orbits of the particles.

Because the details of the evaluation of (6.159) are quite tedious (see [13], p. 405
and [14] and [15]), we shall simply sketch the derivation and point to the physical-
ly interesting terms. For the zero order distribution, we choose the natural func-
tion of the constants of the motion f, = fi(v,,v,). Then withv, = (v,> + v,)"?
we have

Vv fso(UJ_, Uz)|v.—_v(,')
= (£ av‘ Jo T 7 av, Faut\2 au:fs())v=V(t’)

“ | 3
=2+t VP 5 0y fotT 20, 0 (6.180)

EXERCISE \Verify this equation.
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Every term in (6.180), except V', and V', is a constant of motion of a particle orbit
and can be taken outside the integration in (6.159). In general, the perturbed

magnetic field B can have three components. However, the combination
- X ~ x 1 .
(V X B) 5 vvfs() = (_V.\‘U:B_v + U.,V}.B\) v (')UJ .f,v()
1

+ (VB = B V)8, Fo (6.181)
has only single terms, V,, V', that depend on 7 and must be kept inside the integral.
After taking the constants E and B (expressed in terms of E through Maxwell’s
equations if desired) as well as v, and f,,(v, ,v,) outside the integral, all remaining
terms are of the form

Vi(7)
0
I =f dr |V,(7)| exp {—ior + ik - [X(7) — x]} (6.182)
1
The integrals (6.182) can be evaluated in terms of the identities
elasing = 3 J (a) exp (inf) (6.183)
and
e~iasing = 3 J (g) exp (—ind) (6.184)

where J, is the Bessél function of order n. Without loss of generality, we choose the
wave number to be k = k£, + k.2; then (6.175) and (6.177) yield

k- [X(r) — x] = k,v,7
. ko, ko,
Q, Qg
Thus, choosing the factor unity in (6.182) as an example, (6.182) becomes

sin (¢ — Q,7) + sin ¢ (6.185)

0
I = f dr e—iw-r+ik:v:r e~ la sin (¢—Q,7) ela sin @ (6. 1 86)

where a = kv, /Q,. With (6.183) and (6.184) we have

0 3
I =f dr e—iwr+ik:v__rz J(a)

|=—0c0
X emiletir S ] (g)eine (6.187)
The integration can now be performed because only three exponential factors
depend on 7. We find
F = o J i(n—e -
2 Ji@) 3 Jf@e I e (6189)

[=—00 n=-00

A glance back at (6.159) shows that we have just calculated the term involving £,
d,. fo(v, ,v,); this term is therefore
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£ 8 folv,.v) S % J(a) (a)e'"Dv
‘32 Vo JI | Ve Ia—‘t "A—i i(w 10 kv)

q,
m,

Jiv) (6.189)

{+ other terms involving £ and B}

where @ = kv, /Q,. The other terms in (6.189) are no harder to calculate than the
one shown; for example, the integral (6.182) involving V (1) = v, cos (¢ — ,7)
15 casily calculated using V(1) = v [exp (i¢ — iQ,7) + exp (—ip + iQ,7)]/2,
which fits naturally into the form (6.187) and has the effect of shifting the indices
of the Bessel functions up and down by one. Eliminating the perturbed magnetic
ficld using Maxwell’s equations, we find as in the previous section [Eqs. (6.167),
(6.169)]

B + 2k X (k X E)] = 4nmiw 2 qsf duv f (v) (6.190)
s L §

where 7,(v) from (6.189) is linearly proportional to the various components of E.
Thus, (6.190) is three equations in three unknowns; setting the determinant of the
coefficients equal to zero yields the horrendous dispersion relation found in Ref. 13,
Eqs. (8.10.10) and (8.10.11). In (6.190), the velocity integral must, as usual, be
performed along the Landau contour.

By taking appropriate limits, we could obtain from (6.190) all of the waves of
fluid theory. In addition, there occur waves called Bernstein modes [16]. These
modes propagate across the magnetic field, so that k, — 0 in the denominator of
(6.189), and are predominantly electrostatic. Then the denominator can be taken
outside the integral of (6.189), and the dispersion relation will contain sums of
terms like (w — /Q,)"!. This term goes from —oo to +° as w changes by a small
amount {),. The result is a set of modes, one for each harmonic of the cyclotron
frequency of each species. One of these modes corresponds to the upper-hybrid
mode (see Chapter 7) in the limit of small wave number. The dispersion diagram is
qualitatively as shown in Fig. 6.33. This figure is for the case wyy = (Q2 + )"’
between 2|Q,| and 3|(,|. Notice that there are waves for any frequency such that
10, < w < wyy, but that for @ > wyy there are “stop’ bands where no waves
exist.

There are other interesting features of (6.189) and (6.190). Recall that in the
unmagnetized case, Landau damping came from a resonant denominator of the
form (w — kv)™!, representing strong interaction with particles with speeds equal
to the wave phase speed, v = w/k. From (6.189), we get the same kind of reso-
nant denominator, but involving only the component of velocity v, along the
magnetic field. The same procedure as in the unmagnetized case will yield damp-
ing involving those paticles with parallel speeds

w — 1Q;

gt et | e o =L s (6.191)

If k, — 0, and w # /Q, for any /, there is no damping.
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3|c:“

Ryt

12l

Fig. 6.33 Sketch of the dispersion curves for electron Bernstein modes.

When / = 01in (6.191), we have our old friend Landau damping. When / # 0,
we have cyclotron damping. Physically, cyclotron damping occurs when the parti-
cle sees a wave whose Doppler shifted frequency is the gyrofrequency or some
harmonic thereof:

o — kv, = 1Q,, [ = £IF2, . . .. (6.192)

Suppose the wave is circularly polarized, or has at least one component that is
circularly polarized. For example, consider / = 1. Then the particle might see the
field shown in Fig. 6.34 as it goes around its gyro-orbit. Evidently, the particle can
be continuously accelerated and thus the wave is damped.

The concept of cyclotron damping has an interesting extension to relativistic
plasmas. Then ), = ¢,B,/mc is a function of particle speed, since the relativistic

<———E
Fig. 6.34 Orientation of the electric field of a wave, and the position of a particle, at four
points around the particle’s gyro-orbit.
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mass 15 a function of particle speed. The resonance condition (6.192) then depends

on v, as well as v,.
I'his completes our discussion of lincar waves in uniform Vlasov plasma. In the
next section, we encounter our first example of a nonlinear wave.

6.13 BGK MODES

In preceding sections we have studied the linear waves that can exist in a Vlasov
plasma. As the intensity of such waves is increased, nonlinear effects that are
ignored in the linear derivation become important. There are many different non
linear effects, and much current research in plasma physics is devoted to the
theoretical, experimental, and numerical study of nonlinear waves. In this scction,
we introduce an important class of nonlinear waves, the BGK modes, named aftei
Bernstein, Greene, and Kruskal [6].

In Case C of Section 6.2 we encountered an equilibrium distribution function in
the presence of a spatially varying electrostatic potential. A BGK mode involves
just such a distribution function, where the electrostatic potential is produced
self-consistently by the distribution function through Poisson’s equation.

For simplicity, let us consider the time independent situation with spatial varia-
tion only in the £-direction. Then for each species the Vlasov equation is

_ 4 de o
(vax i au)ﬂ-(x,v) 0 (6.193)

where v = v,. The potential ¢(x) must be determined self-consistently through
Poisson’s equation

62 o0 00

3L = 4me U et —f dvf,-(x,v)] (6.194)
where it is understood that the v, and v, dependenéies of f,(x,v) have been integrat-
ed over. We already know the solutions of (6.193); these are just the equilibrium
distribution functions (6.12). Thus, we can pick two arbitrary functions f,[v,” +
2q,¢(x)/ my], one for each species, insert these in (6.194), and solve the resulting
equation, which is

o _ P ? [: o {fe [u3—2e<p(X)/me]

axt

— 7 [ + 2e0tx/m] | (6.195)

This equation must be solved for ¢(x) subject to appropriate boundary conditions.
For example, we may wish to look for periodic wavelike solutions, or for localized
soliton solutions. It turns out that there exists a huge number of solutions to the
nonlinear integro-differential equation (6.195).

Let us begin to study (6.195) by looking at a very simple case, where each species
is a cold beam of particles, each particle of species s having the same speed at a-
given position. Thus, we choose

fix,0) = 2mv, 8[v* — 2e@(x)/m, — v2] (6.196)
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where for definiteness we choose only the positive root inside the delta function;
that is, we recall the relation
8y — yo)

olf(»] = _"L (6.197)
dy Y=W

where y, is the solution of f(y,) = 0. Then (6.196) becomes

fi(xv) = n ”7 8v — 5. (6.198)
where .

T.(x) = [v? + 2e@(x)/m,]"? (6.199)
Similarly, for the ions we take

fxw) = ny — 8 = 5) (6.200)
with

TAx) = [v? — 2eq@(x)/m]"? (6.201)

Here, v; and v, are arbitrary constants that we choose large enough that (6.199)
and (6.201) always yield real positive values for 9, and 7. We have chosen the
normalization constants n, the same for ions and electrons; we must check at the
end of the calculation that this gives an overall neutral plasma.

We now look for spatially periodic solutions to (6.195). Integrating f,, f; over all
velocity space, we find

ngx) = ng g— (6.202)
and
n(x) = no = (6.203)
so that (6.195) becomes
dz(p ) 'Ue V;
axt T e (ﬁe v) i

or

dx? . mu?

£5 - {1+ 22" - 52) omo

We notice the fortunate circumstance that (6.205) is in the form of a pseudopoten-
tial equation; that is, it is in the form

d% d
5 I V() (6.206)
with
ze(p 1/2 2e‘p 1/2
- 2 . ¥
Vie) = 47, {meve (1 + mevez) + mu; (1 - ) } (6.207)
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Iig. 6.35 Pseudopotential well used in finding BGK modes for an electron beam traveling
through an ion beam.

As a specific example, let us choose m,v,> = my? = T. Then

1/2 12
Plo= — denad L1 b e [N v 1 2eg (6.208)
T T

The sketch of V{(¢) is as shown in Fig. 6.35. Equations of the form (6.206) are
called pseudopotential equations because of their resemblance to Newton’s law of
motion m¥ = F(x) = — dV(x)/dx. With an initial choice of the “pseudoenergy”’
somewhere between —(32)'? 7n,T and —8mn,T, the “pseudoparticle” oscillates
forever in the pseudopotential well, producing a spatially periodic potential that
oscillates between —¢, and ¢,, as shown in Fig. 6.36. The function ¢(x) is a
periodic function but is not a sine function; it becomes a sine function in the limit
of very small ¢,.

In the limit of small ¢,, we can make analytic progress by expanding the square
roots in (6.205), assuming e(x)/T << 1 for all x. We obtain

d*p 87ne?

oy T ¢ =0 (6.209)
with solution
@(x) = ¢ sin (212 x/ Aett) (6.210)
where we have defined an effective Debye length
Aet = v/, (6.211)

Recall that v, here is a constant and not a thermal speed.

d(x)

AT RN

_¢0._.

DR

Fig. 6.36 Periodic BGK modes for an electron beam moving through an ion beam.
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Our physical picture of this BGK mode, both the nonlinear version (6.206) and
the linear limit (6.210), is as follows. A spatially periodic potential exists. The ion
beam is accelerated through regions of large negative potential and thus has a
lower density there, while the electron beam is decelerated in regions of large
negative potential and thus has a higher density there. The net result is a negative
net charge in regions of negative potential, of exactly the right amount to produce
the negative potential. The opposite argument produces the regions of positive
potential. The potential and densities thus have the phase relationships shown in
Fig. 6.37. The important point is that this physical process works not only in the
linear regime of (6.210), but also the nonlinear regime of (6.206).

In the preceding discussion we assumed that the ion and electron velocities were
large enough so that none of them were trapped in the electrostatic potential wells.
In other words, we had ion energy > e¢(x) for all x, and electron energy >
— ep(x) for all x. We can also consider the case where some of the electrons or
ions are trapped in the potential wells. Amazingly, it turns out that almost any
potential ¢(x) can be constructed by choosing appropriate distributions of trapped
electrons, untrapped electrons, trapped ions, and untrapped ions.

¢ (x)

0 x
, (x) \-/

n;(x)

L

0 \/
Fig. 6.37 Phase relationships among electrostatic potential, electron density, ion density,
and net charge density in the BGK mode of Fig. 6.36.
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For this discussion it s convenient to think in terms of distribution functions
that depend on enerpy /7 rather than distribution functions that depend on velocity
v. With the substitution /= Yom v’ + q,¢, we have dH = m,v dv = m(2/m,)
(H — q,)]"* dv = [2m(H — q,¢)]"* dv and

. e : 5 f(H) dH
fiv)dv = filv(H)]dv = B — 2.0 ¢ (6.212)
liquation 6.212 applies to particles with positive speeds. If we assume for conve-
nience (we do not need to do this in general) that there are equal numbers of
left-going and right-going particles, then we have

ny(x) = [: dvf(x,v) = 2]:0 dv f(x,v)

3 i fi(x,H)

? { U DmH — .01 Liaes!
where the lower limit on the energy integration must be taken to be g ¢; no
particle can have energy less than g,¢(x) for then its velocity would be imaginary
since Yama? = H — g,0.

Consider a periodic potential, as shown in Fig. 6.38. Then any ion with total
energy H less than e@max Will be trapped between the potential hills; the ion with
energy e, oscillates forever on the solid line shown. An ion with total energy H
greater than eqm.x will travel forever to the left or to the right. The electrons,
however, see the potential upside down, because of their negative charge. Thus,
any electron with energy H less than —e¢min Will be trapped between the potential
minima, while electrons with energies greater than —e¢min travel forever to the left
or to the right.

Suppose we are given a completely arbitrary periodic potential ¢(x), a given
distribution f;(H) of ions (both trapped and untrapped), and a given distribution
f.(H), H > — eemi. Then it turns out that the distribution of trapped electrons
fA(H), —eqp < H < —eemin, can always be chosen so that Poisson’s equation is
satisfied and the given potential ¢(x) is indeed produced. Details of this calcula-
tion can be found on p. 436 of Ref. [13]. Note that f; can be different for v < 0
and v > 0.

There are many practical applications of BGK modes, including the nonlinear
stage of a Landau damped Langmuir wave (Section 6.8), and the theories of shock

Fig. 6.38 Periodic potential of a BGK mode that contains trapped and untrapped par-
ticles.
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waves and double layers. By contrast, the theory of Case-Van Kampen modes, to
be presented in the next section, has very little practical application; nevertheless,
this theory teaches us much about the analytic structure of the Vlasov equation,

6.14 CASE-VAN KAMPEN MODES

In Sections 6.1 to 6.5 we studied Langmuir waves and Landau damping by linear-
izing the Vlasov and Poisson equations, eliminating the perturbed distribution
function £}, and solving the initial value problem for the electric field E. This led us
to look for normial modes of E, which were found by setting the dielectric function
€(w,k) equal to zero. In this way we found one normal mode for every value of k,
with w(k) = w,(1 + % k°\,*) + iy where v is the Landau damping rate.

There is another way to approach this problem, and that is to eliminate £ and
look for normal modes of f;. In this way we find the Case-Van Kampen modes
[17, 18].

The Vlasov-Poisson system is

6,f+vaxf—%—avf=0 (6.214)

and
0,E = 4rme [no = f: dvf(v)] (6.215)

where one-dimensional variations are considered, v = v,, and f(v) is the one-
dimensional electron distribution. Equation (6.214) refers to electrons only, the
ions being fixed (m; — o0). Linearizing (6.214) and (6.215) exactly as in Section 6.3
we find

nyeE dg
8, fitve, f, = "7 i (6.216)
and
3.E(x,t) = — dmre f Do) (6.217)

where f,(v) = nog(v), [Z dvg(v) = 1. We can now look for normal modes of £,
that have the spatial and time dependence exp(—iwt + ikx). Note that this is not
the same procedure as used previously in Section 6.4 for the electric field E. There,
we assumed only the spatial dependence exp(ikx), and used Laplace transform
techniques to consider the complete time evolution. At late times, we found that
only the normal modes given by the zeros of e(w,k) were important. Here we are
looking immediately for normal modes in space and time. We are not considering
an initial value problem; the connection between the normal modes found here
and an initial value problem must be established separately.

Looking for solutions f,(x,v,7) = f,(v) exp (—iwt + ikx),E = E,exp (—iwt +
ikx), (6.216) and (6.217) become

: Luikis nyek, 9
(—iw + ikv) f; = == % (6.218)
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and

de [ N
I".n ik j" ‘I“_/|(|') (6.219)
from which we can climinate £, to obtain
w)\ ~ w? dg [~ i 1
(v - ?)f] = T ale fw dv' fi(v) (6.220)
Defining n(v) = (w,2/k*) dg/dv, this is
(v = 2) 70 = ) [ avFiw) (6221)

Equation (6.221) is a linear integral equation for f,(v), with nonconstant coc.ﬂ'i—
cients (thev on the left and the n(v) on the right). One good approach to solving
such equations is to guess the solution. We guess

7 () _p [CAw)dv_
Jiw) =P [ﬁ;] + 8(v — w/k) [1 P (6.222)

with which f,(x,v,t) = f,(v) exp (—iwt + ikx) is the Case-Van Kampen mode [17,
18]. In (6.222), P stands for principal value, and is defined by

_l_a X # a
p( 1 ): A (6.223)
X — a ,
lim X =a
epn X

so that this expression is either +o0 or —e0 at x = g, depending on from which side
the limit is taken. This definition has the important consequence that

(x—a)P(xla):l (6.224)

since the left side of (6.224) is unity at x = a no matter from which side the limit is
taken. '

Note that (6.222) says that for any wave number k, there are an infinite number
of normal modes, one for each value of real w. This is in contrast to the initial
value problem for E(x,#), where only one normal mode was found for each value
of k (if negative frequencies are counted, then two normal modes were four.ld for
each value of k). Note further that the normal modes are not damped, but exist for
all time with real frequency w. st

Let us verify that (6.222) is indeed a solution of (6.221). The left side is simpli-
fied because one of its terms is of the form u8(u), which is zero. Thus, in (6.221),

left side = n(v) (6.225)

On the right side of (6.221), the two terms involving principal values cancel each
other when integrated over v, and we are left with only the term
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right side n(v) (6.226)

so that the left and right sides of (6.221) are indeed cqual and (6.222) is indeed a
normal mode solution. Since (6.221) is a linear equation, f (v) in (6.222) can be
multiplied by any constant.

EXERCISE Verify (6.225) and (6.226).

What is the electric field associated with this normal mode? Using (6.219), we
find

£y = _—Z{Eﬁ f: dv J,(v) (6.227)
or
E, = _?kw (6.228)
so that
E(x) = 2T gmiertits (6.229)

is the electric field associated with the normal mode (6.222).

These normal modes are peculiar, both mathematically and physically. Math-
ematically, we have f{(v = w/k) — oo because of the 6-function in (6.222). But it
is not consistent to linearize the Vlasov equation with /' = f, + f) and then find f,
infinite! Physically, (6.222) says that we must have a finite number of particles per
unit spatial volume with velocity exactly equal to w/k, which is impossible to do.
We conclude that the individual Case-Van Kampen modes as given by (6.222) are
not physically relevant. What then is the importance of the modes in (6.222)?

The importance of the modes in (6.222) lies in the possibility of creating a
physically and mathematically acceptable disturbance by adding up many such
modes. Consider a fixed wave number k. Since the basic linearized Vlasov-Pois-
son system is indeed linear, we may construct a solution by taking any linear
combination of the solutions in (6.222). The general solution is

F%, o e f C e et (6.230)

where we label the normal modes of (6.222) by théir frequency w, and ¢(w) is an
arbitrary weighting function. For sufficiently well behaved ¢(w), the singularities
in f,(v,w) will be smoothed out, and f(x,v,7) will be a mathematically and physi-
cally nice function. For a given initial condition f;(x,v,7 = 0), the function c¢(w)
must be chosen such that (6.230) yields the correct solution at 1 = 0.
Inserting (6.222) for f,(v) into (6.230), we find
X 00 e_fwtc(w)
— pikx e O
fitzun = e g P [ do STl

+ efrk g ety = ky)
n(v")dv’
pi= "y

— kel o(w = kv) P f (6.231)
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where we have used 6(v w/k) ko(w kv). Consider the middle term in

(6.231). This term does not damp away at late times, but rather u.scill:llvslln
velocity faster and faster with increasing time, as shown in Fig. 6.39. This hL‘hfl.\'I()l'
is due to the free streaming of particles, and would occur for f,(x, u,l? even if the
charge of the electrons were zero. For example, consider the linearized Vlasov
cquation (6.216) when the charge is zero;

8, f, + ikvf, =0 (6.232)
where spatial dependence e** is assumed. The solution of (6.232) is
Ffiv,t) = filv,t = 0)e v (6.233)

which becomes more and more pathological with increasing time. Physically, a
small number of collisions would wipe out this behavior at late time.

Returning to the géneral case with a nonzero charge, we can ask: D.ocs the
clectric field behave more reasonably? Yes it does. From Poisson’s equation,

E(x,t) = % f dv f,(v,x.1) (6.234)
or
E(x.,t) = dmei el f " dv e Mvie(e = ku) (6.235)

where the first and last terms on the right of (6.231) cancel upon integration.

fi(x=0,0,t=0)

fi(x=0,0,t>0)

N A )
v

. Fig. 6.39 A portion of the distribution function of a Case~Van Kampen mode at two

different times.

N
Ay \
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EXERCISE Verify this.

The right side of (6.235) is in the form of a Fourier transform. It turns out that
when c¢(w) is correctly chosen to represent the initial f,(x,v,7) through (6.230), then
(6.235) is exactly equivalent to the expression (6.35) together with (6.34). Thus, the
right side of (6.235) would produce transients, as before, together with the correct
Landau damped normal modes. Thus, there is complete agreement between the
normal mode picture for E(x,t) of Sections 6.4 and 6.5, and the normal mode
picture for fi(x,v,?) of the present section. The latter is somewhat more complete,
since f(x,v,7) determines E(x,?) and therefore determines its own future at all
times, while E(x,?) could be produced by many different functions filx,v,t) and
therefore does not determine its own future at all times. In practice, either ap-
proach may be used because E(x,7) does pick out the slowly Landau damped
normal modes of the system at late times, after the transients have died away.

This brings us to the end of our discussion of the Vlasov equation. We recall
that the Vlasov equation is obtained as an approximate theory from the Klimon-
tovich and Liouville approaches of Chapters 3 to 5 by neglecting the physics of
collisions. In the next two chapters, we take moments of the Vlasov equation to
obtain even simpler and more approximate theories of a plasma; these are the fTuid
theory and magnetohydrodynamics.
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PROBLEMS

6.1 Resistive vs. Reactive Instabilities

I'he type of instability found in (6.52) when d,g(4)|u=w,/k > 0 is often called a
“resistive” instability; these are instabilities to which (6.42) and (6.43) apply. SZhO\;v
why (6.42) and (6.43) do not apply to the dielectric function e(w) = 1 + wy’/w?,
which yields a ““reactive” instability.

6.2 Ton-Acoustic Waves

The dispersion relation (6.21) has a branch describing ion-acoustic waves as well as
one describing Langmuir waves. We consider g(u) given by two Maxwellians as in
(6.24), with T; << T,, and look for a wave with phase speed such that
v, << w/k << v,

For the ion contribution, expand the denominator in (6.21) as in (6.26). For the
clectron contribution, approximate the integral by ignoring w/k << u in the
denominator. Then solve the dispersion relation e(k,w) = 0to find @ = w(k) for
ion-acoustic waves.

6.3 Electrostatic Waves

The dispersion relation (6.21) for electrostatic waves must be solved using the

Landau contour of Section 6.4; alternatively, the integral can be evaluated .for

w; > 0 and the result analytically continued to w; < 0. Evaluate (6.21) and find

the normal modes w(k) for the following distribution functions g(u).

(a) Cold plasma, g(u) = 6(u).

(b) Cold beam, g(u) = 8(u — up). .

(¢) Square distribution, g(u) = (2¢) ! for |u| < c, g(u) = O0for |u] > ¢;cis
a real positive constant.

(d) Cauchy distribution, g(x) = (¢/m)(u*> + ¢*)™'. (Why can there never be a
true Cauchy distribution?)

6.4 TIon-Acoustic Wave Energy

Apply the wave energy formula (6.72) to the ion-acoustic dielectric fu.nction f:le-
rived in Problem 6.2. Is most of the energy in electric field energy or in particle
energy? Explain physically and in detail why this is so (see discussion in Chapter

7).
6.5 Two Drifting Cauchy Distributions

Consider a Vlasov equilibrium consisting of infinitely massive ions and two coun-
terstreaming Cauchy distributions (see Problem 6.3) such that
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g(u) .,\ ( '. , f :
27 u - q) A’ (v d < ]
(a)  Sketch g(u). vre
b 2
(b)  Apply Gardner’s theorem to show that stability is guaranteed forq < A3

( ) L 9 O
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6.6 Isotropic Stability

(a) Consider a plasma with infinj

i tely massive ion istributi
i) bye s and an electron distribution

f a sphere in three-dimensional velocity space
(V) =Co8(v—vy) =cC ol(vy + v? + p2)2 ’
Cal.cula.te g(u), sketch it, and use Gardner’s theére :
butlop 1s stable to electrostatic perturbations
(b) Consider any isotropic distribution function ‘

J(v) = f(v)
Use. Gardner’s theorem to show that s
static perturbations.

- vl
m to show that this distri-

uch a distribution is stable to electro-

CHAPTER

Fluid Equations

7.1 INTRODUCTION

There are many phenomena in plasma physics that can be studied by thinking of
the plasma as two interpenetrating fluids, an electron fluid and an ion fluid. In this
approach, it is not necessary to consider the fact that each species consists of
particles with different velocities. The advantage of this approach is its simplicity;
it leads to equations in three spatial dimensions and time rather than in the
seven-dimensional phase space of Vlasov theory (Chapter 6). The disadvantage of
this approach is that it misses velocity-dependent effects such as Landau damping.

In this section, we introduce the fluid equations heuristically, for the benefit of
those readers who have not yet studied Chapter 6 on Vlasov theory. In the next
section, we present a more rigorous derivation of the fluid equations from the
Vlasov equation.

The first equation of fluid theory is the continuity equation, which expresses the
fact that the fluid is not being created or destroyed, so that the only way that the
fluid density n,(x,?) of fluid species s can change at a point x = (x,y,z) is by having
a net amount of fluid enter or leave a small spatial volume including that point.
The density #, is the number of particles of species s per unit volume. To every
element of fluid there corresponds a velocity vector V(x,?) that gives the velocity
of the fluid element at the point x at time ¢. Mathematically, the continuity
equation for fluid species s is

anyx,t) + V- (nVy) =0 (7.1)

where V = (4,,9,,d,) is the usual gradient operator in three-dimensional configu-
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ration space. A derivation of the fluid continuity equation can be found in most
undergraduate mechanics books (see, for example, Ref [1])

The second equation of fluid theory is the Jorce equation, which is simply
Newton’s second law of motion for a fluid. This can be written for fluid species §
as )

nmV(x,2) = F,(x,1) (7.2)
where F,(x,?) is the force per unit volume acting on the fluid element at position x
at time 7. The time derivative on the left of Newton’s law refers to the fluid element
as an entity and therefore must be taken along the orbit of the fluid element. Thus,

Vs(xst) = axvs + ('d—x) N VVS

dt

orbit

=9,V, + (V, - V)V, (7.3)
On the right side of (7.2) are all of the forces that act on a fluid element. One such
force is the pressure gradient force. A fluid of charged particles has a pressure
Py(x,t) = ny(x,t)T,(x,t) and an associated force per unit volume —VP,. Another
force is the Lorentz force per unit volume, g:n(x,DE(x,1) + (g,/¢)n,(x,1)V,(x,1) X
B(x,?). With these forces, Eq. (7.2) becomes

nam, OV, + nmV, - WV, = — VP, + gnE + L v x B (4)
or
aV,+V,-vw,=—vp + g4 &y xy (1.5)
ngm, m, mc

which can be thought of as the force equation per particle. The fields E(x,7) and
B(x,?) are the macroscopic fields (those which would be measured by a probe), as
discussed in Chapter 3.

With the given fluid quantities, the total charge density p is defined by

px0) = 3, g (x0) (7.6)

while the total current density J is defined by
Ix,0) = 3 qn(x,0)V(x,7) (7.7)

When combined with Maxwell’s equ;tions

V - E(x,t) = 4mp (7.8)
VBt =0 (7.9)
V X E(x,t) = — % 4,B (7.10)
vxBan=2Tg3+Lop (7.11)

the fluid equations provide a complete, but approximate, description of plasma
physics. A more careful development of the fluid equations from the Vlasov
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equation is provided in the next section, The reader who has not yet studied the
Vlasov equation (Chapter 6) can proceed directly to Section 7.3.

7.2 DERIVATION OF THE FLUID EQUATIONS
FROM THE VLASOV EQUATION

Except for the neglect of collisions, the Vlasov equation (Chapter 6) is un.cxn.ul
description of a plasma. By taking velocity moments of the Vlasov cquzm.nn in
seven-dimensional (x,v,?) space, an infinite hierarchy of equations in i‘()ur—du?uin
sional (x,7) space can be derived. When an appropriate truncation oflh%s in.ﬁmlc
hierarchy is carried out, the standard two-fluid theory of plasma physics is “I.)
tained. This procedure is reminiscent of the truncation of the BBGKY hierarchy in
Chapter 4 that led to the plasma kinetic equation and thence to the Vlasov
equation.
The Vlasov equation (6.5) is

©) ® ® ®
3zfs(X,V,t)+V'fos+%(E+—z—XB)-vas=0 (6.5)

We use the normalization

ny(x,t) Zfdv fs(x,v,1) (7.12)
and note that the fluid velocity V; is
V.(x,t) = ’: f dv vfy(x,v,1) (7.13)

The first fluid equation (the continuity equation) is obtained by integrating (6.5)
over all velocity space (i.e., we first multiply by “‘unity’’). The first term yields
d,n,(x,1). The second term is

@=deV°fos=Vx°fdvvfs=Vx-(nsVs) (7.14)
The third and fourth terms vanish upon performing the velocity integration.

EXERCISE Show the above.

The result is the exact continuity equation
dny(x,t) + Vy - (n,V,) = 0 (7.15)
which agrees with (7.1). (Except in this section, V, is denoted by V in this chapter.)
The force equation is obtained by multiplying (6.5) by v and integrating over all

velocity space. This yields :

® ® ® ®
1

%fdvvfs+fdvvv- Vofe + 3: fdvv[(E+7v XB) . vas] =0
(7.16)
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In term @, we have ,(n,V,) by (7.13). In @), we perform the manipulation vy « V,
Js = v - V(v f) = V, + (wf,). Since £,(x,v,1) is a probability distribution, the
cnsemble average of any quantity is
dv gf, 1 X
= loet L, (7.17)
favs, — ns
Thus, term Q@) is _
Vy -fdv W, = V- (ng(vv)) (7.18)

Term (® is easily evaluated by an integration by parts, yielding —(gq,/m,)En..

EXERCISE Verify this result for at least one component of the combination
vE - V..

In term (@, it is useful to move V, to the left, obtaining V, - [(v X B) £.]; an
integration by parts then yields

@:_ qscfdv(va)f;:m

mS
where we have evaluated each component in (7.19) using (7.13). Combining all
terms, (7.16) becomes

L (v, x B) (7.19)

s

gs 1
9,(n,Vy) + V - (n,(vv)) = n, (E s = V, X Bﬂ (7.20)

myg

which is the fluid force equation for species s. Multiplying through by the mass m,,
we see that each term has units of (force/volume). Equation (7.20) is also called
the momentum equation, since it determines the time rate of change of momentum
per unit volume.

Note that the continuity equation (7.15) for n, involves the function V,, and the
force equation (7.20) for V, involves the function (v v). It is clear that every
equation for # factors of v will involve a term with n + 1 factors of v. Thus, to
obtain a complete description of a plasma, we need an infinite number of moment
equations as derived from the Vlasov equation. This is equivalent to replacing the
seven-dimensional Vlasov equation by an infinite number of four-dimensional
fluid equations. In practice, we seek to truncate this series of equations by using a
physical argument to evaluate the term withn + 1 factors of v, rather than using
the fluid equation for that term. For example, we shall use physical arguments to
evaluate the (v v) term in (7.20), so that the force equation (7.20), the continuity
equation (7.15), and Maxwell’s equations become a complete description of the
plasma. In detailed descriptions of plasmas found, for example, in magnetic con-
finement devices and in the solar wind, the fluid equation for (v v) is used and
physical arguments are used to evaluate terms with three components of velocity
[2]. The equation for the time derivative of (v v) is known as the energy equation.

There are various circumstances where it is easy to evaluate (v v). For example,
suppose the species is cold, so that all particles have the same macroscopic velocity
V,. Then f(x,v,) = ny(x,)8(v — V,); thus
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(vv) l j dv n,vvo(v V., V.V, (7.21)
n

8

EXERCISE Verity (7.21), recalling that 6(v — V,) = 6(v, V) o(v, Vi)
8(v; — V).
Another case is where the distribution function f(x,v,?) is isotropic at each point

in space. Then with

U, Uy U, v,v,
(vv) = Uy Uy v, VU, (7.22)
U, Uy v, v, v,

we have V; = 0, and upon taking the average, all of the off-diagonal terms in
(7.22) vanish.

EXERCISE Prove this case.

The diagonal terms are (v,>) = (v, = (v.”) = v,° where vy(x) is the thermal
speed. Equation (7.22) becomes
vy = vAx) I (7.23)
where T is the unit tensor, and we take into account the possibility that the
temperature (T, = m,v,?) is spatially dependent.
The second term in (7.20) than takes the form
V. (nvv)) =V - (np?21) = V(nw? = VP./m, (7.24)

where the pressure P, = nmow? = n,T,. ] i

More generally, we might have a distribution that has a net velocity V, in a
certain direction, and has an isotropic velocity distribution in the frame moving
with velocity V,; therefore (v, — V,)?) = ((v, — V) = ((v. — V)*) =
v, = P,/mgn,. Then

Pl
(vv) = V.V, + o | (7.25)
and
1
Vv =V ¥V =+ VP,
A 1 |
= (V =« Y Xn¥,) T (¥« VIV T . VEs (7.26)

EXERCISE By writing out components, or by any other method, justify the
manipulations in (7.26).

The force equation (7.20) becomes, multiplying by m;,
d,(mn,Vy) + (V - V)mn,Vy) + (Vs - V)(mnVy)

= —VP, + q.n, (E + % V, % B) (7.27)
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Equation (7.27) can be simplified by subtracting the continuity equation (7.15),
multiplied by V,, from the left side. We find

mng 8.V, + man(V, - V)V, = —VP, + g.n, ( E 4 (' Vv, X B) (7.28)

in agreement with (7.5).

When combined with Maxwell’s equations, and when some means is found for
describing the pressure P,, Eqs. (7.15) and (7.28) provide a complete description of
fluid plasma behavior. We shall find several different means for describing the
pressure. For variations in one direction only, the pressure is P, = nT,=nm(v?
where we evaluate (v?) along the direction of variation. If we are dealing with a
motion, a wave for example, which is slowly varying compared to the equilibra-
tion time of species s, we might have isothermal behavior so

VP, = V(n,T,) = T,Vn, (7.29)
On the other hand, a rapidly varying compression may involve adiabatic motion,

SO
VP, = V(n,T,) = n,VT, + T,Vn, = ~v,T,Vn, (7.30)

where vy, = (2 + D)/D is the so-called “ratio of specific heats.” Here, D is the
number of dimensions that share in the increased temperature, and it is assumed
that the motion in (7.30) involves only small departures of the density and temper-
ature from their unperturbed values n,, T,. In succeeding sections on wave mo-
tions in fluid plasma, we shall apply these ideas.

EXERCISE Verify (7.30) using the basic ideas of adiabatic compressions.

7.3 LANGMUIR WAVES

Now that we have developed a complete description of a plasma, in the form of the
two-fluid equations, what can we do with it? The first thing we can do is to study
the various kinds of waves that can propagate through a plasma. Waves are very
important. They propagate energy from one part of a plasma to another. They
send information out of the plasma that enables an external observer to know
what is occurring inside. They can become unstable, growing as they propagate, to
such large amplitudes that they disrupt the confinement of a plasma.

Our first example of a wave is a very simple one, the electron plasma wave, or
Langmuir wave (also called a space-charge wave). Suppose the ions are infinitely
massive, so that they do not contribute to the motion, but have a fixed particle
density 7, and a fixed charge density en,. Then we need only three equations to
describe the electron motion: the electron continuity equation, the electron force
equation, and Poisson’s equation. These are (in one dimension, with B, = 0)

on, + 9,(nV,) =0 (7.31)

mn,(8,V, + V,9,V,) = —,P, — en,E (7.32)
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and
ol dre(n, n,) (7.33)

X

We seek solutions to (7.31) to (7.33) in the form of small amplitude waves, where
the electric field has a sinusoidal spatial variation. In order to look for such small
amplitude waves, we first linearize (7.31) to (7.33). With

n, = n, + n, (7.34)
EF =E, (7.35)
A A (7.36)

we first neglect the pressure P,, assuming that the electrons are cold. Then the only
zeroth order contribution from (7.31) to (7.33) is

an, =0 (7.37)
which is trivially satisfied. The first order terms are
6,7[1 + Ny axvl =0 (7.38)
mn, d,v;, = —enykE, (7.39)
d
i 0, E, = —dmen, (7.40)

These equations are now linear, and we may look for wave solutions in which each
variable has the form cos (kx — wt + 0),

E(x,t) = E, cos (kx — w?) (7.41)
n(x,t) = #i,cos (kx — wt + 6,) (7.42)

and
vi(x,2) = ¥, cos (kx — wt + 6,) (7.43)

where £, 7i,, and 7, are real constants and 6,, 6, are possible phase shist. It turns
out that it is very awkward to use sin’s and cos’s, and it is very convem'ent to use
solutions that vary as exp.(—iwt + ikx). We may do this by noting that 1f(7.41? to
(7.43) is a solution of the linearized equations (7.38) to (7.40), then th.e expression
obtained by giving each of (7.41) to (7.43) a phase shift of 7/2 w1l.1 alsq be a
solution, where sin replaces cos in (7.41) to (7.43). Any linear combination of thc:ﬂc
two sets of solutions will also be a solution; in particular, [cos solution] + i[sin
solution] is a solution, of the form

E\(x,t) = E, exp (—iwt + ikx) (7.44)
n,(x,t) = 7, exp (i6,) exp (—iwt + ikx) (7.45)

and
vi(x,t) = v, exp (i0,) exp (—iwt + ikx) (7.46)

If we next absorb the phase factors exp (i6,) and exp (i6,) into new complex con-
stants n, = i, exp (i6,), v, = ¥, exp (i6,), we have
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E\(x,t) Lyexp (—lwt + ikx) (7.47)

n,(x,1) nyexp (—iwt + ikx) (7.48)
and
vi(x,2) = v, exp (—iwt + ikx) (7.49)

After we have obtained the solutions (7.47) to (7.49), we can add them to their
complex conjugate to obtain the physically relevant real solutions, if desired.

EXERCISE Why is the complex conjugate of (7.47) to (7.49) also a solution?

Inserting the assumed wave solution (7.47) to (7.49) into the linearized equa-
tions (7.38) to (7.40), one obtains

—iwn, + ikngw, = 0 (7.50)
—iwmnnyv, = —enyk, (7.51)

and
ikE, = —4men, (7.52)

where we have divided each side by exp (—iwt + ikx). Solving (7.50) for v, in
terms of n,, and solving (7.52) for 7, in terms of £, and inserting in (7.51), we find

o'm, B,
= (7.53)
Upon dividing by the constant £, we see that
4mnye?
W = —e = ) (7.54)
me
or
w == o, (7.55)

for our cold plasma oscillations; thus the wave frequency is just our old friend the
electron plasma frequency.

EXERCISE If we had kept the ion component with mass m;, can you guess what
the wave frequency would be?

Thus, we have shown that any expression of the form (7.44) to (7.46) is a solution
of (7.38) to (7.40), provided the frequency is given by (7.55). Note that this is true
for arbitrary wave number k.

EXERCISE Using (7.50) to (7.52), determine the phase shifts between E, n,
and v,. Choosing a value of k, add (7.47) to (7.49) to its complex conjugate to
obtain real solutions, and sketch these solutions with their appropriate phase
shifts.

The expression (7.55) for w is called a dispersion relation, because it is supposed
to represent the relation between frequency w and wave number k. In this case the
dispersion relation is trivial, because it does not depend on k. The group velocity

cepen P

= — i

e
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) dw 5
Vs ok 0 (7.56)
does not depend on wave number k, so these waves are dispersionless. An initial
wave packet will not propagate, but merely oscillates forever at frequency w w,.
Thus, the physics of these waves is as simple as the physics of the oscillating slabs
used to derive the plasma frequency in Chapter 1.
It is always useful to sketch dispersion relations. In this case, the sketch of (7.55)
is simple, consisting of two straight lines at w = * w,, as shown in Fig. 7.1.
The most serious assumption in our derivation of the cold plasma waves is the
neglect of the pressure term in (7.32). Let us repeat the derivation, including the
pressure P,. We have VP, = V(n,T,) = V[(n, + n)T, + T,)] = n,VT, |
T,Vn,, keeping only first order terms. Now in order to relate the first order
temperature change T in the wave to the first order density change n,, we must go
outside the fluid theory. We consider long wavelength waves, such that a typical
electron travels only a fraction of a wavelength A\ in one wave period; then the
compression of the wave will be an adiabatic one. Thus, the assumption v,w ' <
A, or
w/k >> v, (7.57)

leads us to consider adiabatic compressions. If we further assume that the collision
frequency is small,

v, << w (7.58)
then the change in temperature during the compression along the direction of
wave propagation will not be transmitted to the other two directions. We conclude
that our compression is a one-dimensional adiabatic compression, which means
that

VP, = n VT, + T,Vn, = 3T,Vn, (7.59)
by the expression below (7.30).
With the expression (7.59) for VP,, our previous derivation goes through with
the addition of one term; thus (7.50) to (7.52) are replaced by

Fig. 7.1 Dispersion relation for electron plasma waves when the pressure is ignored.
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We
]
—1 |1 .
————— —}—‘—-—-*———-———-
Fig. 7.2 Langmuir wave dispersion diagram.
—iwn, + iknyy, = 0 (7.60)
—iomnw, = —enF, — ik3T,7, (7.61)
itk = —dren, (7.62)
Solving (7.60) for v, solving (7.62) for n,, and inserting in (7.61), one finds
(0 — w? — 3To/m)E, = 0 (7.63)
or
o = w2+ 3Ty/m, = w? + 3k2vﬂ (7.64)

whi'ch is the famous Langmuir wave dispersion relation (see Eq. 6.28).
‘ Slnce we have used the assumption (7.57), the dispersion relation (7.64) has a
limited range of validity, restricted to

w w,
v, << v i ;N (7.65)
or
kA, << 1 (7.66)
Thus, another useful form of (7.64) is
© = Hol + k)2 = £ o ( 1+ 3 kz)\ﬁ) (7.67)

A graph of the dispersion relation (7.67) is shown in Fig. 7.2. The Langmuir wave
Is seen to have dispersion, since the group velocity is
dw

Ve = 5= 3\, (7.68)

and this depends on wave number.

EXERCISE Returning to (7.60) to (7.62), find the density perturbation and
velocity perturbation associated with the wave. Show that for &k — 0 we regain
the cold plasma wave, while for k > 0 the pressure acts as an additional restor-
ing force which gives the wave a higher frequency.

7.4 DIELECTRIC FUNCTION

It is often useful to draw an analogy between a plasma and a dielectric medium.
Recall that in ordinary dielectric theory, we are able to replace Poisson’s equation
for charges in a vacuum,
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V- E dmp (7.69)

by
V:-D=J0 (7.70)

where

D="%¢E (7.71)
Here e is the dielectric tensor, the properties of the medium have been incorporated
into the displacement D, and we assume there are no additional free charges. This
same operation can of course be performed for a plasma as well as for a dielectric
medium. In one dimension, and assuming plane wave fields, Eq. (7.69) is

ikE = 4mp (7.72)
so that if we can write p in terms of E it will be easy to identify the dielectric
function:

ik

For cold plasma waves this has been done in (7.50) to (7.52), which are easily
written in the form

ik (E - 4.ﬂ) = ikeE = 0 (7.73)

2

ik(l —~ ‘“g) =0 (7.74)
w

so that the dielectric function is

2
wE
e(w) = 1 3

(7.75)

and we notice that the dispersion relation (7.55) is precisely equivalent to equating
e(w) to zero,
dw) =0 = 0w == o, (7.76)

Thus, we see that the normal modes of a plasma are obtained from the zeros of the
dielectric function (see Chapter 6).

EXERCISE Verity (7.74).

In a similar fashion, because (7.60) to (7.62) for Langmuir waves can be written
in the form

) 2
ik [1 — m] E=0 (7.77)
we identify the dielectric function
k) = 1 — F‘”;k—zv (7.78)
the zeros of which yield the normal modes (7.67):
e(w,k) = 0 = w(k) (7.79)
w(k) = w,(1 + 3k*A2)2 (7.80)

The dielectric function has been studied in more detail in Chapter 6.
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7.5 ION PLASMA WAVES

In Section 7.3 we studied high frequency electron plasma oscillations, with fre-
quency w near the electron plasma frequency w,. For these waves, the ion motion
1s negligible and irrelevant. Here, we consider low frequency waves, o < w,,
where the ion motion dominates the wave physics. (In an unmagnetized plasmal,
the words “low frequency” refer to w < w; while “high frequency” refers to
w = w,. In a magnetized plasma, we often have the ordering (); << w; <<
w, < |Q,]. (Why?) Then “low frequency” means w < ), and other freque’ncies
are called low or high depending on what they are being compared to.)

To- include both electron and ion physics, we need five fluid equations: electron
and ion continuity, electron and ion force, and Poisson’s equation. These are
from (7.1) and (7.5), ’

on, + 8,(n,V,) =0 (7.81)
men, 8,V, + mnnV.98,V, = —9,P, — en,E (7.82)
on, + d.(n¥V;,) =0 (7.83)
mn; 0.V, + mnV;8,V, = —3,P;, + enE (7.84)
and
0.E = 4me(n; — n,) (7.85)

This set of equations is not as bad as it looks. First, because we intend to linearize
all V' 8,V terms disappear. Second, all pressure terms can be written o.P,,=~,.T, ,
d,n,,;, where temporarily we do not specify the coefficients v, ;, and T; i are’lth:
unperturbed electron and ion temperatures. Then linearizing (7'.81) to (7‘.185) with
n; = ny + ng, and all other quantities first order, we obtain

O,y t 1y dV, =0 (7.86)
mhy 0.V, = — v,T,d,n,, — en,E (7.87)
omy + ny 3,7V, =0 (7.88)
miny 0.V, = — vT,d,n,; + en,E (7.89)
and
o,E = 4me(n; — n,) (7.90)

Before solving (7.86) to (7.90), let us guess the properties of the wave we are
looking for. The ions will have a sinusoidal density perturbation as shown in Fig.
7.3. Since the frequency is very low, the electrons see an almost static ion density
perturbation, and they will try to obtain the same density in order to prevent huge
electric fields. However, since the electrons are flying about very fast, the attempt

S ~g -—/

Fig. 7.3 Electron and ion density perturbations in an ion plasma wave.
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to exactly cancel the ion charge distribution will not totally succeed; rather, the
clectrons try to smear themselves out more smoothly. Thus, the clectron density
perturbation is slightly smaller than the ion density perturbation, and the resulting
density difference produces the electric field of the waves.

EXERCISE Draw the electric field produced by the densities in Fig. 7.3.

We have seen the tendency for this cancellation of electron and ion charge
before, in Problem 1.4, ““Plasma in a gravitational field.”” This important property
is called quasineutrality, and it is found in almost all low frequency plasma
behavior.

This discussion encourages us to look for a solution of (7.86) to (7.90) with
n; = n,. We therefore ignore Poisson’s equation; and we find from (7.86) and
(7.88) that we must have ¥, = V,. We eliminate the electric field by adding (7.87)

and (7.89) to obtain

6Ve o anel
(me + mi)n() ——51_ - (‘YeTe + ‘YiTi) Ox (79”
Next, we eliminate the velocity V, by taking the time derivative of (7.86) and
inserting the result in the spatial derivative of (7.91), to obtain

m, + my Zhet = (3,7, + 31 T4 (1.92)
or, neglecting m, compared to m,,
a;’;;fl = ¢ G;Z? (7.93)
where we have defined the sound speed
G= (——”Te L od, )]/2 (7.94)

Assuming a plane wave solution of the form exp (—iw? + ikx), (7.93) yields the
ion-acoustic dispersion relation

w? = k’cf (7.95)

The name ion-acoustic arises from the similarity between the dispersion relation
(7.95) and the equivalent relation for sound waves traveling through a gas.

It is difficult to determine the regime of validity of (7.95) from the foregoing
discussion. We do know, however, that we have neglected the difference (n;; —
n,;), which by Poisson’s equation is proportional to 4, E ~ kE. We thus expect
that (7.95) is limited to small k; we shall see in a moment that this is so.

What shall we take for v,, ,? In practice, this depends on the region of density,
temperature, and wave number in which we are working. It may be the case that
the ion motions are adiabatic in one dimension, so y; = 3. It may also be that
collisions are important enough to redistribute the wave compressional energy in
three dimensions, so that v, = (D + 2)/D = 5/3 for adiabatic compressions in
three dimensions. As for the electrons, it is the case that a typical electron travels
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many wavelengths in one wave period; that is, the distance traveled in one period
v/w ~ v,/keg >> k7!, since

v(’ Tl‘ ml I,“

= Ll Py > |

cs me Vel ‘yiTi

ThI.JS, the electrons are communicating over many wavelengths during one wave
period so that they remain isothermal; we therefore choose the iosthermal vy, = 1.
When T, >> T, we then have the very simple and easy to remember formula

Lcs = (T/m)"" (7.96)

In other words, the sound speed is the thermal speed that the ions would have if
they had the electron temperature.

Let us now return to a more exact solution of (7.86) to (7.90) that does not
assume qgasineutrality. Because the electron mass is very small, we ignore the
electron ““inertia” term on the left side of (7.87), upon which (7.87) yields

I _ —en,
ox T,

E (7.97)

For the ions, we eliminate ¥, from the spatial derivative of (7.89) by using the time
derivative of (7.88), to obtain

a*n, d%n, dF
m; -7 T Vil 6x21 + en, ox
Looking for plane wave solutions to (7.90), (7.97), and (7.98) (or Fourier trans-
forming, if you like), we find

(7.98)

lkE = 477'6(”,'1 S nel) (799)
' —en
thny = —=p~ E (7.100)
and
vl en, .
(‘”2 o )”u = 7" ikE (7.101)
Inserting (7.100) and (7.101) into (7.99) we find
2 2
ik |1 — w; w, =
; [ =BTt Koy T./m, ]E =0 (7.102)

from which we identify the dielectric function

wi2 w 2
w2 G kz'y,-T,/m,- .5 kz‘yeTe/me

the zeros of which yield the dispersion relation w(k). Solving (7.103), we find

== ‘yiTi kz‘)’eTe/mi
w? = k° —E e vy (7.104)

e(lwk) =1 —

=0 (7.103)

which is the general dispersion relation for ion plasma waves.

EXERCISE Solve (7.103) to obtain (7.104).
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Fig. 7.4 Dispersion diagrams for electron plasma waves and ion plasma waves (7, = ()
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In the small kA, limit, we regain the ion-acoustic dispersion relation (7.95). We
further expect that (7.104) is only valid when the second term on the right is larger
than the first. If this were not so, we would have w/k ~ (T/m;)'* ~ v,, which
would mean that many ions would have speeds of the same order as the wave
phase speed. When this is the case, we do not expect fluid theory to be valid;
rather, we must use the Vlasov equation to properly treat those particles which can
interact resonantly with the wave.

Another interesting limit of (7.104) is reached when 7; — 0 and A\, >> 1; we

then find
w? = w? (7.105)

which are ion plasma waves oscillating at the ion plasma frequency. Because the
wavelength is short compared to the electron Debye length, the electrons are
incapable of shielding, and we have ions oscillating in a uniform background of
negative charge. This is quite analogous to our cold electron plasma oscillations at
®w = w,, which are electrons oscillating in a uniform background of positive
charge.

We can now draw the dispersion diagrams of electron plasma waves and ion
plasma waves on the same diagram; we do this schematically for the case T; — 0
in Fig. 7.4. Note that the dispersive (k*A,?) term in the denominator of (7.104)
becomes more important at larger k, leading to a transition from the acoustic
behavior at small & (7.95) to the oscillations at @ = w; (7.105) at large k.

7.6 ELECTROMAGNETIC WAVES

The only other waves in unmagnetized homogeneous plasma are electromagnetic
waves. We shall find that these waves are high frequency, w = w,, so that we can
ignore ion motion. We shall further find that these waves are transverse,k +- E = 0
and k - B = 0, so that we can ignore Poisson’s equation and the V - B = 0
equation. The fluid equations that we then need are
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V X E ", 0B (7.106)
VXB = 4(’5 J (' oK (7.107)
J=—enV, (7.108)
mn oV, + ma(V, - V)V, = — VP, — enE — 2 v, x B (7.109)

c
om, + V- (n,V) =0 (7.110)

We have assumed that the wave is transverse,k + E = 0. Ifkis in the £-direction,
we may choose E in the p-direction; then by Faraday’s law (7.106), we have B
along 2 (Fig. 7.5). We next assume that there is no zero order component of V,,
and that we can neglect the V, X B force; this assumption must be checked at the
end of the calculation. We look for solutions that have k - V, = 0; then (7.110)
predicts dn,/dt = 0, so n, = n, everywhere and we can ignore VP, in (7.109).
With no further assumption, the (V, + V)V, term in (7. 109) also vanishes. We have
left the equations

VXE=— —i— 3B (7.111)

4 1
VXB=——""C,v + = OE (7.112)
mn, 0,V, = — en,E (7.113)

Taking the time derivative of (7.112) and the curl of (7.111), we eliminate 8,V,and
B in (7.112) to obtain

47n,e? 1 §’E
—CVX(VXE)=%E+? = (7.114)

or taking a plane wave solution, V. X V X — k2, we get

try>

Y,

A

z, B
Fig. 7.5 Vector relationships in an electromagnetic wave in unmagnetized plasma.
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(w? k'c? w,)E 0 (7:118)
which yields the electromagnetic dispersion relation

w? = w? + ki? (7.116)

Letting the plasma density approach zero we regain the free space light waves with
w = kc.

Note the similarity between the electromagnetic dispersion relation and the
Langmuir dispersion relation, where ¢? is replaced by 3v,% On the same dispersion
diagram, the two branches look as shown in Fig. 7.6.

Recall that in the theory of optical media (air, water, etc.) it is useful to define an
index of refraction

n = 2 (T L1y
w
for light traveling through the medium. From (7.116) we see that in a plasma the
index of refraction is

e 2
pe Al Lo = NP | (7.118)

According to (7.118), the index of refraction becomes imaginary when o < w,.
Thus, for real w one obtains imaginary k, corresponding to evanescence. The
result of this evanescence is that when an electromagnetic wave impinges on an
inhomogeneous plasma, it reflects at the point where w = w,, called the position
of critical density. This effect is important in laser fusion and in the interaction of
radio waves with the ionosphere (Fig. 7.7).

We can now reconsider our neglect of the (¢/¢)V, X B force in this derivation.
By Faraday’s law, B ~ (ck/w)E ~ nE, but n < 1 always by (7.118), so B < E.
Thus, (¢/¢)|V, X B| < ¢q|V,/c||E| so that the magnetic force will always be

Fig. 7.6 Dispersion diagram for electromagnetic waves and Langmuir waves in unmag-
netized plasma.
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7 (x)~ w?2 (x)

W, (x)=w
Critical density

IE (x)1?

X

Fig. 7.7 Sketch of the standing wave Airy function pattern for an electromagnetic wave
incident from the left on an inhomogeneous plasma.

negligible compared to the electric force as long as the motion produced by the
electric field, V,, is always nonrelativistic.

EXERCISE Sketch the group speed dw/dk and the phase speed w/k, both vs. k,
for electromagnetic waves.

This completes our discussion of linear fluid waves for uniform unmagnetized
plasma. We have found only three different waves for a given wave number k: the
ion plasma wave or ion-acoustic wave, the electron plasma wave or Langmuir
wave, and the electromagnetic wave. The addition of inhomogeneity or a magnetic
field will greatly multiply the number of linear modes, as we shall see shortly.

7.7 UPPER HYBRID WAVES

Up to this point we have considered waves in unmagnetized plasma. We now wish
to consider linear waves in magnetized plasma. In general, there will be two
important directions for any wave motion, the direction of the external magnetic
field B,, and the direction of the wave number £. Since we are looking for linear
waves, there will be two important wave quantities, the first order electric field E,,
and the first order magnetic field B,. There are six terms that are used to describe
relations among the four quantities B,, £, E,, and B,. If £ is along B,, £ - B, =
1, we call the wave parallel;if kK - B, = 0 the wave is perpendicular. If £ - £, = 1
the wave is longitudinal, while if £ + £, = 0, the wave is transverse. When B, =0,
the wave is electrostatic, while if B, # 0 the wave is electromagnetic. Of course,
not all waves deserve one or another of these terms; that is, a wave with k at a 45°
angle to B, is neither parallel nor perpendicular. We can often relate the last two
terms using Faraday’slaw V X E, = — (1/¢)4,B,,ork X E, = (w/c)B,. Since
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for longitudinal waves, k X E, 0, thus the wave is electrostatic, and vice versa,
Similarly, all transverse waves are electromagnetic (but not vice versa; why not?).

Let us first look for high frequency waves traveling across the magnetic field,
with £, + £ = 1; these perpendicular longitudinal electrostatic waves are known
as upper hybrid waves. We take T, = T, = 0 and m; — oc; therefore the ions do
not move, but form a fixed background of positive charge. The relevant equations
are then

an, +V-myv,) =0 (7.119)

en,
mn,dvV, + mn,v, - VV, = — en,E, — - V, X B (7.120)
V : E; = 4me(ny, — n,) (7.121)

EXERCISE Why aren’t the other Maxwell equations relevant?

With E, = E\%, k = k£, B, = B2, (7.120) will produce components of V, in
both the £ and y directions, so V, = (v,,v,,0) (Fig. 7.8). Then linearizing (7.119)
to (7.121) and looking for plane wave solutions yields

—iwn, + iknyv, = 0 (7.122)
—iwmu, = — eE, — % v, B, (7.123)
- e
~iwmv, = < v,B, (7.124)
and
ikE, = — 4men,, (7.125)

Equations 7.122 and 7.125 yield v, in terms of E,, and (7.124) yields v, in terms of
v,; substituting the result into (7.123) yields

>

A

x

Fig. 7.8 Vector orientations in an upper hybrid wave.
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w’ {* : .
( === | = ‘,),4' 0 (7.126)

from which, upon dividing out £, one obtains the dispersion relation

0w =02+ Q2 = oy ' (7.127)

for upper hybrid waves. As in the case of cold plasma waves with no magnetic field
[to which (7.127) reduces when B, — 0] this frequency is independent of the wave
number.

EXERCISE Obtain (7.126) as indicated.

Physically, these waves have a density variation similar to the cold plasma
(B, = 0) waves, but now the electrons are performing a sort of gyromotion in the
wave; the electric field tries to make them move in the £-direction, but the V, X B,
force produces a velocity in the j-direction. Suppose we take v, = v,, exp
(—iwt + ikx); then by (7.124) we have

v, = — i 0. v, = — i %"— voexp (—iwt + ikx) (7.128)

Y w

With v,, real, we can obtain a real solution by adding this solution to its complex
conjugate and multiplying by 1/2; we find

U, = vy cos (kx — wt) (7.129)

and

Q
v, = —Cv,sin (kx — wi) (7.130)

By (7.127), Q,/0w < 1 always, 50 (v,)max < (v,)max always. Because the Lorentz
force acts as an extra restoring force for the wave, the frequency is higher than the
cold plasma (B, = 0) wave. As the magnetic field B, — 0 we regain the cold
plasma wave, while as the density goes to zero (w, — 0) we have a wave consisting
of particles gyrating in the magnetic field, (v,)max = (Vy)max.

7.8 ELECTROSTATIC ION WAVES

We next look for low frequency electrostatic waves whose physics is dominated by
the ions. Because we are looking for electrostatic waves, the only one of Maxwell’s
equations needed is Poisson’s equation. However, if we assume quasineutrality,
n,, = n;, then we can avoid using Poisson’s equation, and we have only the four
fluid equations (electron and ion continuity equations, electron and ion force
equation). (Note that here with a low frequency wave, we assume #,; = n;, because
the electrons have time to adjust to the ions; whereas in the previous section, the
high frequency motions are dominated by #,,, and the massive ions do not have
time to follow; therefore, n;;, = 0andn,, # n,.) Thus, we need only the four fluid
equations, which we linearize immediately, obtaining
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en,

mun, oV, v.1.Vn, enyk - V., X B, (7.131)
on, +nV -V, =0 (7.132)
mngdV, = — vTVn, + enE + ‘—Zi V, X B, (7.133)
on, +nV -V, =0 (7.134)

where n,,, V., V;, and E are all first order quantities. We are interested in waves
traveling at any angle to the magnetic field, which we take in the Z-direction. We
can take the wave vector k to lie in the x-z plane (Fig. 7.9).
JAdding (7.131) to (7.133) to eliminate E, one obtains
—iony(m,\V, + mV) = —ik(y. T, + vT)n,

+ 20 (v, = V) x B (7.135)
Looking for plane wave solutions, taking the dot product of the wave number k
with (7.135), and inserting k + V,; = wn,,/n, from (7.132) and (7.134), yields

—iwny(m, + m)wn,/ny = — ik*(y T, + viIdn,
+ 20 k- [(V, = Vo) X By] (7.136)
The last term is
k- [(Vx N Ve) X BO] o kx(Viy ™y Vey)BO (7137)

In order to express V,,, V,, in terms of n,;, we go back to (7. 131) and take its cross
product with the wave number k, obtaining
en

—iwmny(k X V) = — —* k X (V, X By) (7.138)
or
Q, 5
kX V, = =5k X(V, %2 (7.139)
—lw
5 B,
6,
y

=
>

v

Fig. 7.9 Vector orientations in an electrostatic ion wave.
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which gives three equations

~Vyk. =i ' V.k. (7.140)
- -0,
k. V., + V., k, =i = Vb (7.141)
and
. 0,
kW, =—1i =~ VK. (7.142)
These can be solved for V,,, V,, in terms of Veps
lw
Vex = ?)7 Vey (7.143)
which is just what we had for the upper hybrid wave, and
L k. . Q, w?
V., ==, E; i - ( = b—?) (7.144)
By the continuity equation (7.132), /
kZVey + k.V,, = wn,/n, (7.145)

or

Ay lw —iQ, \ k, "
n, [kx (Qe ) + k. (__w ) & (1 = Q_f)J Ve (7.146)

Finally, invert (7.146) for V,,, insert in (7.136), and obtain [i ’
and using (7.137)] i : [ignoring m, << m,,

—iwzm[nel e ikz(‘)’eTe + ‘yiTi)nel + eno

— k.B,

whn,
Ry

/ ! ! ]
X lk l—w‘ — l_‘()’ kzz (1 _ 22_) kx lw iQe k22 (1 wz )J

-5
(7.147)

where we have obtained V, by replacing Q, with (), everywhere in (7.146).

EXERCISE Justify the last step.

We can divide n,, from every term in (7.147) to obtai i i i i
5 ; ain the dispersion relation [with
¢ = (v.T, + v.T)/m; as usual] N

ke
I'— -
o) e ~ .
= w g Qe kz T wz w Qi kZZ wz gl
HE TEE) TR g

(7.148)
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which is the dispersion relation for electrostatic ion waves.
Let us look at this monster in various limits. First, let k be along B, k Kid
I'hen k&, — 0, and each denominator becomes infinite, provided  # + ,, + (),

Then

k_.! » 2
g SRR o ) (7.149)
w
or
w =+ k., (7.150)

which is our old friend the ion-acoustic wave; we would have hoped to recover this
wave for parallel propagation, since then the magnetic field does not influence the
wave properties, and we should recover all unmagnetized waves. (The magnetic
field may, however, affect the values of v,, v;, which are now hidden in ¢,.)

We assumed w # *+ Q,, = Q, Let us return to consider that possibility. First,
we let @ — Q;in (7.148), and take the limit k, — 0. The first denominator be
comes infinite, while the remainder of (7.148) yields

2ot S A 1
Qiz :2 w2
I_FO_F)

Then we can allow k, — 0 and w — (; in such a way that this equation is
satisfied; that is, w = (), is a solution, and can be called an ion-cyclotron wave.

=0 (7.151)

EXERCISE Convince yourself that o = (1, is also a solution as k, — 0; this is
an electron-cyclotron wave.

Let us now look in the other direction, at perpendicular propagation with
k = k. £. The limit k. — 0 in (7.148) yields
s kxzcsz O‘i‘Qe . _'(_)i —

R ke =0 (7.152)
Ignoring 07 << |Q,;Q,|, we find
@ = k22 + |00, (7.153)

which are lower hybrid waves propagating perpendicular to the magnetic field. For
small k,, we have

o = V], = o (7.154)

where w,y is the lower hybrid frequency.

The physical interpretation of lower hybrid waves is quite simple. Since E || k L
B,, we might suppose that the massive ions move along E, while the light electrons
perform an E X B, drift in the p-direction. It turns out that the £ displacement of
the ions is equal to the £ displacement of the electrons (because of the polarization

drift) only if = w;y = V[Q:Q,|.

EXERCISE Show that w = 0 is also a solution of (7.148) as k. — 0.
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Let us now ask what happens if we are propagating almost, but not quite,
perpendicular to By, so that k, >> k.. Then, since we look for very low frequency

waves, w ~ ;, w/|Q,] << 1, we discard all terms of order w/|(,|. Equation
(7.148) becomes

S el v e kz( R
eV Pl o 2 l— )

07

Suppose k,/k, << (m;/m,)"?; then we can discard the third term compared to
unity. Likewise, we can discard the term proportional to (k,/k,)* << 1 in the
denominator. We find ‘

1 — a% (K’ + 0 =0 (7.156)

or

wt = ke + 02 (7.157)

which is the dispersion relation for electrostatic ion cyclotron waves, valid for
k./k, >> (m,/m)"?; that is, for an electron-proton plasma, at angles greater
than 2° away from perpendicular to the magnetic field.

Let us summarize our results. Define an angle 6 as the angle between k and B,
as in Fig. 7.9. Then we have found:

=0, k =0: o =4k
w® = 0}
w? = 02 (7.158)
0 < m/2, 13> k/k, >> (m/m) W = K + O (7.159)
0=n/2, k=0 o=4kc+ |00,
w2 =0 (7.160)

We may suppose from (7.158) to (7.160), or by looking at the basic equation
(7.148), that there are three branches of solutions.

7.9 ELECTROMAGNETIC WAVES IN MAGNETIZED PLASMAS

We wish to extend the treatment of electromagnetic waves in a uniform unmagne-
tized plasma (Section 7.6) to the case of a magnetized plasma. Because we again
expect high frequency waves, we ignore ion motion. For simplicity, consider a cold
plasma, T, = 0. The relevant equations are then Maxwell’s equations together
with the electron force equation, used to calculate the current. We have, lineariz-
ing immediately,

av

mny o = = ek, — — 1,V X By (7.161)
1 0B

V EE =~ Ffl (7.162)

Electromagnetic Waves In Magnetized Plasmas 151

4n 1 JK,

V X B, J A - (7.163)
¢ ¢ ot
J en,V (7.164)
where V = V. Since we already have as many equations as unknowns, we shall

avoid using Poisson’s equation or the electron continuity equation.

With the coordinate system shown in Fig. 7.10, let us first look for waves
traveling perpendicular to By, k = k£. Then there are two possibilities: the electric
field can be along B, (the ordinary wave), and the electric field can be in the x-y
plane, perpendicular to B, (the extraordinary wave). In the first case, the electric
field E, = E,2 induces an electron velocity in the 2-direction, and the V, X B,
force vanishes. Thus, Egs. (7.161) to (7.164) reduce to the equivalent equations {01
an unmagnetized plasma, (7.111) to (7.113), and we can immediately write down
the dispersion relation (7.116), which is

o’ = w? + k¢ (7.165)

which describes the ordinary wave; this wave propagates as if there were no mag-
netic field.

Next suppose the electric field is in the x-y plane. Then the electric field will
create a V in the x-y plane, and the V. X B, force will produce another component
of velocity in the x-y plane; note, however, that no component of velocity is
produced in the Z-direction (Fig. 7.11). It is for this reason that we can consider the
ordinary mode (7.165) and the extraordinary mode (currently being derived) sepa-
rately.

A A

BO’ E1

>

X
Fig. 7.10 Vector orientations for the “ordinary” electromagnetic wave in magnetized
plasma.
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Fig. 7.11 Vector orientations for the “extraordinary” electromagnetic wave in magne-
tized plasma.

The relevant components of (7.161) to (7.164) become, with E, = Ex + Ej,

€

—iom,V, = — ek, — =, V.B, (7.166)
. e .
—lomV, = — eE, + - V.B, (7.167)
! iw
ikE, = s B, (7.168)
. _ —4iren, iw
Ry B e P, — = E, (7.169)
_ —4men, lw
0= S V, — G E, (7.170)
EXERCISE Reconvince yourself that V + A = jk - A, d,A = — iwA, and

V XA =ik X Aif A = Ajexp (—iwt + ik + x) where A, is a constant vec-
tor.

Equations (7.166) to (7.170) constitute five equations in five unknowns. From
(7.168), B, = (kc/w)E,; therefore, (7.169) and (7.170) yield for V,, Vs

—iw
% 47Tnoe Ex (7171)
ik*c? —iw
V, =
s (47rn0ew % 47rn08) £, 472
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Inserting (7.171), (7.172) into (7.166), (7.167), we obtain

) ( lw | e B ( ik*e’ } ] ) E 0
- , A
ol 47T”(|" ’ ¢ v 477—”()(‘(“ 4‘"'"“(' \
- ('B(; ( = ’w ) ( I’l\“‘("V _lw ) % N
—eB, [ —iw —— + E, 0
¢ dmwnye ram, dmnjew + 4mnoe : ‘
(7.173)

The determinant of the coefficients must vanish. Dividing each term by e, we find

2 2,2 2 QO kic?
(1—‘”,) (1+ 4 —‘”,)+(°”,‘)Qﬂ( 5 “’3):()
w,” w,” w,” w,” W, w w,”

e € €

(7.174)

or

5

iz} k:: szzz ZQZ
(1—“)(1+ i—‘“a)+ e - e =0 | (7179

2 <
W, w,

(4 { wt’

which is the rather imposing dispersion relation for the extraordinary mode.
Separating a factor k*c*/w,’ from (7.175) yields

wZQeZ 2 (1 i wz )2

(5}

2 4

kZ 2
S s e (7.176)
e 1 Ly 5 + €2
w, w,
Multiplying (7.176) by w,?/w?* and recalling wyy? = w,? + Q,° yields
, , - K et — 2000 + o — &0/
= e (@ — oyy’)
B e o83 It 2
o, ) ?‘) 2+ ) (w2 wyr’) 7.177)
w'(w’ — oyy’)
or
kl 2, 2 o 2
= e = e o S (7.178)
w” w W T Wyy

for the extraordinary mode, where # is the index of refraction.

Equation (7.178) is the dispersion relation for the extraordinary mode, which is
a perpendicular mode, partially transverse and partially longitudinal. It could be
shown, by solving (7.178) for w and inserting in (7.173), that the components E,
and E, are out of phase with each other, so that at a given point in space, the
electric field vector performs an elliptical rotation as a function of time, as shown

in Fig. 7.12.
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o E’
kI #
—~— Frequency w

Fig. 7.12 At a fixed spatial poi ic fi i
el patial point, the electric field of an extraordinary wave rotates

: It is useful to de.fine two properties of the X-mode (short for extraordinary;
( -mode means ordinary mode). These are the cutoffs and the resonances. A cutoff
1S any frequ.ency w at which k& — 0; thus, the cutoff frequencies are given by the
zeros of the index of refraction (7. 178). A resonance is any frequency for which the
wave numb.er k — =oo; thus, we have a resonance whenever the denominator of
(7.(1178) vanishes. [Some people remember the difference between cutoff (k — 0)
and resonance (k — o) by the fact that c(k — 0 - i
ot ( ) comes before r(k ) in the

The resonanc.es are easy; by (7.178) they happen at w = 0 and @ = wyy. The
cutoffs are obtained by setting (7.178) equal to zero. We find

w2 — 2 w2 . wez )
L g (7.179)
or
o' = Woy’ — 0l + ot =0 (7.180)
or
_ [wuws’ + 2 1 12
= [%2 * 5 V(wg? + 0?)? — 4w;‘] (7.181)

. S
Recalling ;> = w,> + 2, we see that the inner radical is 4w, (), + Q% thus
2 ¥ bl

(9 5 12
7 Vel + QJ‘/4] (7.182)

w = [wez-f-

or

Q

>+ Vel 074

A =8 (7.183)

Electromagnetic Waves In Magnetized Plasmas 1565

where L, R refer to left and right, for reasons that will become clear in Section
7.10. (Recall that ), < 0.)

EXERCISE Decmonstrate the equivalence of (7.182) and (7.183).

We see that w, is somewhat below w,, and wg is somewhat above w,. With this
knowledge of cutoffs and resonances, we are able to draw the dispersion diagram
for the extraordinary mode, using (7.178) to tell us if a resonance is for k* — +o
or k> — —oo, and if a cutoff is for k> — 0" or k* — 0. For completeness, our
diagram can include the ordinary mode, which by (7.165) is

kz 2 2
W= =1 = (7.184)

for the ordinary mode, which has a cutoff at « = w, and a resonance at = 0.
Both dispersion diagrams are sketched in Fig. 7.13. Unlike previous dispersion
diagrams, which are frequency w vs. wave number k, Fig. 7.13 is a sketch of the
square of the index of refraction n* = ¢*k*/w’ vs. frequency w.

EXERCISE s Fig. 7.13 accurate for low frequencies w << w,? Why not?

We could also solve (7.178) and (7.184) for the usual dispersion function w =
w(k). A sketch of this function for both modes is shown in Fig. 7.14.

We note that Fig. 7.13 shows a frequency for every n> = k’c?/w?, while in Fig.
7.14 there are regions of frequency where there are no waves. Why is this? It is
because in certain regions, n* = k?c?/w? < 0 for real w; thus k is imaginary.
These waves are therefore evanescent, and they do not appear in Fig. 7.14, which
is a sketch of real w vs. real k. The bands where there are no propagating waves
0 < w < w,forthe O-mode; 0 < w < wyand wyy < w < wpfor the X-mode)
are called stop bands from radio engineering, while the other bands are called pass

bands.

o
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Fig. 7.13 Dispersion diagram for the extraordinary (X) mode and the ordinary (O) mode.
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Wy

We

@y,

k
Fig. 7.14 Sketch of the dispersion relation @ = w(k) for the extraordinary (X) mode and
the ordinary (0O) mode.

7.10 ELECTROMAGNETIC WAVES ALONG B,

Continuing our discussion of electromagnetic waves in magnetized plasma, we
next look for parallel waves, traveling along B,. We need only three basic equa-
tions: Ampere’s law, Faraday’s law, and the electron force equation (ignoring
electron temperature and ion motion). These are, Fourier transforming and linear-
izing immediately,

ik X E, = £ B, (7.185)
KRBy = S0E s RO, E, (7.186)
(4 C
and
—iom,V = — ¢E, — % V X B, (7.187)

where V. = V,. Referring to Fig. 7.15, we see that a consistent solution to (7.185)-
(7.187) is one that has V, E,, and B, all in the x-y plane with k = k2 along B,.
When we take E, = (£,,E,0),B, = (B4,B,,0),and V = (v,,v,,0), Egs. (7.185) to
(7.187) yield

; iw
—ikE, = —= B, (7.188)
y iw
lkEX = _C— By (7189)
—4 .
—ikB, = B v, — L E, (7.190)
- c c
. —4mnge iw
kB, e By (7.191)
~iwmy, = —eE, — < By, (7.192)
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and

; ¢ o,
iwm,, CIP -~ By, (7.193)

Inserting (7.188) and (7.189) for B,, B,, in (7.190) and (7.191), we find

(—ik“‘c + I_w)

w C
= ——F (7.194)
Ux —4mn.e/c

(—l'kzc + ﬂ)

and

w €

== (7.195)

v, 5

¥ —Amnee/c

Inserting (7.194), (7.195) in (7.192), (7.193), we obtain for E,, E,, the matrix
equation

[ —ik*c iw —ik*c iw
T -
w c eB, w = 0
—la)m S e e + e '——ﬁ x
¢ —dmngse/c c mnye/c e
—ik’c iw ) (—z’kzc £ i‘i)
—eBO( w c ey w ¢ T £ 0
c —4mnye/c W —4mnge/c ol 2
(7.196)
Setting the determinant of the coefficients equal to zero, we find
2 x2 2 2,212
(1+ k22 iy ) 2984 (w_kc) (7.197)
w? w,? i w
2
By &
B,
y
v
E,

X
Fig. 7.15 Vector orientations for parallel (along B,) electromagnetic waves.
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We take the square root of (7.197), retaining both signs, to obtain
w k*c? ), k*c?
1 — ( —_ ———) == — ( .
g w - 2 w? ¢ s (7.198)
or
[ w Q, k*c?
L= (wez + wez) (w R — ) (7.199)
or
= ke : w2/ w*
hE 1+ 0,/0 (7:200]

which is the index of refraction for electromagnetic waves traveling along the
magnetic field.

EXERCISE Verify all steps leading to (7.200).

Recalling ), < 0, the top sign in (7.200) is called the R-wave, meaning right
circularly polarized, while the bottom sign is called the L-wave, meaning left circu-
larly polarized. These terms come from the rotation of the electric field vector as
Fhe wave propagates (the right-hand rule places the thumb along k and the fingers
in the direction of the E rotation for the R-wave; and opposite for the left wave; see
Fig. 7.16). Because this situation is cylindrically symmetric about B,, the E, vector
describes a circle, rather than an ellipse as in the X-mode case.

Note that the direction of rotation of the R-wave éorresponds to the direction of
gyration of electrons. Further note that when & = |Q,|, the R-wave has 1 +
(Q,/w) = 0, which by (7.200) is a resonance, k — o, Thus we see a physical

2

X

Fig. 7.16 Rotation of £, in a right circularly polarized wave (R) and in a left circularly
polarized wave (L).

-
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connection between a resonance (kK =+ o), and a resonance between the wave and
the electrons; the electric field of the R-wave will continuously accelerate electrons
when w = — (),.

From (7.200) we see that the L-wave has no resonances; this makes physical
sense because the L-wave rotates in the direction opposite to the gyration of
electrons. The cutoffs are obtained by setting & = 0 in (7.200); we find

wa = F % + Vo + (Q2/4)
42
as the cutoffs for the R-wave and the L-wave. These are precisely the cutoffs found
for the extraordinary mode, Eq. (7.183), and we now understand why we called
them the left and right cutoffs. We note from (7.201) that one always has w,,

[Q,.] and wz > ;. However, for w, and |(},|, there are two possibilities: w, -

[Q,], and w; < |Q,].

(7.201)

EXERCISE Show that w, = |Q,| when w, = 2%|Q,|.

The dispersion diagrams are different in the two cases. These are found in Ref. [3],
p. 195. The dispersion relation w = w(k) is shown in Fig. 7.17 for the case
w; > |Q,]. Note that the R-wave has two ““pass bands,” 0 < w < [{,], and
w > wy, separated by a “‘stop band.” The L-wave exists only for o > w,. Both
high frequency branches asymptote to w = kc at high frequencies. The locations
of the pass and stop bands can be seen more clearly by drawing n*> = k*c*/w” vs.
w, as shown in Fig. 7.18 (see Ref. [3], p. 194). The low frequency branch of the
R-wave is often called the electron-cyclotron wave. Once again, the “‘stop bands”
occur where n? < 0 and the “pass bands” occur when n2 > 0. (Do we trust this
theory for low frequencies w < (,?)

For the low density plasma, w, < |(),[, the character of the dispersion relation
w = w(k) changes, as shown in Fig. 7.19 (see Ref. [3], p. 195). The low frequency
branch of the R-wave is again called the electron-cyclotron wave.

k
Fig. 7.17 Dispersion diagram for parallel electromagnetic waves for the case w, > |Q,|.
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Fig. 7.18 Dispersion diagram for parallel electromagnetic waves for the case w;, > |Q

el-

2 Fiom Fig. 7 19 we can see that the electron-cyclotron wave has a portion where
h§ h— dw/dk increases as w increases. This is called the whistler wave, because the
igh frequency components of a wave packet travel faster than its low frequency
;omponenlts). An observer some distance away from a source (a lightning stroke
or example) will then hear a whistle startin i i i ,
g at high frequencies an
lower frequencies. ) : PR
Ln both (?f our dispersion diagrams, the R-wave at very high frequencies is seen
to have a higher phase speed than the L-wave. Thus, if a plane wave is incident on

w

}

/ R (electron cyclotron wave)

/ Whistler

k
Fig. 7.19 Dispersion diagram for parallel electromagnetic waves for the case w; < [Q,]|
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a plasma along A, its two normal mode components, R and L, travel at different
speeds, and the plance of polarization of the plane wave rotates as it travels, This 1s
known as Faraday rotation, and is useful in measuring plasma densities in labora-

tory plasma and in interstellar space.

This completes our discussion of high frequency electromagnetic waves (ignor-
ing ion motion) traveling in a magnetized plasma. We have discussed only waves
traveling across ﬁ(, (O-mode and X-mode) and along B(, (R-wave and L-wave). Of
course, waves can travel at any angle to B,. When they do, there will be two modes
for any angle of propagation, and their properties will be some combination of the
properties of the O, X, R, and L waves.

7.11 ALFVEN WAVES

Up until this point, we have considered electromagnetic waves ignoring ion mo-
tion, and ion waves that were electrostatic and thus ignored electromagnetic ef-
fects. Let us next combine ion motion with electromagnetic effects; we shall find
parallel Alfvén waves (k || B,) and perpendicular magnetosonic waves (k L B,).
First we look for low frequency waves traveling along B,. For simplicity we take
acold plasma, 7; = T, = 0. We can also ignore electron inertia (m, — 0). Just as
in the case of R-waves and L-waves, we look for waves with k = k2, B, = B,Z,
andV,,V;, E,, B, all in the x-y plane (Fig. 7.20). Unlike the R-, L-wave case, we do
not look for a rotating E,, B,; rather, we take E, = E,£ and B, = B,j. As we
shall see, this form for E, and B, is not entirely self-consistent. The relevant fluid
equations are then (linearizing and Fourier transforming immediately):

By, k

X

Fig. 7.20 Vector orientations in an Alfvén wave.
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ik X E, "‘f‘ B, (7.202
" . 47T lw .,
ik X B, = = ne(V;, — V,) % K, (7.203)
én,

0 = — enE, — 70 V, X B, (7.204)

. en,
—lommn,V; = enE, + g V: X B, (7.205)

Considering the motions of individual electrons, we are keeping the electron E, X
B, drift in the p-direction, while ignoring the polarization drift in the %-direction.
We recall from Chapter 2 that the polarization drift speed is proportional to mass.
Thus, for the ions, we have an E, X B, drift in the y-direction, which approxi-
mately equals the electron drift and prevents any current in the j-direction. We
also have for the ions a component of velocity in the £-direction (a polarization
drift) that provides the current noe(V; — V,) in (7.203) to drive the magnetic field
B,. The approximation in this derivation is to ignore that portion of V,, due to the
X X B, force.
With this introduction, we write the relevant components of (7.202) to (7.205) as

—ik’c  dmnge iw
= E, = = Vit o E, (7.206)
—iomV, = ¢E, + < v, (7.207)
and
—iomV, = — % V. B, (7.208)
Solving (7.208) for Vy, we find
V,»y s 7 V,-X (7.209)
We insert (7.209) in (7.207) to obtain
v = ( e/m; )E
o —iw + Q% w] * (7.210)

Combining (7.210) and (7.206) then yields the dispersion relation
kZCZ w,-2
} — ) & 02 — &2
Enforcing the assumption o << );, implicit in the above discussion, we ignore
w? << Q72 in the second denominator, finding
kic? k*c?

i e B8
w 1+ wiZ/QiZ 1+ 47Tme2/B()2 (7.212)

=0 (7.211)

where p,, = nym; is the ion mass density. If we define the Alfvén speed V, =
(Bo*/4mp,,)", (7.212) is
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/\'l"
0? —— (7.213)
i I + (c2/V,7%)

Multiplying top and bottom by V ,*/¢’ we finally obtain

5 I“ VA)

W = T 7 773 (7.214)
as the dispersion relation for Alfvén waves. Note that for V, << ¢, this is o =
kV 4; therefore we have an acoustic dispersion relation. Recall that acoustic waves
in air have an acoustic speed (P/p,,)"* where P is pressure; here we have a speed
V4 = (By’/4mp,,)"?, which is of the same form if we relate B)>/4 to a magnetic
pressure.

The physical interpretation of Alfvén waves is very interesting. We have seen
that electrons and ions are E; X B, drifting together in the y-direction, with speed
—(E,/By)c. Thus, both plasma fluids move together in the j-direction. Now what
is happening to magnetic field lines? They are being distorted by the addition of
B, = B, to the background magnetic field B, = B2, as shown in Fig. 7.21. The
position function of a magnetic field line can be defined as

z B (z',t

Y(z,0) =f BAZD) (7.215)
B,

Then the J velocity ¥z of a magnetic field line is the time derivative of Y, or [with

B, ~ exp (—iwt + ikz)]

Vv, = — iwfz—gZ— iz = :l]’cﬁ %’ (7.216)

Now from (7.202) and Fig. 7.20 we have
B, = % E, (7.217)
. Vg = —(E,/By)c (7.218)

which is precisely the y-velocity of fluid flow. Thus, in the p-direction, we say that
the particles are frozen to the field lines. This concept will prove useful later

BtOt

N

Fig. 7.21 Total magnetic field in an Alfvén wave.
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Chapter 8 ; ]
(W ipter :) for other low frequency plasma motions Note that in the 2-direction
¢ can take the fluid speed : ' i ' .
an take the lluu.l speed and the field line speed both to be zero satislying this
concept. However, in the £-direction, we have seen that | 0 while ¥ / 0
LA} (A} L

Thus, we cannot have b i i i
, oth kinds articles froze i i '
2= nT | | nds of particles frozen to the field lines in the
. ?_ne rr}a/y recall that t.he wave equation of a stretched string is w = k¢, with
]eTn;th\/If pm.,dwhc?;e ;’215 the tension on the string and p,, is the mass per unit
-\l we 1dentity B*/4 as a tension per unit ‘

: . area and p,, as a mass per unit

volume, then the Alfvén wave dispersion relation @ = kV 4 can be thought of as

representing the wave that propagates whe i i i
; n a field line, load i
plucked in the transverse direction. B ke

7.12 FAST MAGNETOSONIC WAVE

523 ?ltfven ;yave c;f the grevious section is a low frequency parallel electromagnetic
» traveling along B,. Let us now look for a low fr i

. : equency perpendicula

electron.mgn.et.lc wave,.travelmg across B,; this is the Jfast magnetosfnif wave ]

i For s1m1(3)11c1ty, consider a cold plasma, T, = T, = ( and ignore electron i'ner

12, m, — 0. We look for a wave with k - = l P :

e T ithk - B, 0,k-E, = 0,andE, By, = 0, as

Ez\I’fRCISE Why don’t we look for low frequency waves with E,; along B,?
ave we ever looked for a wave with E, along By,? What did we find? i

We cho = ky = E % = B2 i
S ose'k k.y, El. E,%,and B, = B,2; thus B, is along By, and the relevant
uid equations, linearized and Fourier transformed, are

5 _iw
ik X E, = a3 B, (7.219)

A A

By, B,

x>

X

Fig. 7.22 Vector orientations in a fast magnetosonic wave.
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ik X B, 'l‘{' nye(v, Ys) I:,” K, (7.220)
) en, i
0= enyE = V., X B, (7.221)
; en,
—iomn,V; = enyE, + = V; X B, (7.222)

From (7.221) we see that the electrons will have only an E; X B, drift in the
k-direction, while the ions, for very small w, will have approximately the same
E, X B, drift in the k-direction. The ions, however, will have an extra component
of velocity in the £-direction, along E,, because of the polarization drift, which
produces a current in the £-direction that produces the perturbed magnetic field in
the 2-direction. The relevant components of (7.219) to (7.222) are then

—ikE, = *- B, (7.223)
. 4mwnye iw
ikB, = A (7.224)
c c
—iomV, = eE, + = VB (7.225)
—iwmV, = —- VB, (7.226)

These equations are identical to (7.206) to (7.209) for the Alfvén waves, and we
can immediately write the dispersion relation (7.214) for small frequencies; this is

sz 2
e e M SUA )
= (7.227)

for the fast magnetosonic wave traveling across B,.

This completes our discussion of linear wave equations in infinite uniform
plasma. We have often looked at parallel and perpendicular waves; in practice,
waves can propagate at any angle to the magnetic field. Waves propagating at an
arbitrary angle usually have some combination of the properties of the corre-
sponding parallel wave and the corresponding perpendicular wave. Because of the
complexity of these waves, we shall not derive all of their properties here. How-
ever, a useful qualitative device exists for thinking about these waves. This is called
the CMA diagram, after its inventors Clemmow, Mullaly, and Allis [4, 5]. The
diagram is valid only for cold plasmas, T; = T, = 0. It shows all of the waves
that can propagate at a given angle to the magnetic field for any combination of
density and magnetic field intensity. This useful diagram is discussed in Refs. [6]
and [7].

In the next section, we turn our attention from linear waves characterized by a
real frequency and a real wave number, to linear instabilities characterized by a

complex frequency and a real wave number.
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713 TWO-STREAM INSTABILITY

Previous sections of this chapter have treated examples of lincar waves that arise
from the fluid theory of plasma. These waves are characterized by a real frequency
and a real wave number, and would all be excited if a magnetized Maxwellian
plasma were perturbed. When a plasma does not consist of Maxwellian electrons
and Maxwellian ions, some of the waves (normal modes) of the system can become
unstable. This subject is treated within the Vlasov theory in Section 6.9. Within the
fluid theory, unstable normal modes can arise whenever the zero order electron
and ion velocities are different, or whenever one species consists of two or more
components each with different zero order velocities. Such instabilities are called
streaming instabilities.

As an example of a streaming instability, consider a plasma in which the ions
are stationary, while the electrons are traveling with speed V. The linearized fluid
equations are then

Oy + ng 0,V + Vo diny =0 (7.228)
mony 0V, + mnyV, 0.V, = — enyE (7.229)
d,my + ngdVy =0 (7.230)
mny 8, V,y = enyE (7.231)
and
0,.E = 4me(n;;, — n,) (7.232)

where we have assumed one-dimensional motions and T, = T, = 0, and the
zeroth order speed ¥V, contributes an extra term in (7.228) and in (7.229). Because
we have no reason to suspect that the oscillations found here will be low frequen-
cy, we keep Poisson’s equation (7.232) and we do not assume quasineutrality. In
fact, if we allow m; — oo in (7.231), we would simply obtain the drifting cold
plasma waves discussed in Problem 7.4; these are high frequency waves that
become Langmuir waves in the limit that the drift speed ¥, — 0. Here, we keep m;
large but finite and show that the drifting cold plasma waves are unstable; that is,
when the frequency w is obtained from (7.228) to (7.232), one finds Im(w) > 0;
thus exp (—iwt) ~ exp [Im(w)z], which grows exponentially with time. Since no
instability is found in Problem 7.4, it must be the case that Im(w) — 0asm, — oo
Fourier transforming (7.228) to (7.232), Eq. (7.229) <yields

(—iw + kVy)V,, = — eE/m, (7.233)
which when inserted in (7.228) yields
\ } _ _ikngeE/m,
(—iw + ikVy)n,, T T 0 (7.234)
while (7.231) in (7.230) yields
] —iknyeE/m;
—iwn; = — (7.235)

Then using (7.234) and (7.235) in Poisson’s equation (7.232), we find the disper-
sion relation
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ikn,e iknye ) ]
ik = » - - (7.236)
A ferd (m,w‘ m(w — kV,) )
or
% —l_w_fz___‘i_—o (7.237)
e(k,w) = i? (w — kVO)l ks

where we have identified the dielectric function e(k,w) (see Section 7.4). In the
limit m; — *°, w; — 0, we find
w=kVy * o, (7.238)

in agreement with Problem 7.4.

With m; finite, Eq. (7.237) is a quartic equation in w, with four roots. Since
(7.237) is a real equation; the complex conjuate of any root is also a root. (Why?)
Thus, if we find any complex roots, either that root or its complex conjugate will
have Im(w) > 0, and there will be an instability.

Let us use enlightened guessing to solve (7.237). Since the ions are important, we
look for a wave such that the frequency is low in the laboratory frame [e.g.,
kV, = w, and the lower sign in (7.238)]. However, low frequency means only
lw| << w,;a vigorous instability could well lead to |w| >> w;. Let us then look

for a solution (possibly complex) to (7.237) that satisfies w, << |o| << w,.

Then, because the second term in (7.237) is much less than unity, in order to cancel
the first term we must have the third term close to unity; this leads us to look at
wave numbers k such that KV, = w,. Then (7.237) yields

wiz wez
0—1_—(.()7_((0_we)2
s wpdine. e ondl iips
» 2 (1 — w/w,)?
2 2
~1 -2 - (1 + ‘”)
w w,
2
o Py 20 (7.239)
w w,
or
o= — % wlo, (7.240)
or

(7.241)

which represents instability since one of the three values of (—1)¥3 is (1/2) +
i(3'2/2). In the frame moving with the electrons, the Doppler shifted frequency is
o = w — kV,; since kV, = w, and |w| << w, this is roughly o' = — w,, so
that the electrons see an oscillation at nearly their natural frequency of oscillation.
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There is another useful way to determine that (7,237) vields mstability. From

(7.237) we define
w? w,’

Flko) = —5 '+ ———— 7.242

o) =7+ G=ivy e’

We can plot this function versus real frequency w at fixed wave number k, as

sketched in Fig. 7.23. From (7.242) and the illustration we see that when the line at

unity intersects the graph of F(k,w) at four different points, there are four real

roots and no instability for the chosen value of k. However, suppose the central

minimum of F(k,w) occurs at a value greater than unity; then there are only two

real roots, as shown in Fig. 7.24. To determine when this happens, we determine

when

Frin(k,w) > 1 (7.243)
where Fuin is determined by dF/dw = 0 from (7.242). We find
mfyﬁkV 7.2
ame =~ (22) k7, (7.244)
and
w? w,?
Fojin = (ol m) P V2 4 vy (7.245)
which satisfies (7.243) and predicts instability whenever
[V < w, (7.246)

Thus, there is a broad range —w,/ Vo < k < w,/V, of unstable wave numbers.

Two-stream instabilities are very common in plasma physics. They happen
whenever one fairly cold plasma component has a relative velocity with respect to
another plasma component. These components need not be of different species; a
cold electron beam impinging on an existing electron-ion plasma will produce its
own instability. These instabilities are nature’s way of saying that Maxwellians are
desirable, and any configuration that is too far from Maxwellian will not last
forever, even in the absence of collisions.

The linear theories of streaming instabilities for both cold components (fluid
theory) and warm components (Vlasov theory) are very well understood. The

F(k, w)

Il
N

= W
0 KV,

Fig. 7.23 Graphical solution of (7.237), for wave numbers k that yield four real roots.
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Fig. 7.24 Grapbhical solution of (7.237), for wave numbers k that yield only two real roots

nonlinear saturation of these instabilities, involving such concepts as particle orbit
modification, nonlinear wave-wave interactions, and strong turbulence, are not so
well understood, and are the subject of considerable current rese;arch.. i3

Up to this point in our study of the fluid theory, the waves and {nstablllllcs have
propagated in a spatially homogeneous plasma. In the next section, we consider
waves that propagate in a spatially inhomogeneous plasma.

7.14 DRIFT WAVES

Spatial inhomogeneities can give rise to their own wave motions. Consider an
electrostatic wave, with frequency high enough that ions are unperturbed, but low
enough that electrons perform an E X B, drift in the wave field EFig. 7.25) Tl
wave number is predominantly in the y-direction, but has a small 2 compmlu:m 1o
allow electrons to flow freely along the field lines. With E, = E,§ + I the
E,§ X B2 drift is in the £-direction, causing a charge separation. The continuity

equation is

on + V-(@mv) =0 (7.247)
or |
—iwn, + dnyV,, = 0 (7.248)
2z
B,
kB
y

A
—Vn,

Fig. 7.25 Vector orientations for an electrostatic drift wave.
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where we assume V,, is not a function of x, we ignore the & V. term because k. is
small, and we ignore the k,V,, term because Vi, is small, being mostly a result of a
polarization drift. Since V|, results primarily from the K X B drift, we have
E.c
Vi, = By (7.249)

since E, =~ E|; thus (7.248) yields

el 000 &,

S B, c (7.250)

Now the force equation in the Z-direction, ignoring —iwm,n, V. because of the
smallness of w, is

0 =~ — T,ik.n, — enyE,

~ = Tjik.nn, — enyE\(k./k)) (7.251)
or
_ lenyE,
n, = Tky (7.252)
or equating (7.250) and (7.252) and eliminating E,,
o e it BN B
en, ox B,  |O,L, % [4:253)
where the density scale length
" L, dmgy?
L, = ( - Fx") >0 (7.254)
Defining the electron diamagnetic drift speed (see Chapter 2)
— vez
Upe = 0L, (7.255)
we can write (7.253) in the form

which is the dispersion relation for electrostatic drift waves.

There is a whole zoo of drift waves, matching in diversity all of the waves in
homogeneous magnetized plasma. Drift waves are very important in magnetic
confinement devices for controlled fusion such as the tokomak and mirror ma-
chine, and in the study of planetary ionospheres and magnetospheres. They are
discussed in greater detail in Refs. [3], [6], and [8] to [19].

This brings us to the erd of our study of /inear fluid waves in magnetized and
unmagnetized, homogeneous and inhomogeneous plasma. In the next two sec-
tions, we introduce the important subject of nonlinear fluid waves by adding one
nonlinear term to two of the most Important waves in plasma physics: ion-acoustic
waves and Langmuir waves.

L
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7.15 NONLINEAR ION-ACOUSTIC WAVES—
KORTEWEG-DeVRIES EQUATION

Up to this point in the fluid theory we have considered only linear waves. We must
always remember that the theory of linear waves restricts us to very small ampli-
tudes. A wave with a finite amplitude will be susceptible to nonlinear effects,
which show up mathematically as products of first order terms. This section and
the next section are intended to introduce the concept of nonlinear wave equations
and their corresponding solutions, which often take the form of solitons and shock
waves.

Here we consider an example of one nonlinear wave equation, the Korteweg—
deVries equation [20]:

v+ va,v + ad’v =0 (7.257)

This equation is obtained by adding one nonlinear term in the derivation of the
ion-acoustic wave equation.

Although it is possible to give a rigorous derivation of (7.257), we give here only
a heuristic derivation that indicates how one might arrive at (7.257). The origin of
the terms in (7.257) is fairly easy to see. The first two terms might arise from the
total time derivative of the ion fluid velocity. The third term can be seen in the
ion-acoustic dispersion relation (7.104), which upon taking 7; = 0, v, = 1, is

k*c?
w? = T+ k2n2 (7.258)
The square root of (7.258) is, for small kA,
ke, kN2
w — mﬁ - kcs (1 iR ) ) (7.259)

If we now multiply (7.259) on the right by the ion fluid velocity v, and identify —iw
with 9, and ik with 9,, we obtain
v v c N2 v
T, . . 2 aF
In a frame x” = x — c¢,¢ moving with the velocity c¢,, and defining o = ¢,A,2/2,
we obtain

(7.260)

dv + ad,’v =0 (7.261)
which are the linear terms in (7.257). The nonlinear term is obtained by replacing
the partial time derivative 9, with the convective time derivative 9, + vd,.

We begin our heuristic derivation with the five fluid equations. Taking T; — 0
so that we can neglect ion pressure in the ion force equation, and taking m, — 0
so that we can neglect electron inertia in the electron force equation, we find

on, +9,(nV,) =0 (7.262)
0=—1T,9,n, — en,E (7.263)
an; + o,(nV;) =0 (7.264)
mn; 0, V; + mnV; 0.V, = enF (7.265)
and
0, F = 4me(n; — n,) (7.266)
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where we have chosen 7y, = 1. We next lincarize (7.262) to (7.266) everywhere
except one place: we keep one nonlinear term, the mn V', ,V, term on the left side

of (7.265). We have then
on, +n,9,V, =90 (7.267)
0=—1T,0,n, — enyk (7.268)
an; + nyd, vV, =20 (7.269)
mn, 0,V; + mnyV, 0.V, = enyE (7.270)
4, FE = dme(n;; — n,y) (7.271)

EXERCISE Can you find seven other nonlinear terms neglected in going from
(7.262)~(7.266) to (7.267)~(7.271)?

A more rigorous derivation would show us the regime of validity implied by our
neglect of seven other nonlinear terms while retaining only one nonlinear term. It
turns out that this regime is reasonably large.

We next assume a plane wave solution, everywhere except in (7.270). [What
would happen if we tried to assume a plane wave solution ~ exp (—iw? + ikx)in
(7.270)?] We also take v = V, = V,, which means that (7.267) and (7.269) have
the same information; we retain the difference between 7., and n;, so that (7.271)
can be used. Solving (7.268) for n,;, we find

enyE

et = 7 kT (7.272)
which inserted in Poisson’s equation (7.271) yields
= 47ren;
E = o totmadn (&%
n; is from (7.269)
k
=2 (7.274)
Both (7.274) in (7.273) and the result in (7.270) yield
-kz 2 S
dv + vi,v = — LA (1 + KA (7.275)

Here, we are still treating the right side as linear; therefore w and k have their
meanings as differential operators, while the left side is nonlinear. It proves conve-
nient to eliminate w on the right side; we do this by using the linear ion-acoustic

dispersion relation (7.258), which is obtained from (7.275) by ignoring the nonlin- '

ear term and replacing the left side with —iwv. Solving for w and substituting in
the right side of (7.275), we have

v + vdw = — ike(l + E2AD v (7.276)
For small k\,, we can expand the right side of (7.276) to obtain
v + va,v = — ke, (1 — %kz)\f)v (7.277)
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Reinterpreting (h as 0, this becomes

dv+ (¢, + v)oov + adlv =20 (7.278)

where & = A2c,/2.Inthe framez = x — ¢, this is the Korteweg-deVries equa-
tion (7.257).

EXERCISE Show the above relationship.

Recall that v(x,?) represents fluid velocity in the laboratory frame; this identifi-
cation of v(x,7) remains true even if we transform to a moving frame. What
physics do the various terms in (7.278) represent? The first two terms by them-
selves,

v+ ¢ d,v =20 (7.279)
merely represent our old ion-acoustic waves in the limit kA, — 0. The solution of
(7.279) is simply a dispersionless wave, w = kc,, with phase velocity V', = w/k =
¢,, and group velocity dw/dk = c, a constant independent of k. Suppose we add
the nonlinear term to obtain

dv + (¢, +v)d,v=20 (7.280)
The effect of the nonlinear term is as follows. Consider an initial waveform as
shown in Fig. 7.26. As the wave moves, the part with larger v moves faster, so that
it overtakes the part with smaller v. Eventually, at 7 = t,, there is an infinite slope,
and at ¢t = t,, the wave has broken. Now suppose we had included the dispersive
term in (7.278); the term & 8,’v is called dispersive because it contributes a term k?
to the linear dispersion relation w = k¢, — ak®; then V, = dw/dk = ¢, —
3ak?, which depends on k, making this a dispersive wave. We know the effect of
dispersion on a wave; it makes a wave packet spread out as it travels. This is just
opposite to the steepening observed in the figure. Consider the time between
t = t,and ¢t = t,. Here, the slope is becoming very large. A large slope corre-
sponds to a large x-derivative, which makes the & 8,’v term in (7.278) become
large. Since we know that the effect of this a ,’v term is to spread out the wave,
we might expect that there could be a balance between the nonlinear steepening
and the linear dispersion. Indeed this is the case. One can obtain nonlinear wave
packets, known as solitons, which travel without change of shape (Fig. 7.27). The
physical basis for these solitons involves a balance between dispersion and non-
linearity.

v (x,t)

t =t

\_

Fig. 7.26 Effect of the nonlinear term in (7.282).
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—> X

Fig. 7.27 Sketch of a soliton solution.

Let us proceed to find a soliton solution to the Korteweg-deVries equation
(7.278). We look for stationary solutions in a moving frame,

X' =x — ypt (7.281)
t =1 (7.282)

so that
9, = (0x"/dx)d,. + (0r'/9x)8, = 4,. (7.283)

and

9, = (ox'/91)d,, + (81 /31)d,, = 9, = 0, (7.284)
Since stationary implies 9, = 0, the Korteweg-deVries equation (7.278) becomes
(v + e+ v)oev + adlv=0 (7.285)

Remember that v(x’,#’) is still that function of space and time which represents the
fluid velocity in the lab frame. Equation (7.285) can be integrated once immediate-
ly, to give

2
(&= wv+ 5 +ar=0 (7.286)

where ()’ = d,( )and we have taken the integration constant to vanish. Equa-

tion (7.286) is in the form

UZ

av” = (vp — ¢)v — -5 (7.287)
which has the same mathematical form as Newton’s law of motion,
mi = F(x) = — 94, V(x) (7.288)
where V(x) is the potential energy. Thus, (7.287) has the form
112 'U3
av” = — 4, [(cs = 1) > + —6—] (7.289)

Equation (7.289) has the same mathematical form as a force equation for a parti-
cle of mass @ moving under the influence of a potential field given by the quantity
in brackets. We call the quantity in brackets the pseudopotential,

®(v) = (c, — vy) ”72 + ”TS (7.290)

A graph of ¢(v) is shown for ¢, — vp > 0 in Fig. 7.28. A similar graph of the
pseudopotential ®(v) for (¢, — v,) < 0 is shown in Fig. 7.29. Only the second
form is suitable for our purposes. This is because we desire a localized wave form,
v(x” — ) — 0. This will occur in Fig. 7.29 when the pseudoparticle leaves
v = 0 when the pseudotime x’ — —oo, falling once through the well to reach vy
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A/

/S

Fig. 7.28 Sketch of pseudopotential when ¢, > v,.

atx’ = 0, and taking an infinite amount of pseudotime x” to fall back through the

well to reach v = 0 as the pseudotime x’ — =+o0. We thus obtain the shape shown

in Fig. 7.30. The pseudopotential in Fig. 7.28 would not allow v(x’ — *£20) k—> 0.
Let us now solve (7.287) exactly, with ¢, — v, < 0 or g > ¢,. We all : noxg
how to solve force equations of the form (7.287). Multiply (7.287) by v’ an

integrate, to obtain, ] 3
v v
S WP=@w=—¢) 5~ ¢ (7.291)

where we have chosen the constant of integration to be zero because we want
v’ = 0 when v = 0 (Fig. 7.30). Then

2
Each side of (7.293) can be integrated. The left side is of the form

dv __f dv
sz\/vz—ﬂv3— wl — Bu
where 8 = 1/[3(v, — ¢,)]. Letu = /1 — v, thenv = (I — w’)/Banddu =
(—B dv/2)/\/T — Bv. We find

d(v)

1/2 2 3 712
Al o) R o gl
X
or
dv " (l)‘“ Y’ (7.293)
(vo — <) 2___1’_3_1/2 2
[ -

(7.294)

-y}

Fig. 7.29 Sketch of pseudopotential when ¢, < v,.
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v(x')

max

x'

Fig. 7.30 Sketch of soliton solution to the Korteweg-deVries equation.

a du - 1 1 1 b
1=-2 ;% - ( = 4
I — u? i 1—u+1+u i 1 +u) -2
Then
2 o =8 24
(uo—cs ) i (1+u)=(;) o (7.296)
from (7.293). With vy = [(v, — ¢,)/a]"?, and exponentiating both sides, we get
1 —u _ -
LT T (7.297)
Then 1 — u = (1 + w)e™, implying that
1 = e
u = W (7.298)
and v = (1 — ¥?)/Bis
o ik [E R P (= o] T 4evx’
= T a8 [ 7| 0
or '
_ I 4 ey 9 5
v = B (@ 7F % ey = E sech® (yx'/2) (7.300)
which is
o 3 - 2 Vg — cs ta ,
U= (Uo CS) sech T X ] (7.301)

In fact, this solution has only been derived for x’ < 0 since we chose the vl =0
branch in (7.292); nevertheless, it would be casy to obtain the part of (7.301) for
x" > 0 by choosing the v < 0 branch in (7.292); therefore, (7.301) applies to all
x’ and is the soliton solution. Note that the larger amplitude solitons are more
sharply peaked, having a smaller scale length. This behavior is in accordance with
our picture of nonlinearity v §,v which balances dispersion 8,’v (Fig. 7.31). Back
in the lab frame, where x = x’ + vot, this solution is

-

[v(x,t) = 3(v, — ¢,) sech [(”"4;01“‘)1/2 P = vot)] l (7.302)
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v(x')

Large and narrow

Small and wide

x'

Fig. 7.31 Soliton solutions exhibit the balance between dispersion and nonlinearity.

EXERCISE Write out sech? (x’) in terms of exponentials, and show that it
reproduces the solition behavior shown in Fig. 7.31.

7.16 NONLINEAR LANGMUIR WAVES—
ZAKHAROV EQUATIONS

In the previous section, the addition of one nonlinear term to the equation for
ion-acoustic waves led to a nonlinear wave equation with soliton solutions. In this
section, the addition of a different nonlinear term, representing the ponderomotive
force, to the equation for ion-acoustic waves leads to a set of coupled nonlinear
wave equations that describe the nonlinear interaction between high frequency
Langmuir waves and low frequency ion-acoustic waves.

Consider a collection of linear Langmuir waves in one spatial dimension whose
electric field (the subscript 4 stands for sigh frequency) can be written

E,(x,t) = % E(x,1) exp (—iw,?) + c.c. (7.303)

The amplitude £(x,?) contains the %k>\ 2w, frequency dependence of the Lang-
muir waves. Since k*\,> << 1 for Langmuir waves, the function E(x,) varies
slowly in time compared to the rapidly varying exp (—iw,?). Thus, in the ponder-
omotive force equation (2.76) the constant field E, can be replaced by the slowly
varying amplitude E(x,7) so that the low frequency ponderomotive force acting on
electrons is

P —e? d

— L )
b e |E] (7.304)

where the plasma frequency w, appears in the denominator because all compo-
nents of the Langmuir wave field E, have frequency near the plasma frequency.

Our goal is to rederive the ion-acoustic wave equation including the pondero-
motive force (7.304). This couples the low frequency ion-acoustic waves to the
high frequency Langmuir waves. If we then rederive the high frequency Langmuir-
wave equation including the change in the background density due to the presence
of ion-acoustic waves, we will have two coupled nonlinear equations in the two
unknowns representing Langmuir-wave electric field and ion-acoustic wave densi-
ty perturbation.
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The derivation of these equations makes explicit use of the fact that the problem
has two time scales. Thus, we shall often encounter equations of the general form
a(t) + b(t) exp (—iw,t) = c(t) + d(t) exp (—iw,t) (7.305)
where a, b, ¢, and d vary slowly compared to the time scale w, ', that is,
1 da 1
= = e | (7.306)
a dt 7

and likewise for b, ¢, and d. Then to a good approximation we can hold a, b, ¢, and
d constant over the short time interval 27/w, and integrate (7.305) from any time ¢
tot + 27/w,; the exponential terms vanish leaving

a(t) = c(1) (7.307)
This procedure is called averaging over the fast time scale. Similarly, one can first
multiply (7.305) by exp (iw,?); averaging over the fast time scale then yields

b(t) = d(?) (7.308)
In this manner, one can pick out all of the terms in a given equation that have
either a fast or a slow time dependence. Similar considerations apply to terms with
different wave numbers.

With these preliminaries, let us derive a unified set of fluid equations that
describes Langmuir-wave physics, ion-acoustic wave physics, and the nonlinear
coupling between them. The discussion is heuristic; we keep only the nonlinear
terms we are looking for and throw away many others without rigorous justifica-
tion. All quantities are separated into high frequency (subscript /#) and low fre-
quency (subscript /) components,

n,(x,t) = ny + ny(x,t) + n.(x,1) (7.309)
n(x,t) = ny + ny(x,t) (7.310)
V.(x,t) = V,(x,t) + V,(x,1) (7.311)
Vix,t) = Vy(x,t) (7.312)

E(x,t) = E(x,t) + E,(x,1) (7.313)

where we ignore the high frequency portions of ion quantities because of their
large mass. The density perturbations »,;, ,,, and n; are all considered to be much
smaller than n,.

First, we repeat the derivation of the Langmuir-wave equation including the
density perturbation n,(x,t) due to the low frequency waves. The high frequency
components of Poisson’s equation, the electron continuity equation, and the elec-
tron force equation are

8,E, = — 4men,, (7.314)
aIneh + ax[(no + nel)Veh] = 0 (7315)
mony 3,V = — 3T, d,n,, — engE, (7.316)

where we note that the product of a high frequency term and a low frequency term
is a high frequency term. The total low frequency electron density n, + n,, has
been replaced by #, in several places in (7.315) and (7.316), and the term d,(n,,V.;)
has been ignored in (7.315). Taking the time derivative of only the high frequency
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terms in (7.315), chminating d,V,, using (7.316), and eliminating n,, using (7.314)

yield
92E, + 2p — 3u.29.2F, - y Net .
d,°E, w, L), v, 0,°F, = W E, (7.317)
0
- .‘ — ,“ m > ,‘ 11 > jc act . ~ 3r M
where w,” = 4mnye’/m,. The left side is easily recognizable as the linear Lang-

muir-wave equation, while the right side gives the change in the effective plasma
[requency due to the fact that the low frequency electron density is n, + n, rather
than n,.

Inserting the form (7.303) into (7.317) and keeping only terms with time depen-
dence exp (—iw,t), we find

E (7.318)

i, 3
la,E'f'?

where the term [9,2E| << |w, 8,F| has been discarded. Equation (7.318) is now a
low fr~equency equation describing the time evolution of the slowly varying enve-
lope E(x,t) of the rapidly varying electric field E,(x,?).

Next, we repeat the derivation of the ion-acoustic wave equation including the
ponderomotive force (7.304) in the electron force equation. Assuming quasineu-
trality n,; = ny and V,, = V,, the low frequency part of the electron continuity
equation 1s

on, + nyd vV, =0 (7.319)
where the term d,(n,,V,;) has been ignored; the low frequency part of the electron
force equation, ignoring m,d,V,, because of the small electron mass, is

2

e e

0= = d.n, — eE, — o 3, |E|? (7.320)
and the ion force equation yields
Ty
W0V — =it g ok B (7.321)

0
Here, v, and v, are the usual factors relating pressure change to density change,
and ny, + n, has been replaced by n, in several places in (7.320) and (7.321).
Solving (7.321) for E,, substituting the result in (7.320), taking the spatial deriva-
tive, and eliminating ¥, using (7.319), yield

P 1 20911912
alznel iy Csz axznel i | l67rm, ax‘— ,Elh (7'322)
where the sound speed is defined by
‘YeTe + iﬁ
¢’ = Ty (7.323)

as usual. The coupled equations (7.318) and (7.322) were first derived by Zakharov
[21] and are known as the Zakharov equations.



180 Fluid Equations
We w.ish 10.slud_y the consequences of the nonlinear equations (7.318) and
(7.322), including soliton solutions and parametric instabilities. 1t is convenient to
define dimensionless variables as
— ’YLT + ‘Yi'l‘l
n=E —— (7.324)
= (3 ) ( )(wet) (7.325)
oo L 2
a0 & ) ( ) (7.326)
- (i) ol -
- 64mn,T, ) (7.327)

e .9

whereupon (7.318) and (7.322) become
id E+ 8E = nE (7.329)
8.°n — 3.’n = 9,°|E|? (7.330)

Let us look for soliton solutions to (7.329) and (7.330). The simplest soliton
solution [22] is one that is stationary in the laboratory frame; it is a bump of
electric field intensity that exists self-consistently with the hole in ion density dug
out by the ponderomotive force. The first term on the left of (7.330) vanishes;
integrating twice and setting the constants of integration equal to zero yield

n=— |E? (7.331)
so that (7.329) becomes

i9E+ 82E + |E|’E = 0 (7.332)

which is called the nonlinear Schrédinger equation because it resembles the quan-
tum mechanical Schrodinger equation.
Looking for a solution of the form

E(z,7) = exp(iQ7) f(2) (7.333)
we find that Eq. (7.332) becomes [with ( ) = d( )/dz]
e (7.334)

Thi§ can be solved by the same pseudopotential method used in the previous
section to solve the Korteweg-deVries equation. We write (7.334) in the form

9 e i L 4 i 2
S ar [4f 5 Of ] (7.335)
Multiplying both sides by f” and integrating yield
A3 2 I
LEY.m L — (7.336)
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(8]}
df : R e
= A/(n 2,/-) (7.337)
or

dj; T = dz (7.338)
=

or

f djlr T = Z (7.339)
f(ﬂ - sz)

This integral can be performed with the substitution . = (1 — f2/2Q)"*. With

f > 0 everywhere, (7.339) can be integrated to yield

1 1l =w) _
2 In (l—f-u)_n 4 (7.340)
Solving for u and converting back to f, one finds

f = (2Q)'? sech (Q'*z2) (7.341)

so that the total field, as given by (7.333), is

E(z,7) = (2Q)"? exp (iQd7) sech (Q'3z) (7.342)

which can be called a Langmuir soliton.

EXERCISE Sketch the solution (7.342) and show that it is indeed a localized
“bump.” Sketch the density perturbation (7.331).

A more general class of solitons exists [23], moving at any speed the absolute value
of which is less than the sound speed.

In the next section, we turn our attention to another important subject that can
be studied within the context of the Zakharov equations: parametric instabilities.
The study of solitons and parametric instabilities is one of the most active areas of
research in plasma physics [24-26].

7.17 PARAMETRIC INSTABILITIES

Consider a plasma that contains a single plane wave of finite amplitude. Within
the fluid theory, the system of plasma plus wave can be thought of as a time-
dependent equilibrium state. We can then ask the question: Is such an equilibrium
stable or unstable? This is the same question we asked about time-independent
equilibria in Chapter 6 on Vlasov theory and in Section 7.13 on the two-stream
instability. The answer to the question often indicates instability, and such insta-
bilities are called parametric instabilities, the “parameter” being the amplitude of
the single wave.
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One can look for such instabilities with any of the waves studied in this book,
For example, we shall use Langmuir waves, the stability of which can be studied
within the context of the Zakharov equations of the previous section. It turns out

that the most general instability in this case involves the single finite-amplitude
Langmuir wave, two other Langmuir waves, and one low frequency wave. The
stability analysis proceeds by assuming that the amplitudes of the two other
Langmuir waves and the low frequency wave are infinitesimal. We choose

E(z,7) = E, exp (—iw,t +'ikyz) + E, exp [—i(w, + w)r

+ i(ky +k)z] + E_ exp [—i(wy, — w*)7 + i(k, — k)z] (7.343)

and
n = fiexp (—iwr + ikz) + complex conjugate (7.344)
where 7, E_, and E, are all much smaller than E,. The equilibrium solution

E(z,7) = E, exp (—iw,r + tkyz), n(z,7) = 0, is chosen to satisfy the Zakharov
equations with E real.

EXERCISE Show that this solution implies wy = ko2

Inserting the forms (7.343) and (7.344) into the first Zakharov equation (7.329),
and keeping only those terms with spatial dependence ~ exp[i(k, + k)z], we find

(wo T WE, — (ko + k) E, = #E, (7.345)
Likewise, the terms with spatial dependence ~ exp[i(k, — k)z] yield
(wo — WME_ — (kg — k)’E. = A*E, (7.346)

Solving (7.345) and (7.346) for E, and E_, inserting these into the second Zakharov
equation (7.330), keeping only terms with spatial variation ~ exp (ikz), and elim-
inating 7 from each term yield the dispersion relation

1 i 1
wr=vkiv—10kik = @ = k0 2ek

There are several types of solutions. With ko > 0, we first look for an instability
withk < 0.If |w| is small, the second denominator on the right is larger than the
first, so we ignore the second. This is equivalent to ignoring the term E. in the
electric field (7.343), so this instability involves only E,, E,, and 7 and is thus
known as a three-wave interaction. The dispersion relation is now
(0 — k%) (0 — 2Kk, — k) — KE2 =0 (7.348)
Looking for a solution with w = k + & where [6] << |k|, we write (w® — k?) =
(0 + k)@ — k) = 2k + 0)6 =~ 2k&; Eq. (7.348) then yields
kE,?
& + 8k — 2kk, — k?) — TO =0 (7.349)

At the particular negative wave number that satisfies k — 2kk, — k> = 0 or
k = — 2k, + 1, this is

W — k* = KE;? ( ) (7.347)
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(""“‘)l | (7.350)

which indicates instability since k << 0. If k, >> 1, this becomes

o ikqo'/*E, (7.351)

EXERCISE Show that in physical units denoted by a tilde, k, >> 1 means
koN, >> (m,/m;)".

EXERCISE What does 8] << |k| mean in physical units?

Since the electric field £, has a wave number k, + k = k, i 2k.0 +.1 = - ‘ A.I, {
1, E, has a negative wave number and travels in the opposite direction tn'l,(,. 118
known as a backscatter instability, and is one example of a parametric deca)
instability. The physical growth rate ¥ is

3,, me 1/4 - 12 EO (7 ‘5‘))
ke (nm‘ ) (Koh)™ o, T

where physical quantities are denoted by a tilde.

EXERCISE Demonstrate (7.352) from (7.351).

The dispersion relation (7.347) also yields an instability that involves a!l‘ of tl‘w
terms and thus is known as a four-wave interaction. The151mp.lest case Is th'n
w, = k, = 0; that is, the physical field represen;ed by E, is osmllatmg e)l(flcall);‘;;l
the plasma frequency w, and has zero wave number (a so-called dlpq c _{u" !
Looking for a purely growing instability w = iy, we see that the dispersion
relation (7.347) becomes

(v: + k) (v* + k%) — 2k*E = 0 (7.353)
the solution of which is
Y= — d R+ g [ — K+ BB (1350

With both k¥ << 1and E, << 1 the k® term within the bracket can be discarded,
and the square root can be expanded to yield

v = k(QE?2 — k*)' (7.355)
which is the growth rate of the four-wave interaction known as the osci.llatifzg
two-stream instability [27]. The growth rate versus wave number is sketched in Fig.
7.32. The maximum growth rate y = E,> occurs at k = *E,,.

EXERCISE Show that in physical units these are

B2
30, = e (7.356)
and B »
5 E?
B, = _o___) (7.357)
48nmn,T,
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l 1 k
-2"2E, K, E, 2'2E,

Fig. 7.32 Growth rate versus wave number for the oscillating two-stream instability.

The study of parametric instabilities is very important for such fields as laser
fusion, particle beam fusion, radio-frequency heating of the ionosphere and of
magnetic confinement devices, and solar radio physics.

This brings us to the end of our study of the fluid equations of plasma physics.
In the next chapter, the fluid equations for each species are combined to yield the
equations of magnetohydrodynamics.
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PROBLEMS

7.1 Energy Transport Equation

Obtain an equation for the fluid transport of particle kinetic energy by mult'iplyi'n‘g
the Vlasov equation by Y2mv? and integrating over all velocity space. Simplify

your result in any convenient fashion.

7.2 Fluid Conservation Properties

Suppose we have an electron-proton plasma that is finite in. extent i.n all three
dimensions. Suppose there is no magnetic field. Using the fluid equations, prove

that

(a) For each species, total particles are conserved. .
(b) Momentum is not necessarily conserved for each species.
(¢) Total momentum, summed over species, is conserved.

7.3 Langmuir Waves

One does not need to look for individual sinusoidal wave solutions to solve wave
equations. Consider the electron fluid equations in the differential form (7.38) to

(7.40).
(a) Combine these equations, and linearize, to obtain the linear partial differ-
ential wave equation

@2 — w2 — 3v?23)E(x,1) =0
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(b)  Suppose the initial conditions for E(x,1) are
E(x,t = 0) = f(x)
Ext=0)=0
where an overdot indicates a time derivative. Using Fourier and Laplace
transform techniques, find an exact explicit solution for the time evolu-
tion of E(x,?).
(c) Suppose f(x) represents a standard wave packet, a sinusoidal variation
with space accompanied by a Gaussian envelope
E(x,t = 0) = f(x) = Ege /2L sin k,x
where we assume k, >> L!. By using an appropriate approximation, if
necessary, in the exact solution from (b), show that the wave packet travels
with the group speed

dw

lVgl = % = 13(k0)\e)ve,

k=k,
Show also that the packet spreads as it propagates, and the rate of spread-
ing (dispersion) is proportional to |dV,/dk|;—y, . Does the packet move to
the right, to the left, or does it split into right- and left-going pieces?

7.4 Negative Energy Waves

Suppose a plasma has cold electrons drifting with velocity v, with respect to cold
ions. Derive the wave dispersion relation corresponding to high frequency elec-
tron plasma waves. Show that in the frame moving with the electrons, these are
Just our old cold plasma waves. Plot the two branches of w(k) vs. k. Use the wave
energy formula (6.72) to evaluate the wave energy. Indicate the regions of your
dispersion diagram where the energy is negative.

7.5/ Upper Hybrid vs. Right Cutoff Frequency

Prove that the right cutoff frequency
Q 1/2
wp = lzel + [wez + (092/4)]

is always greater than or equal to the upper hybrid frequency
Wyy = (wez f QeZ)I/Z

7.6 \Upper Hybrid Wave

Compare the derivations of the upper hybrid wave (a perpendicular, electrostatic
wave) and the extraordinary wave (a perpendicular, partially electromagnetic and
partially electrostatic wave). Does the assumed form of the upper hybrid wave
satisfy Maxwell’s equations? Why not? In which parameter regime does it approx-
imately satisfy Maxwell’s equations? In this parameter regime, is there any differ-
ence between the upper hybrid wave and the extraordinary wave? In the X-mode
derivation, show that Faraday’s law contains the same information as would be
contained by Poisson’s equation plus the electron continuity equation. Reproduce
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the graph ot n ok 7w for the extraordinary wave and draw the dispersion dia

o H ' 1 11 LT o 1e “ e '\
gram for the upper hybrid wave. For which portion ol cach diagram do we trust
the derivation? Which portion of the X-mode diagram corresponds to the upper

hybrid wave?

7.7 Model of Collisions

We wish to derive a simple model of collisional effects in a plasma. Suppf)slc !.hi'll.:l
typical particle suffers collisions at a rate v. Then the pz.lr.txcle when .OSCIH‘ILI-I]}, m)
the electric field of a wave will occasionally suffer a colllslqn (a§sum1ng v << w
and to the first approximation can be thought to lose all of its directed energy. An
electron fluid element with velocity v will thus lose momentum at a rate — nn'(,.vm‘ '
where we have assumed that each colliding electron loses momentur.n.—m,,v. ['hus,
we can add a term in the electron force equation to represent collisions,
n,m,d,V, + n.mNV,-VV, = — VP, — en,E — vn,m,V, .

With this extra term, rederive the Langmuir wave dispersion relation, assuming
» << . At what rate does the electric field damp away? At what rate does the

wave energy damp away?

7.8 Low Frequency Dielectric Constant

Recall that in the theory of dielectrics, one likes to include the currents in
4 1
VX B= s s 7 J,E
in the dielectric function ¢; thus
1
VXB~=- -~ 4,D

where

e~

Fig. 7.33 Configuration for Problem 7.9.



188 Fluld Equations

D a0
Suppose that a slowly varying sinusoidal electric field is applied across a magnetic
field. Derive an expression for ¢ by considering the polarization current produced
by the electric field. What do you suppose “‘slowly varying” means?

7.9 Kunkel’s Problem

A plasma of mass density p = n,(m; + m,) is bounded by two parallel conduct-
ing plates separated by a distance L. A gravitational acceleration g is applied at
right angles to a uniform magnetic field B, and both of these are parallel to the
plates as shown in Fig. 7.33. Show by means of a careful particle drift analysis that
the plasma can accelerate freely downward only if switch S is open, and if the low
frequency dielectric function from the previous problem is € >> 1. What is the
voltage between the two plates in that case? If S is closed, what is the current
density between the two plates?

7.10 Laser Fusion

In order to obtain controlled thermonuclear fusion using deuterium and tritium,
one needs to satisfy the Lawson criterion nr > 10 (c.g.s.) at a temperature
T ~ 10 keV, where n is the number of particles per cm?, and 7 is the confinement
time in sec. Use the Lawson criterion to derive the corresponding requirement for
laser pellet fusion, pr > 1 (c.g.s.) where p is the density of the compressed pellet
in g/cm? and r is the radius of the compressed pellet in cm. (Hint: How does one
define ““confinement time” for inertial “confinement’”? How can one estimate this
physically?)

)

CHAPTER

Magnetohydrodynamics

8.1 INTRODUCTION

Chapter 7 is concerned with a set of equations, the fluid equations, whif:h were
derived from the Vlasov equation, which in turn was derived from the Kllmontp-
vich equation by neglecting all collision effects. Thus, all of .the phenomena dis-
cussed in Chapter 7 will occur only when collisions are not important. A I'(.)l.lgh
criterion for the importance of collisions is obtained by comparing .the colllslqn
frequency »,, to the frequency w of the phenomenon under consi(.ieratlon; the fluid
treatment is valid when »,; << w. Since we have seen (Section 1.6) that the
collision frequency v,; = w,/A, there is a huge range of frequencies wt-lere the
fluid treatment applies. However, there is a significant range of frequencies, 0 =
w =< v,;, where the fluid treatment does not apply. In particglar, one often Wants
to find an equilibrium plasma configuration; for example, in tokamaks, mirror
machines, planetary magnetospheres, pulsar magnetosph'er'es, and stella.r winds.
An equilibrium is equivalent to @ = 0 (4, = 0), and collisions must be included
in such considerations. .

Let us then develop a set of equations that are valid for low frequencies. [Stu-
dents who have not studied Chapters 3 and 6 can skip directly to (8.3) an.d. (8.7)
with the understanding that the extra terms represent the physics of collisions.]
Recall the plasma kinetic equation (3.26),

qs qs .
a, f. & vV f, (m_E+ s VXB) V. .f

S s

= &((5}5 + % X ‘o‘B) -Vv6N5> (8.1)

S
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Here, f{(x,v,#) is a smooth function obtained by averaging the Klimontovich densi:
ty Ny(x,v,?) over an appropriate volume, while 8N, is the difference between the
smooth function f; and N,, which is the sum of delta functions. In Chapter 3 we
argued that the right side represents discrete particle effects, including collisions.
We can therefore invent a symbol for the right side of (8.1), (9f/dt),, and write
(8.1) as

9 fs
at

3,fS+V'fos+%(E+%xB)-vaS:(

s

)c (8.2)

Thus, we are thinking of £, as the number of particles in a small volume of
six-dimensional phase space (x,v), divided by that volume. (See the discussion in
Section 6.1.) Then (8 £,/d1), is the rate that particles are gained or lost by that
small volume because of collisions. Recall that E and B in (8.2) are also averaged
quantities, so that they do not include the fields due to individual particles. This
identification of (8 f,/d7), is admittedly crude, but we shall not attempt to do
better here. There does exist a large body of more exact literature that starts from
the formally exact expression (8.1). Here, we use (8.2) to try to obtain the most
significant effects of collisions.

Having identified (3 f,/d7), as the change in f,(x,v,7) due to collisions, we expect
it to have a much stronger influence on the velocity dependence of f; than on the
spatial dependence of f;. This is because a collision can cause a huge change in a
particle’s velocity, but does not cause much change at all in a particle’s position.

In Section 7.2 we obtained the fluid equations by integrating the Vlasov equa-
tion (6.5) over velocity space after multiplying by an appropriate power of veloci-
ty. Let us repeat that procedure with (8.2). Multiplying by unity and integrating
over all velocity space, we obtain

ongs(x,t) + V-(Vny) =fdv (

= (8.3)

where the left side is as in (7.15). The right side represents the change in the
number of particles in a small volume of real space due to collisions; we have just
argued that this is very small since collisions do not cause large changes in particle
positions; therefore we set this to zero and obtain

dn, (x,1) + V- (n,V) =0 (8.4)

aj;)

which is just the continuity equation (7.15).
Next, multiply (8.2) by v and integrate over all velocity space; we obtain the
force equation (7.28) with the addition of one term. This is

mgn,d,Vy + mn (Vs V)V, = — VP, + gn(E + % V, X B)
d f, ;
+ msfdvv ( e )t (8.5)
The term

K, = msfdvv (aaj;s )C (8.6)
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represents the change in the momentum of species s at position x due to collisions
A species cannot change its own momentum by (‘n“l(llll)',. with llsv‘ll‘? the center of
mass of two electrons, for example, is not accelerated during a (‘U”I.\l().ll of the IV\{()
electrons (see Section 2.9). However, the momentum of clcc.lmns in a certain
volume of space can certainly be changed by collisions with the ions. l.'m' cxz'nmplc,
a beam of electrons incident on a plasma will slow down due to collisions with the
ions; the ions begin to move in the initial direction of the electron beam because
they have taken up the electron momentum. Thus, we expect K (x) = — K(x). It
would be possible to develop simple but crude mod.els f(?r K (x), but here we shall
leave K, in general form. Our force equation then is written as

1
mmn,9,V, + mn(V,- V)V, = — VP, + gn(E + % V, X B) + K\(x) (8.7)

The fluid equations (8.4) and (8.7) are the same as the fluid equations in Che.lptcr
7, without the term K (x) in (8.7). When written for both electrons and for ions,
this set is called the two-fluid model. We now wish to combine the electron equa-
tions with the ion equations to obtain a one-fluid model, also known as.the equa-
tions of magnetohydrodynamics (MHD). We thus wish to think of a single fluid
characterized by a mass density

pr(X) = mn(x) + mpn(x) = mn(x) (8.8)
a charge density
pc(x) = qene(x) b qini(x) = e(ni i ne) (89)

a center of mass fluid flow velocity

V= B (mnV; + m,nV,) (8.10)
Py
a current density
J =gnV; + qnV. (8.11)
and a total pressure
P=F, + P (8.12)

We wish to derive four equations relating these quantities: a mass conserva{ion
equation, a charge conservation equation, a momentum equation, and a generalized
Ohm’s law. i .
First we derive a mass conservation law. Multiply the ion continuity equatlon
(8.4) by m;, the electron continuity equation (8.4) by m,, and add to obtain

a—g’% + V-(pyV) = 0 (8.13)

which is the mass conservation law. g
Next, multiply the ion continuity equation (8.4) by ¢;, the electron continuity

equation (8.4) by ¢,, and add to obtain
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dp,

. V-J 0
at

(8.14)

which is the charge continuity equation or charge conservation law.

Consider next the force equation (8.7). Regarding V¥, and d,n, as small quanti-
ties, neglecting the products of small quantities, and recalling K, — K, we add
(8.7) for electrons and ions to obtain

ov

i Ly
Pu gy =" VP+pE+ —JIXB (8.15)

which is the one-fluid force equation, or momentum equation.

Finally, we desire an equation for the time derivative of the current, called a
generalized Ohm’s law. Multiplying the force equation (8. 7) by g,/my, adding the
ion version to the electron version, neglecting quadratic terms in the small quanti-

ties d,n, and V, and using ¢; = — ¢, = e, we find
oJ e 2 2. 2
e P VPe+(e”f+e”')E+e"evng
at m; & m, m; eC
e’n; e b
$il oy wp (i ) K, (8.16)
i m; m,
We notice that
n,e? e 2
V. = (neV, — nev, + ? (mn,V;)
m,c m,c ;C
e 2
= - ¢ (mn;V; + m,n,V,)
m,c m,m;c
— _e 7
S J + g (ppV) (8.17)

where the first line merely adds and subtracts the same quantity, and the second
line adds the tiny quantity (m,/m;)V,, which is negligible compared to V, as
already incorporated into J.

Using (8.17) in (8.16), neglecting m;! << m,” wherever possible, and assuming
that P, = P, =~ AP and n; =~ n,, we find

aJ e 2oy 1 e
W_hzmeVP”L—me,.(E“L?VXB) =

J X B

Recall that K; represents the change in ion momentum due to collisions with
clectrons. It is reasonable then to assume that K, is a function of the relative
velocity V; — V, between the two species; keeping only the first term in a Taylor
expansion of K;, we find

K, = Cy(V;, —V,)

= C,J
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PuC | (8.19)
m,o
where the constant C, has been put in a form such that o can be identified as a
conductivity, as we shall see. The minus sign has been chosen because we expect
collisions to decrease the current caused by relative species velocity. When we
multiply by m,m;/ p,.e?, (8.18) becomes

_m; J
I, T, VP+E+—VXB~ JXB - =
pue® 0t ZPM puec o

( 8l.2())

which is the generalized Ohm’s law. The name comes from the fact.that if the only
important terms are the second and the fifth terms on the right side, we have
J = oE (8.21)

which is Ohm’s law and in which o is clearly the conductivity. .
This completes our derivation of the MHD equations. Collecting these equa-

tions, we have

apM + V-(onV) = 0 (8.13)
ap‘ 8.14
L YAl =D (8.14)
pM%‘ti=—VP+ch+?JXB (8.15)
L VP +E
pyel ot 2pMe
1 m, J
3 .. iy BN 8.20
TV RB= =" - (8.20)

When coupled to Maxwell’s equations
Yo ok o= = i (8.22)

. 4 oE
=" — o 8.23
VXB= o et (8.23)
we have 14 equations in the 14 unknowns p,,, p., V, J, E, aI.ld B; this assumes that
the pressure P can be expressed in terms of the mass density py,. ‘ )
For very low frequencies, one can ignore the d,J term in the general%z.ed Ohm’s
law, whereas for low temperatures the VP term can be ignored. In addition, when
the current is small we can neglect the J X B term (known as the Hall term)
compared to the V X B term; under all these assumptions, Ohm’s law (8.20)

becomes 5
0=E+%VXB—7 (8.24)
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or
J=o0 (l') } ‘l V X Ii) (8.25)

When collisions vanish, the conductivity becomes infinite and, in order to have
only finite currents, we must have

E+%VXB=0 (8.26)
or
1
E=-—_-VXB (8.27)

Under this infinite conductivity, low frequency condition, no charge imbalances
are allowed and we have p, = 0. Under these ideal MHD conditions, our basic
equations (8.13), (8.14), (8.15), (8.20), (8.22), and (8.23) become

8om + Ve (puV) = 0 (8.28)
pudV = — VP + % J X B (8.29)
V X (VX B)=4B (8.30)
VXB= 46—” J (8.31)

where the low frequency assumption is used to ignore (1/¢)(3E/dt) on the right of
(8.31).

We shall not attempt to further justify (8.28) to (8.31); instead, we shall take for
granted that these equations can be justified in useful physical situations. In the
next section, we shall use these equations to consider the equilibrium and stability
of various plasma configurations.

8.2 MHD EQUILIBRIUM

In many cases one is interested in the equilibrium configurations of a plasma. Once
the equilibrium is found, one then asks whether or not the equilibrium is stable.
For example, the problem of the earth’s magnetosphere and its interaction with
the solar wind can be approached by first looking for MHD equilibria. (Since
equilibrium implies that all zeroth order quantities have no time derivatives, we
can feel some confidence in using the ideal MHD equations to look for equilibria.)
Once we find the zeroth order quantities B, V°, J°, and pas” (and thus P°) satisfying
the ideal MHD equations (8.28)-(8.31) with 9, — 0, we can then linearize about
the equilibrium to determine whether it is stable. In other words, we let p,, =
P’ + pu', etc., and 8, — — iw, and we solve for all possible values of w. If one
of these values of w has Im(w) > 0, we have instability and any tiny pérturbation
of the equilibrium will grow as exp [ITm(w)?] until the equilibrium is destroyed. If
no unstable values of w are found, then we have MHD stability, but this does not
imply overall stability. Much of the high frequency physics has been lost in first
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going from the Vlasov equation to the two-fluid equations, and n I‘H‘.\l adding the
two-fluid equations to obtain the MHD equations. A system that I.S.Mlll) ?lizlhlv
may well be unstable when two-fluid effects or Vlasov effects are considered. .I !m.x,
MHD stability is a necessary but not a sufficient condition for ()\{Cl‘:l” stability.

Before proceeding to questions of MHD equilibrium :u?d slabjhty, let us’lry to
gain a measure of intuition regarding our MHD equations. From Ohm’s law
(8.25) and Maxwell’s equations (neglecting the displacement current)

VXB= 47” J (8.32)

and
VXE=~— % 9B (8.33)

we obtain
1

Vx(va)=4’c“’ [——}:—B,B+?VX(VXB)] (8.34)

or

2

3B =V X (VX B) + Z"ﬁ? V’B (8.35)

Thus, the magnetic field at a point in a plasma can be cha}ngefi by the fluid
convection, the first term on the right side of (8.35), or by qlffuswn due to the
second term on the right side of (8.35). When V = 0, (8.35) is
C2

4o
which is the standard form of a diffusion equation; the constant c*/4mo is. known
as the magnetic diffusivity. Dimensional analysis of (8.36) shows that the field can
diffuse away with a diffusion time 7, given by

9B = V’B (8.36)

__ Amol? (8.37)

T
D C2

where L is the scale length. Since the conductivity o is inversely proportional to _the
collision rate, the physics of the diffusion must involve the disruption o'f particle
orbits due to collisions, which in turn disrupts the current that gives rise Fo the
magnetic fields; the disruption of the current allows the magnetic field to d1ffu§e.

We consider next a very important concept, that of frozen-in field lines. Consid-
er a surface AS drawn perpendicular to the field lines, and suppose that, the
boundary of this surface is moving with some specified velocity field (Fig. 8.1).
What is the time rate of change of the total magnetic flux

o = dA - B (8.38)
AS

through the surface AS? It is
<i>=f dA-1'3+f dA - B (8.39)
AS AS
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ol OB
é = . 9B ,
i +9§B (V x dl (8.40)

i:eldeall MHD (¢ — ) we define the surface AS to be attached to the fluid, and
¢valuate (8.40) for ®. We first integrate (8.30) over the surface AS, obtai,ning

fAS dA - 9B = fAS dA - [V x (VX B)] (8.41)
If we recall Stoke’s theorem,
X . = ;
fAS (VX O -dA f C-dl (8.42)
(8.41) becomes
s dA - 4,B =_(}€ dl-(V x B) (8.43)
Next recalling the vector identity
A-(B X Q) = X i
- ( ) =(A XB)-C (8.44)
-[AS dA - 9,B +fB (VX d) =9 (8.45)

But by (8.40), the left side of (8.45) is j i
’ _ : 18 just the total
through the surface AS; therefore i RN b

d =90
8.46
as long as the surface AS moves with the fluid. g
+ Suppose that at ¢ i 0 we draw two surfaces AS| and AS,, and we then swee
F.e sgrfaces along the instantaneous field lines to form two flux tubes, as shown ig
1g. 8.2. If the two surfaces AS, and AS, intersect at one point, then’ there is one
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AS,

Special
field
line

AS,
Fig. 8.2 Two flux tubes.

special field line that is the line at which the two flux tubes touch. By coloring the
fluid in one flux tube red and the fluid in the other tube blue, we can follow the
two flux tubes forever. For any reasonable flow, the tubes will always touch, and
the line of touching identifies that particular magnetic field line forever. Thus, in
ideal MHD, we can similarly label each and every field line, and we can say that
the plasma is frozen to the field lines.

In nonideal MHD (o # <¢), it becomes much more difficult to label field lines.

This is true partially because lines can disappear because of resistivity.
Let us now return to consider the requirements for an MHD equilibrium.

Looking for equilibrium solutions to (8.28)—(8.31), with no fluid flow, we require
that

O=—VP+%JXB (8.47)
and
4
VXB= i J (8.48)
which yield
vP— L (vxB xB=0 (8.49)
4
Recalling
(VX B)XB=(B-V)B — —é— VB? (8.50)
we have
VP + o VB? = A, (B-V)B (8.51)
8 4
When (B - V)B = 0, this is
2
\v (P + B—) =0 (8.52)
8

which leads us to define the magnetic pressure B/8, and to state that in equilib-
rium, magnetic pressure must balance plasma pressure (Fig. 8.3),

B2
P + —— = constant (8.53)
8

Returning to (8.47), we see that in equilibrium,
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—EtB/8n

S B?/8n

P

Fig. 8.3 Magnetic field pressure balances plasma pressure in ideal magnetohydrodynamic
equilibrium.

W % JxB (8.54)

sothat B- VP =J.VpP = 0; in other words, B and J lie along surfaces of
constant pressure.

Let us consider two simple cases of plasma equilibria, the theta pinch and the
z-pinch. In the theta pinch, capacitor plates are discharged about a cylindrical
conductor, as shown in Fig. 8.4. The azimuthal J makes a B into the paper; the B
into the paper induces an azimuthal E in the direction opposite to J, which in turn
produces an internal current in the plasma in the direction opposite to J. A
hypothetical final state could be as shown in Fig. 8.5 where the central plasma
region has B = 0. The pressures are then as shown in Fig. 8.6 so that P +
B*/8m = constant, and there is an azimuthal current sheet at r, such that

VP = —i— J X B (8.55)

is satisfied (Fig. 8.7).
A second possible equilibria is the z-pinch, where a current flows along a plas-
ma, and the plasma is confined by its own magnetic field and its own current

J Conductor

Plasma

Fig. 8.4 Theta pinch.
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Fig. 8.5 Hypothetical final state of a theta pinch.

through the J X B force, as shown in Fig. 8.8. Then in cyclindrical coordinates we

have

=1 =1 wxB xB (8.56)
VP=JXB=,—(VXB
or
L syl - ) (8.57)
ar d7r Or (rBy)

The solution of (8.57) will be left for one of the problems; here we merely note that
(8.57) does have well-balanced solutions for B,y(r) and P(7). . i
Before closing this discussion of equilibrium, we note two related points. First,
because 1
PR 3 = constant (8.58)
8w

the magnetic field is smaller inside a plasma (P > 0) than'outls1de a pl'a.sma
(P = 0). This is another illustration of the fact that a plasma is diamagnetic; we
have seen this before in considering single particle motion.

Second, we notice from (8.48) and (8.49) that when J is parallel to B, we have

VP =0 (8.59)
and
(VXB) XB=0 (8.60)
Pressures
P Magnetic pressure
i
|
|
|
]
F——————— Radius
S r

Fig. 8.6 Pressure balance for the final state of a theta pinch shown in Fig. 8.5.
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Current
density

I Radius
L)

Fig. 8.7 Current profile that maintains the pressure profile in Fig. 8.6.

which is known as the force free situation. Any magnetic field for which

V X B(x) = f(x)B(x) (8.61)
satisfies (8.60).

In the next section we proceed to discuss the stability of our equilibria. It is the
unfortunate case that both the theta pinch and z-pinch are unstable, as well as the
simple mirror machine. We shall find that stable equilibria are possible, but only
when certain criteria are satisfied.

8.3 MHD STABILITY

In the last section we found various examples of MHD equilibria. We must now
ask whether those equilibria are stable. There are two ways of doing this. The first
is to linearize the equations of motion about the zero-order equilibrium, and solve
for the frequencies in exactly the same way in which we previously found linear
waves. If one of these frequencies has Im(w) > 0, then exp (—iw?) ~ exp[Im(w)t]
will grow with time, and the system is unstable. The second is to consider the total
energy of a system, and to ask whether that energy increases or decreases under a
perturbation. If the energy increases, the perturbation will not grow. If the
energy decreases, the perturbation can happen and have energy left over to go into
kinetic energy of expansion; this is the mark of instability.

The first method is to linearize the equations of motion. In ideal MHD, these
are (8.28) to (8.31). For example, consider a plasma held up against the force of

N\
\\ > =%
/] L

P

Fig. 8.8 Current and magnetic field configurations in a z-pinch.
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© © o
B#0

5577 )

Fig. 8.9 Plasma held up against the force of gravity by a current sheet.

gravity by a magnetic field, as in Fig. 8.9. For this example, because we generalize
the force equation (8.29) to include gravity, we have

pydV = — VP + % JXB+ pg (8.62)

Since |B| has a discontinuity at z = 0, (8.31) predicts a sheet current at z = 0 in
the (—)J-direction. The equilibrium quantities are, generalizing (8.51) and (8.52),

2
d% (P + 34) = — pug (8.63)

We next consider a perturbed fluid velocity at the plasma-vacuum interface with
sinusoidal variation only along y, an undetermined variation in z, and no variation
in x,

= v(z) exp (—iwt + iky) (8.64)
where v = (0,v,,v.). It can then be shown [1] that instability results, with
o = — kg (8.65)
or
w = * i(kg)'"? (8.66)

which implies instability. This is called the Kruskal-Schwarzchild instability, and is
the MHD analog of the fluid Rayleigh-Taylor instability.

It is interesting to consider the microscopic physics of this instability. Recall the
current in the —p-direction. Microscopically, this current is due to the g X B drifts
of the particles on the plasma surface. Since this drift is proportional to mass
(why?), the ions are drifting much faster. Now consider the initial perturbation, as
shown in Fig. 8.10. Since the ions drift to the left, and the electrons drift to the
right, charges build up as shown. This creates an electric field as shown. The
plasma on the surface then performs an E X B drift, down in the left section and

® i (B st ®
Fig. 8.10 Microscopic picture of the Kruskal-Schwarzchild instability.
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Fig. 8.11 Azimuthal variations of displacement for m = 0, m = 1,and m = 3.

up in the right section, thus intensifying the initial perturbation and leading to
instability.

A similar analysis could be carried out for other equilibria, such as the theta
pinch and z-pinch equilibria considered in the previous section. Consider the
z-pinch equilibrium, and perturbations ~ exp (—iw? + im6 + ikz), where 6 is
the azimuthal angle (Fig. 8.11). Form = 0, the instability is known as the sausage
instability (Fig. 8.12). For m = 1, the instability is known as the kink instability.
Higher values of m are known as flute instabilities, because their perturbations
resemble fluted Greek columns.

We come to the second method of treating the question of stability in MHD
systems, the energy principle. Consider a ball in a potential well, as shown in Fig.
8.13. In the unstable case, a small change in the particle’s position leads to a
decrease in the particle’s potential energy; the difference in energy is available for
kinetic energy and the implication is instability. On the other hand, the stable case
Is characterized by a positive change in potential energy for a small perturbation;
thus, the perturbation is prohibited and the system is stable. It is interesting to
cohtemplate the modification of these ideas when nonlinear effects are included.

It turns out that plasma systems behave in the same way. The energy of a
plasma, which potentially could be turned into the kinetic energy of instability, is
the integral over its volume of B2/8r, the magnetic energy, plus its internal kinetic
energy %T per particle (I, = T; = T). Thus, the plasma energy W is

W=deB—2+ideT 8.67
e ol B e Cer
or
_ V- |
W—deV(SW—l-zP) (8.68)

If a hypothetical perturbation causes a decrease in W, the system is unstable. (We
will not prove this here.) If W increases, the system is stable to that perturbation.

/\_/_\
\__/—\_/

Fig. 8.12 Spatial variation of displacement for an m = 0 instability.

wu>»

‘
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Avf\w

(a) (®) (c) (d)

Fig. 8.13 Examples of stability: (a) unstable; (b) stable; (c) linearly stable, nonlinearly
unstable; (d) linearly unstable, nonlinearly stable.

(Note Murphy’s eighth law: To prove instability, one needs to find only one
unstable perturbation. To prove stability, one needs to prove stability for each and
every possible perturbation.)

One could apply this technique to each of the equilibria considered previously;
each would yield a change 6 < 0 for the types of perturbations considered
before. Here we consider the more general problem of the hypothetical inter-
change of two neighboring tubes of magnetic flux. If this leads to W < 0, we will
call it an interchange instability (Fig. 8.14). We consider separately the change of
magnetic energy W,

BZ
W, = f i (8.69)
8
and the change of internal plasma energy w,,
=3 70
W,= = |dVP (8.70)

The interchange is accomplished by moving tube @ to where @ used to be. Then

I B?
w, = [dl,-'A,- — 8.71
i=21,2 0 8w ( )

where 4, is the cross-sectional area, and /, is the length, of the ith flux tube. But in a
flux tube the flux is constant; therefore ©; = B; A4;, or

=y @ (04
Wm—igz 87rfo g (8.72)

The change 6W,, in W,, by moving @ to @ is [@ keeps its flux but finds a new /,
and 4]

O
D= =—8F
v—_—

Fig. 8.14 Two neighboring flux tubes.
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2% (h dl @ h dl,'
SW ) - @) j 21 aiy y
W )0) @ 8w, 4, 8n ’ A (8.73)

while the change for @ — Q@ is
@)’ /‘ill_l . @)’ [ dly

4 = i
OWndo-0 = gr), 4, T 8, 4, G v
The total change, adding (8.73) to (8.74), is then
= Ll Lodly
anz[‘Pz <Pl][ 1_[— 2]
R —— A, Fetan (8.75)
or
d[¢?] dl .
W = —— g
SW, s U . ] (8.76)
If we pick two flux tubes with equal flux, we have
W= 10 (8.77)

With two flux tubes of equal flux, we next calculate the change in internal energy
of the flux tubes, as the plasma expands or contracts to fit into a changing volume
(Fig. 8.15).
The change in internal energy as we move the plasma in ¥, to the volume V,is
(assuming |V, — V||/V, << 1)
5PY) = > 5 (PVV)

2 e
(PV7), 671~y

W, o-0

Il

Rlw ojw fw o|w

PVl — NV, 77V

(BFTRL = W = V) (8.78)

Fig. 8.15 Neighboring flux tubes with equal flux may have different areas and volumes.
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where we have approximated V V, Voo the denomimator only, and we
have used the fact that 2V constant in an adiabatic compression; assuming a
three-dimensional compression we have vy 5/3.

Next, the change W, 4 .4 is obtained from (8.78) by interchanging (O and (@;
adding the two pieces yields

> >
ow,= -3 a -y [ -T2 v - (8.79)
Approximating ¥, = V, in the denominator only, we have
SW, = — % QV—IT” S(PV7)SV (8.80)
where 8(PV'¥) now means (PV?Y), — (PV7),. With v = 5/3 this is
W, = V,7V8(PVY)6V (8.81)
or
SW, = V,"Y8V(6PV,Y + yP, V" 18V) (8.82)

Now suppose we are in a low density part of the plasma, so that P(§V/V) << éP.
(This is possible because 8V will be very small when magnetic fields are large;
recall that the flux of the two tubes is equal and we only need a small magnetic
field gradient VB?/8m ~ BVB to balance the particle pressure gradient VP). Then

oW, = 8V oP (8.83)
If the plasma density decreases from 1 to 2, 8P < 0, there will be instability
(6w, < 0)if 6V > 0 or

6V=6fdlA=<p6f%>0 (8.84)

so that the condition for instability is
\.) Q—/
/:() (.\

Fig. 8.16 Magnetic field lines and plasma density in a cusp configuration.

Plasma
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Fig. 8.17 Magnetic field curvature in present-day mirror machines.

dl
5f7 >0 (8.85)

Consider the simple mirror configuration of Fig. 8.14. As we go from @ to @,
the length offdl increases while |B| decreases; (8.85) is easily satisfied and we find
instability. The same result is easily obtained for both the 6-pinch and the z-pinch.

Equation (8.85) leads to a very important principle, which we shall not prove
rigorously here. This principle states: Whenever the field lines curve toward the
plasma, the plasma is unstable. Likewise, when field lines curve away from the
plasma, the plasma is interchange stable. Thus, the simple mirror and pinches are
unstable, while the cusp is stable, as shown in Fig. 8.16. Since the field lines curve
away from the plasma the cusp is interchange stable: Furthermore, the magnetic
field is a minimum in the center of the plasma, so that minimum-B is associated
with interchange stability. The instability of the simple mirror has led mirror
designers to look for a minimum-B configuration. They accomplish this by putting
coils, known as Joffe bars, along the axis of the mirror. The net result is a field
configuration that everywhere curves away from the plasma, has a minimum of
|B| in the center, and is MHD stable (Fig. 8.17).

8.4 MICROSCOPIC PICTURE OF MHD EQUILIBRIUM

Magnetohydrodynamics is based on a picture of the plasma as a single fluid. Yet
we know that the plasma consists of two species of charged particles. Thus, any
topic in MHD can also be understood by considering the detailed orbits of the
charged particles. In this section, we look at the topic of MHD equilibrium from a
microscopic point of view.
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Consider a plasma whose density varies smoothly in the £-direction, with mag
netic field B, B,(x)2 (Fig. 8.18). Then the MHD equations (8.47) and (8.48)
predict, in the steady state and in component form,

S = A (8.86)
ox ¢ 7
and
4
— 0,By = = J, (8.87)

Suppose that the ions are cold, T; = 0, and the electron temperature T, is a
constant in space. Then at x = 0, (8.86) yields
(& ang
= = — <0 (8.88)
JJ] BO Te ax

so that our macroscopic picture is one where the plasma pressure is beir.lg.balanccd
by the J X B force. Suppose the ions are cold and very massive; then it is reason-
able to suppose that the current is being contributed by the electrons, even th'ough‘
the one-fluid equations tell us nothing of the behavior of the md1v1du.a1 species. If
this is so, then there must be a mean electron flow speed in the y-direction such

that

Jy = = ely <U.1,~>electrons (889)
or from (8.88)
cl, 1 9dn,
Vge = <Uy>81eclrons S eBO _no— —a-; (890)

which with L,”! = (—1/ny)(dny/dx) > 0 is

2 (8.91)

Jt e
B T T

where v,, is the electron diamagnetic drift speed, and v, is, as usual, the electron
thermal speed.

—-y

“v\"o ’ V\Bo

Fig. 8.18 Coordinate system for MHD equilibrium.
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Fig. 8.19 Single particle picture of MHD equilibria.

EXERCISE Where does the “diamagnetic” come from?

Now let us look at the single particle picture. The electrons are gyrating about
the magnetic field in the x-y plane. There is no electric field, hence no E X B,
drift. There is no curvature of the field lines, hence no curvature drift. There will
be a VB drift but, if we assume a very strong magnetic field, then only a tiny VB is
needed to make V(P + B>/87) = 0, and we can ignore the VB drift. So where
does the single particle drift come from to make Vg in (8.91)? The fact is that in
terms of guiding centers, there is no drift, but in terms of fluid elements, there is a
drift. Consider the x-y plane, as indicated in Fig. 8.19. Because there are more
particles for x < 0 than for x > 0, a small area of the x-z plane will see more
particles going through to the right than to the left; thus, there is a net flow of
electrons to the right in every fluid element, and a net current to the left. This is
true even though the guiding centers never move!

This concludes our introduction to magnetohydrodynamics. MHD is an ex-
tremely important approximation in plasma physics that is widely used in fusion
plasma physics, solar physics, plasma astrophysics, and energy technology. For
further discussion of MHD see Refs. [2]-[30].
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PROBLEMS

8.1 Alfvén Waves

Linearize the ideal MHD equations (8.28) to (8.31) with Py = Puos B = By +
By, V =V,9,J = J.X, andk = k2 to obtain the dispersion relation for Alfvén
waves. Compare your result to the result (7.214) from the two-fluid theory, and
explain any differences.

8.2 Magnetosonic Waves

For a cold plasma, linearize the ideal MHD equations (8.28) to (8.31) with p,, =
Pmos B = By2 + B2,V = V,$,J = J,£, and k = kp to obtain the dispersion
relation for fast magnetosonic waves. Compare your result to the result (7.227)
from two-fluid theory, and explain any differences.

CHAPTER

Discrete Particle Effects

9.1 INTRODUCTION

There are many effects in a plasma that are associated with the discrete nature of
the plasma particles. One of these effects is that of collisions, which is studied in
Chapters 1 and 3 to 5. A collision is the interaction of one discrete particle with
another discrete particle. There are also discrete particle effects that are due to the
interaction of one discrete particle with the plasma as a whole. For example, a fast
electron moving through a plasma emits Langmuir waves. This phenomena de-
pends on the fact that the fast electron is indeed a discrete particle, but it does not
require that the rest of the plasma be made up of discrete particles; thus, the rest of
the plasma can be treated through the Vlasov approximation. This leads to an
extremely useful approach known as the test-particle method.

Since the effects to be studied in this chapter are discrete particle effects, it might
have made more sense to study them together with the discrete particle collisional
effects. However, it turns out that the test-particle method relies heavily on the
Viasov dielectric function. Chapter 6 on Vlasov theory taught us many of the
properties of this dielectric function, so that we can now comprehend the results of
the test-particle method more easily.

9.2 DEBYE SHIELDING

As a first application of the test-particle method, let us calculate the Debye shield-
ing of a test charge g, that moves through a uniform plasma with a constant speed
¥y, starting from position x, = 0 at # = 0. For simplicity, we freeze the ions, and
treat the plasma electrons via the Vlasov equation. The only discreteness in the
problem is the test charge. Then Poisson’s equation is
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V2 o(x,1) 4mp
= — duefn, —] avf, (,v,0)] — dmgp 8(x — V1)

= 47Tefdvfl(x,v,l) — 4mwq; 8(x — v,1) 9.1

where f, = f, + f; and the £, term cancels the ion term. Assuming that the test
charge makes only a small perturbation in the electron density, we can linearize
the Vlasov equation to obtain
e
ml’

a.fix,v,t) + v Vf, = — VoV, fo(v) (9.2)

With these two equations, we use Laplace transform techniques to study the initial
value problem. The test charge suddenly appears at x = 0 at 7 = 0, and the
distribution function is initially unperturbed,

fix,v,t = 0) =0 (9.3)

We Fourier transform (9.1) and (9.2) in space, and Laplace transform in time. The
Fourier and Laplace transform conventions are stated in Chapter 5. The spatial
Fourier transform of Poisson’s equation (9.1) is

— Ko(k,t) = dmre [ dv f,(k,v,1) — 2‘]—7:2 ekt (9.4)

which has the Laplace transform

27" g,

~ Rolko) = dmef dvfikvw) + . (9.5)

Because the initial value of f; is zero, the Fourier-Laplace transform of the linear-
ized Vlasov equation (9.2) is
e

(= iw + kv fikaw) = = = k- V, fi(e(k.w) (9.6)
Solving (9.6) for f, and inserting in (9.5) yield
. o) e k-V, £ iCr) g,
k*o(k,w) = poy fdv I 4 o(k,w) + e Bt 9.7)

The integrations of the two velocity directions perpendicular to k can be per-
formed, yielding the form

d, g(u) ] _ 2m) gy 9.8)

: _ ol
k“’(k"“)[l K fduu—w/k w — k-v,

where in square brackets we recognize our old friend the Vlasov dielectric function
(6.34). Thus,

2! qr
kK e(k,w)(w — k - Vo)
Next, the Laplace transform is inverted to obtain

ok,w) = 9.9
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&angmuir /———/o

poles

Fig. 9.1 Inverse Laplace contour used in calculating the Debye shielding of a test charge.

— gﬂ —iwt
olk,1) = f 2 eiotplk,w)

: 2\-1
dow . i(2m?) dr (9.10)

— — il

L 27 ¢ Kekao)lw — k- vy)

The pole structure of the integrand is as shown in Fig. 9.1, where for Maxwellian
electrons e(k,w) has among others, the two zeros corresponding to Landau dampF(i
Langmuir waves. For this calculation, we can move the contour downward‘tor
t > 0 asin the calculation of Langmuir waves in Section 6.4. We ignore all of the
transient contributions discussed in Section 6.4 (see Fig. 6.6). Furthermore, let us
ignore the contribution from the Langmuir poles, which wil.l damp away at large
times. Then we pick up only the pole at @ = k - v, obtaining

_ (2aylgre vt 9.11)
o)) = s = kv (

Since e is evaluated at the real frequency w = k - v,,, we can use the exact formula
(6.45),
3

w,’ d, g(u) . W
ekw) =1 — 5 Pfdu u—:m = g7l e d, g = /i 9.12)

Let us work out several examples.

EXAMPLE A VACUUM
Letting the plasma disappear, w, — 0, we have ¢ = 1. Then

ok,2) = 2:2Tkz e 15

Performing the inverse Fourier transform we have

o(00) = [ ke xo(k.1)

— fdkeik-x — ik vyt 2:27-1{2 (9.14)
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This integral can be performed in spheric: ' '
spherical coordinates, letting the k.- ,
the direction of x vot. Then ( conein o
k- (x — vot) = k|x vol|cos 0 (9.15)
and
o060) = 3% [ " a2 [ do sin g et — vricons
2 J, ; sinf e o (9.16)
With u = cos 0, du = — sin 0 do, we have
o0 1
o) = AL [ g [* ay eiix=vae
0 -1
29, 1 Z sin(k|x — vyz|)
— 247 > 0
T X — vyt ‘/; s i ki (g

J

-V
oc

f dz .
27 sing

0

e
/2

or

qr

PR R T

(9.18)

IhllS we regaln the p s
s Otelltlal due to a p()lnt Char € In vacuum movin Wlth
g g

EXAMPLE B TEST CHARGE AT REST IN PLASMA (v, << v,)

For a test cha.rge.at rest, or moving very slowly (Ivol << v,), we expect to regain
the Debye slpe]dmg of Chapter 1 (for motionless ions). Settingw = k-v, ~ (
we have, taking the electrons Maxwellian [see Eq. (6.24)], x ’

s il on w,’ d,
ekw = 0) = 1 —_kT,[d“ ug

;W——J

e f S g(l:)

Y,

——
/v? (9.19)

or

6(kw=0)—1—f-w"2— et

? ot Kv? by 7 W (9.20)

which is the “static dielectric function” with fixed ions. The potential is then

Cr)R g, _ @ayylg,
Kekow = 0) k2 + k2 (9.21)

ek,7) =
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where we have defined the Debye wave number
k, el (9.22)
without any factor of 27r. Then
o(x,1) = fdk e'% *p(k,1)

ikx cos 6

- ﬂfco 5 fﬂ' >
22, 2wk* dk . dfsin 6 g &

2
L g [ e
— dk du e*xu
Ty Ul ¥ o
2 f” k sin kx
— dk ———— 9.23)
mx 1), k] (
where the substitution #" = cos 6 has been used. Because the integrand is even in
k, we can extend the integration to —<e and use contour techniques. We find

(x = Ix| >0)

1 r= ksinkx | 1 f°° k (eikx i e-ik.\-)
2 f_w W k2a 205 4 (k + ik,)k — ik,) 2

2mi [’ke pilik)x 4 —ik, e—i(—iku)x]

T 229 |2 —2ik,
= % e—*/\, (9.24)
so that
= A7
o(x,t) = i e v, << v, (9.25)

which is exactly what we expect for a Debye shielded test particle. Note that this
formula is valid not only for motionless particles, but also for moving particles as
long as v, << wv,. (See Refs. [1]-[9].)

EXAMPLE C VERY FAST TEST CHARGE (v, >> v,)

For a very fast test charge, the dielectric function is

2 o d
ko= k) =T Pf sl

k? u — k-vo/k
o’ 2
=~ 1 + kk-vo./;, dud,g
St
0
~ 1 (9.26)

where we have ignored u compared to k -+ vo/k in the denominator. But this is the
same result as for a test charge in vacuum (Example A), so we find
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@(x,1) d: v > 7] (9.27)
' X = vot| ° ! ‘
The plasma does not have time to “see’ a fast test charge, and thus does not have
time to respond and shield. (See Refs. [1]-[9].)

We have seen that a fast particle has no shielding, while a slow particle is
completely shielded. A particle moving at intermediate speeds will be partially
shielded. The words fast, slow, and intermediate will depend on which plasma
species we are talking about. Figures 9.2 to 9.7 show the transition from the Debye
shielding of an almost motionless particle [vo/(2% v,) = 0.1 in Fig. 9.2] to the
almost unshielded behavior of a fast particle [v,/(2” v,) = 10.0 in Fig. 9.7].

In the next section, we continue to exploit the test particle approach, calculating
the equilibrium level of fluctuations in a plasma.

9.3 FLUCTUATIONS IN EQUILIBRIUM

In the previous section, we computed the electrostatic potential in a plasma due to
a single test charge. We found that the rest of the plasma could be treated by the
Vlasov equation.

In this section, we want to use the same ideas to compute the average level of
electric field fluctuations in an equilibrium plasma. We do this by considering each
and every plasma particle as a test charge. Each test charge sees the rest of the
plasma as a Vlasov plasma, and it emits waves satisfying the Cerenkov condition
o = k- v,, where v, is the velocity of the test charge. Likewise, waves are damped
via Landau damping, which again involves the resonance condition = k - v, =
ku where v, is now the velocity of the particle that is doing the Landau damping,
andu = k- v,/k. Thus, we have a steady-state situation, with waves being emitted
and absorbed. At each point in the plasma, the electric field is fluctuating wildly in
space and time. However, the ensemble averaged electric field energy density is a
constant in space and in time. It is this ensemble averaged electric field energy
density that we wish to calculate.

The process considered here is an example of the principle of detailed balance,
which states that to every emission process, there is a corresponding damping
process, and vice versa. Cerenkov emission of Langmuir waves corresponds to
Landau damping of Langmuir waves. In steady state, these two processes are
balanced; the average rate of wave emission equals the average rate of wave
damping.

Note that here we are using the term “wave” in its most general sense; we have
fluctuations of all frequencies and all wave numbers, including the normal modes

.that we call “Langmuir waves.”

The mathematics involved in this calculation is straightforward. Recall from
Eq. (9.11) that the potential due to a single test charge is written in wave number
space as

N (27T2)—l qr e—ik * x0(2)
kD) = dlw = k- v)

(9.28)
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where in the exponent we have specified the orbit v, by the expression x,(7). Since

E(x,t) = — Ve(x,?) (9.29)
we have

_ alh k ek x(0)
Ek) = = ikeW) = = Cm) 87 Trgico = kv (9.30)

so that

E(x,?) =fdk e’* " XE(k, 1)
eik +x — ik * x,(2)
elk,w = k - vy)

k
= — Q=) qTifdk = (9.31)
Equation (9.31) gives the electric field at point x due to a particle with orbit x,(?).
If we add up the fields at x from all particles in the plasma, and take the ensemble
average, we have

(E(x,t)) = fdvofdxo E(x,?) fo (X0,V0) (9.32)

where f; is the zero order distribution function. The function f; is the probability
density for plasma particles to have velocity v, and position x,; thus, the ensemble
average of any plasma property that is caused by the discrete plasma particles is
given by an equation like (9.32).

In a uniform isotropic plasma, there is no preferred direction; therefore we
expect (9.32) to vanish. This indeed happens.

EXERCISE By performing the x, integration, convince yourself that (9.32)
vanishes.

Next, consider the ensemble average electric field energy density in the plasma,
Sl
w= . (E(x) - E(x)) (9.33)

Since this is a positive definite quantity, we expect a nonzero result. Taking the
ensemble average in the same way as in (9.32), we have

W= éfdvofdxo (2(’—7:2)2 Jolvo)

k eik Sxt =ik g (1) k’ e—ik’ x + k' x,(1)
<[ fax & | fax | o
= ety wramm=t-m) 0
where we have used E*(x) = E(x) for the real electric field in the second set of

square brackets. The x, integration yields (27)*8(k — k’) which facilitates the k’
integration; we find
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v qr [ ' v , | ! (9.35)
” ‘l” ) -/ ll‘u_/ll(‘u)‘ (Ik /‘ I|¢(k“" k " ““)l
We can perform the two velocity integrations in the directions perpendicular to k,
and extract a factor of n,, to obtain in the usual fashion
22 o l
= 5 4 T T R ) 9.36)
W= ”"f‘l““”)j & ek = ko)l (
Defining w = ku, we find
nye’ f dw f g(w/k)
= =~ — |dk 55773 (9.37)
2 27 2 kK e(k,w)|*

Thus, we can define an energy density W(k,w) such that

_(E) _ [ dw 38
W= —f = fdk W(k,w) (9.38)
with
2
Wikw) = S8 E@/B (9.39)

27 k| e(k,w)|?

Since w is purely real, we have for the Vlasov-Poisson system the exact expression
(9.12). Thus,

: .’ d,gw) 1°
le(kw)|* = |1 — 53 Pfd” % — (@/k)

W 2 2
+ [7 wdug(u)l,,=w,k] (9.40)

We can easily perform the frequency integration in Eq. (9.38) in two simple
limiting cases.

CASE A: k), << 1

This criterion is exactly the one for the existence of Langmuir waves. In this wave
number regime we expect all of the energy in fluctuations to be concentrated in
Langmuir waves with frequencies w = * w,. Then in the denominator of the real
part of e, we have w/k =~ w/k butk << A, !; therefore w/k = we/.k >>w A, =
v,, which means that w/k >> u for almost all the range of u integration. Thus, we
integrate by parts to obtain

k2 K
Pfdu % =Pfdu [7-—% ~ —w—z—fdug(u) == 041
Thus
2ix2 2 2
le(k,w)|> = (1 = “a’)z) + [“]:2 7Tdug|w/k] (9.42)
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Since this expression goes into the denominator of (9.38), we sce that there will be
a large contribution when w =~ =+ w,. Thus, we cvaluate the numerator -

g(w/k) ~ g(w./k) and the term d, gl = d.&|, /i in the denominator at w =
w,. We are left with the integration in the form

w,+A ilﬂ 1 - 4fwl,+A ﬁdﬂ 1
w—2 21 [1 — (w2/)] + ¢ ¢ Jo—a 27 (0 — w2} + wt
(9.43)

where c? is small; since the main part of the integral comes from v =~ w,, We can
let the limits of integration — + . With y = «?, dy = 2wdw we have

1 % w,’
b 71;.[ & O —alfF t cu

—o0

wS [ 1
. Ef_w Y [ — wd) + o’y — w) — icw,’]

(9.44)

which can be done by contour integration; closing either up or down we find
(multiplying by a factor of 2 to take into account the frequency regime near
w==w)

_ 2Q2me,’ 1 _ w,
BT Towp | 2k (.45
so that
2
W= f dk 225 glo/k) —— (9.46)
2[ ke?_ ﬂdug|w”/k:|

For a Maxwellian, g/d, gl , /x = v,2 k/w,; therefore we obtain

dk  mv? dk
W= LS W f ~EX g i3
wcar, 1 2m) 112 <<k, (2mw)’ Pl

so that in the regime kA, << 1, we find T,/2 energy per unit k-space per unit real
space.

Let us crudely evaluate the total amount of energy, per unit real space, in long
wavelength (kA, << 1) fluctuations. To do this, we perform the integration in

(9.47) over a spherical volume from k = 0 to k = k. A, L. We obtain
4 1 T
et —_ 3 —_— <
W (3 mk, ) @ny 2 (9.48)

Multiplying numerator and denominator by #n,, and dropping all numerical fac-
tors, we crudely obtain

_ nT,
W = ———no N (9.49)
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or

(9.50)

W = ”“'I"
RO

Thus, the average long wavelength fluctuation energy density is very small; it is the
average electron kinetic energy density divided by the number of particles in a
Debye cube.

CASEB: ki, >> 1

When k is very large, we have from (9.12) that

= ol _d,g(w)
AR = ]
i dy g(u)
=~ 1 (9.51)
Then from (9.38),
do nye®
W:fdk T 2 gw/k)
dk 1 w w
— 2 Sh=doa o) S o
Ay )f Qn)y 27k fd(k)g (k)
\ J
hd
1
_ mw,/ dk 1
7 hoii @2m)? K
_ L f
= @ny kz)\z (9.52)
Writing this in the form
W = f(z 7 W(k) , (9.53)
we have
wW(k . kx, >> 1 9.54)
( ) 2 kZA 2 2 & ( A
which can be compared with (9.47) where
T,
Wk) = - | kA, <<'1 (9.55)




224 Discrete Particle Effects

Thus, the fluctuation level is much smaller in the short wavelength region
kX, >> 1 than in the long wavelength region kA, <
intuition, which would predict a high fluctuation level for the weakly damped long
wavelength normal modes (Langmuir waves).

I. This agrees with our

It has been shown in an elegant calculation by Rostoker [10] that for a Maxwel-
lian g(u), the exact expression for all wave numbers is

T, 1
Wik = 5 T o 30
so that
T, [ dk 1
V=73 ) @ TT Az ©-57)

EXERCISE Does (9.56) give the correct limits (9.54) and (9.55)? Is the integral
in (9.57) convergent or divergent? What is your physical interpretation of this?

This brings us to the end of this brief chapter on fluctuations and shielding. The
test particle technique used here can be used to study the Cerenkov emission of
electrostatic waves and their absorption via Landau damping. This is an illustra-
tion of the principle of detailed balance. The net result is the steady-state level of
electric field fluctuations.

Another application of the principle of detailed balance, in the presence of a
background magnetic field, involves synchrotron emission and cyclotron damping.

The principle of detailed balance also applies to the emission of electromagnetic
radiation via bremsstrahlung, and its absorption via collisional damping. Since
these processes involve the collision of two charged particles, it is not sufficient to
use the simple test charge theory that we used for electrostatic fluctuations.
Another way to say this is that Langmuir waves are emitted via Cerenkov emis-
sion, with w = k - v,. Electromagnetic waves cannot be emitted in this way in a
plasma because their phase speed in a plasma is always greater than the speed of
light. For further discussion of these topics, see Refs. [11]-[17].
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CHAPTER 1 O

Weak Turbulence Theory

10.1 INTRODUCTION

Most of the wave phenomena treated in earlier chapters apply to linear waves so
small in amplitude that terms which are quadratic in the wave quantities can be
discarded. When the wave amplitudes are large enough, the nonlinear terms can-
not be discarded. Examples of these nonlinear effects include the particle trapping
discussed in Section 6.8, the nonlinear wave equations with soliton solutions
introduced in Sections 7.15 and 7.16, and the parametric instabilities treated in
Section 7.17. All of these nonlinear effects can be called coherent, since each
solution applies to one realization of a plasma and each solution has a unique
spatial dependence.

In this chapter, we discuss the solution of nonlinear equations under conditions
that can be called turbulent. By this we mean that we seek the time evolution of
certain spatially averaged or ensemble-averaged quantities. The averaging process
means that we lose information on the detailed spatial variations in each realiza-
tion of the plasma.

We treat three topics that commonly come under the heading of weak turbu-
lence theory (Refs. [1] to [5]): quasilinear theory, induced scattering, and wave-
wave interactions. Other topics such as resonance broadening and strong turbu-
lence theories like the direct interaction approximation are topics of vigorous
current research [6], and are beyond the scope of this book.

10.2 QUASILINEAR THEORY

Although it is possible to develop a general framework that includes all aspects
of weak turbulence theory, we will take the alternative approach of considering
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cach kind of interaction separately, in order to understand the physics involved,
Crudely, the concept of weak turbulence means that the nonlinearities are small
and yield small corrections to linear behavior, whereas strong turbulence means
that the nonlinearities are as strong as the linear terms. In quasilinear theory |7, 8],
the wave amplitudes are considered to be so small that the wave propagation can
be treated by the linear theory of Chapter 7. The nonlinear part of quasilinear
theory concerns the long-term effect of many waves on the background distribu-
tion function.

Consider the bump-on-tail situation. We have seen in Section 6.5 that Langmuir
waves are unstable when their phase speeds correspond to regions of the one
dimensional distribution function g(u«) with a positive slope. The growth rate as
given by (6.52) is proportional to the slope of the distribution function d,g(u)|,, /1
Thus, at early times when linear theory is valid we have the growth situation
displayed in Fig. 10.1. Here we have only indicated regions of positive imaginary
frequency w;(k), graphed as a function of the phase speed of a Langmuir wave
v, = w,/k = w,/k. We know that linear instability cannot go on forever. For
one thing, there is only so much energy in the bump, and the waves certainly
cannot grow to levels such that the wave energy is larger than the initial particle
energy.

As the waves grow, the particles find themselves in a turbulent situation. Thus, a
typical particle’s orbit, in both real space and velocity space, will be affected by the
turbulent electric fields. In particular, particles will diffuse in both real space and
velocity space. Consider all of the particles at position x, with speed u at the initial
time ¢ = 0. In the absence of any electric fields, these particles would have orbits

x(t) = xo + uyt (10.1)
and
u(t) = ug (10.2)
g)
K ’
) I
| wid]
ligsil
I
INI
|
| e =,

%
Fig. 10.1 Initial bump-on-tail distribution function, and corresponding region of positive
growth rate w,(k).
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for all times according to Vlasov theory. In the presence of the turbulent electric
fields, the particles are accelerated. Because the fields are turbulent, the accelera
tion is not constant but is random, being alternately positive and negative. Thus, a
typical particle will perform a random walk in velocity space. As with all random
walk processes, this implies a diffusion of particles in velocity space (see Appendix
B). While all the particles described by (10.1) and (10.2) will experience the same
fields and thus will have the same speed u(z) at time ¢, particles starting at a
neighboring point x, + A with speed u, will have a different time history and thus
a different speed at time 7.

Diffusion tends to spread out the particles in velocity space. Thus, after some
time the waves have grown and the particle distribution g(#) and wave intensity
distribution /(v,,) might look as shown in Fig. 10.2. The slope on the distribution
function has changed and, thus, the linear growth rate of each wave has changed,;
since the maximum positive slope is smaller at time ¢ than at z = 0, the maximum
growth rate is smaller.

Eventually, the particles diffuse so much that the hole between the bump and
the background has filled in, and there is no longer a region of positive slope. Then
the linear growth rate of the waves is zero, and we have the steady-state situation
shown in Fig. 10.3. Of course, this situation is only a steady state in the context of
the Vlasov equation. In practice, the waves will eventually decay away due to
collisions, and the distribution will eventually become Maxwellian due to col-
lisions.

Let us develop a mathematical framework for these ideas. To do this, we must
be a little more clever than if we were simply doing linear theory. This is because
we wish to follow changes in the background distribution function on a very long
time scale. It would not do to write f = f; + f, where f; is the initial spatially
averaged or ensemble averaged background distribution. Then we would have to

g (u)
> 2 \t =0

| 1 ¥
I(v¢) I |

| |

| |

l |

I |

l |

| |

Y

Fig. 10.2 Particle distribution and wave intensity distribution after the waves have grown
for some time.
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& (u)

1 (vy)

%

Fig. 10.3 Particle and wave distributions at a late time.

include in f; the difference between the final distribution and the initial distribu-

tion. But since such differences are as large as or larger than f; in the vicinity of the

bump, f; would be as large or larger than f;, and the expansion would break down.
A more successful approach is to separate

f(x,v,0) = folv,t) + fi(x,v,0) (10.3)
where

fov,0) = (f (x,v,0)) (10.4)

and the y and z dependencies of f have been integrated out. Thus, f; is the spatially
averaged distribution function, and it changes on the slow time scale as the bump
diffuses away. The waves are represented by f;(x,v,?) and, thus, {f1). = 0asgiven
by (10.3) and (10.4). With this separation, we take f, << f, for all (x,v,1).

Let us now write the Vlasov equation for electrons, assuming the ions are fixed.
We have, in one dimension,

6,f+vaxf*72—E8vf=0 ' (10.5)
and
0.F = — 47ref°° v £,(x,0,1) (10.6)

where the spatially averaged electron distribution function f, cancels the ion con-
tribution to Poisson’s equation (10.6). Next, average (10.5) over space, to obtain

af e B e
().t v <§>X = —<E E}—>x =90 (10.7)

m

Our spatial averaging procedure is to integrate over a finite length —L/2 < x =

L/2, divide by L, and take the limit as L — o°. The first term in (10.7) is clearly
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d, fy. The second term in (10.7) is
Jaf _ 1 [ _ Jdf 1 [ ( I) ) L )]
<6x >x R j,_/,z “ox ST =7) S 3 )| (10.8)
—3
I —o0

where lim, _ is always implied when we write 1/L, and where we have assumed
that f(x,v,?) is a smooth, well-behaved function. The third term in (10.7) is simplified
by using the assumption that (E), = 0; this is because we take the electric field to
be produced by f; inside the plasma volume, with no component of E being
produced by capacitor plates at x — +ee. Then

JAN Y o1,
(E Ev->x - <E Jv >x+ <E Jdv >x
Z(E)x%?-i-(E%fv—l)

:<Ea—f1) (10.9)
du %

where fy(v,7) can be removed from the averaging bracket because it is not a
function of x. Equation (10.7) then reads

S (10.10)

A So(w) = %(E "’—f1>

Equation (10.10) is the nonlinear part of quasilinear theory; f, is changing because
of the product of E and f;, which is a second order quantity.

The remainder of quasilinear theory is completely linear. The Vlasov equation
(10.5) is linearized using f; << f,, and with the help of Poisson’s equation (10.6) a
dispersion relation is obtained. This development is precisely as in Section 6.4, and

we obtain the normal mode Langmuir wave frequencies for k > 0, adapted from
(6.52),

3 37
wkt) = ol + 5 B02) + 1 5 2% d g, ,

o (10.11)

where g(u,t) = (1/n,) fy(u,1). Thus, the linear Langmuir waves evolve with com-
plex frequency as given by (10.11), while the background distribution evolves ac-
cording to the nonlinear equation (10.10).

Consistent with this ordering, we wish to evaluate the nonlinear term on the
right of (10.10) by inserting the linear form of f,. We consider the linear waves to
consist of a spectrum of right-going waves with different wave numbers; each of
these waves has its normal mode frequency w(k) given by (10.11). Thus, the real
electric field is

E(x.f) = f o dk E(lt)e = f " dk E(k,pyeiorties(10.12)

N
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where the Fourier transform conventions are given by (5.11) and (5.12). Now
E(x,t) must be real, and in order for it to be real, the component at cach wave
number (the part at k |k| plus the part at k [k|) must be real. Thus, the
elementary properties of Fourier transforms imply

w,(—k) = —w/ (k) (10.13)
and
Bk, 0= B¥M—k.D) (10.14)

The latter implies that E(k,t) = E*(—k,t) and e (—k,t) = w/(k,?).

EXERCISE Demonstrate these results.

The perturbed distribution function f;(x,v,7) can also be written in the form
(10.12), as

Si(x,v,2) =fw dk f(k,v,r)e**

=f°° dk fi(k,v,t)e iodk)rike (10.15)
The relation between f,(k,v,¢) and E(k,?) is as usual obtained by linearizing the
Vlasov equation (10.5), with the assumed dependence exp [—iw(k)? + ikx], to
obtain
—e/m

Skvd) = S0 — kol
In the right side of (10.10), we can move the velocity derivative outside the brack'cls
since E(x,7) does not depend on velocity. We are thus interested in the quantity

avﬁ)(v’t)E(k’t) (101())

IS S I COVEEE

1 L i ’ ik'x
= — f dx f dk f,(k)e*x f dk’ E(k’)eik
L =L2

L2 5
= Lfdkfl(k)fdk’E(k')f dx etkti)x (10.17)
L =L
Equation (10.17) can be simplified by using the standard formula
L2 .
lim dx e = 2mé(a) (10.18)
L—oo -L/2

The right-most integral in (10.17) thus becomes 2wé(k + k'), upon which the k'
integration is trivial, and we obtain

Efye = 2 [ ak Bk £y

=2 [aeph [ Lo n| B a019)

o — kv
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where (10.16) has been used. Inserting (10.19) in (10.10) we have
e’ 2w d, fo(v,1)
d 1) == — —— ¢ j Ik E(—k)E(k -
oJo (v,1) w1 ) dkECREWK) T = o) (10.20)
With the result below (10.14) this becomes
e’ E(k
a,fo (v,1) = { [f dk ' ( )}cv)] a,/o (v,t)} (10.21)

Equation (10.21) can be s1mp11fled by defining the so-called spectral density e(k) of
the electric field. The natural definition of this quantity is

e(k) = ﬁ |E(k)|? (10.22)

Then the average electric field energy density is

E2
< 8 )x - 81rLf ()

-L/2
e f % f dk E(k)e™ f Ak’ E(k)e* ™
87L V-1
= f dk E(k) f ak’ E(K) f dx eilk+k)x
Tl L i

= o f dk E(k)E(—Fk)
1
= Efdk |E(k)|?

= [ aan (10.23)

which shows that e(k) is the wave energy density, per unit interval of wave number
space.
With the definition (10.22), Eq. (10.21) reads

8, fov,1) = — 8” {U dk - é(k)k )]a Fo (v, z)} (10.24)

This equation is in the form of a diffusion equation,

9, fo(v,2) = 8,[D(v,t) 9, fo(v,1)] (10.25)
with
_ 8wt (* e(k,t)
D(v,t) = - f_w dk —i[w(k,t) — W (10.26)

Since 8,E(k) = w;E(k), the spectral density (10.22) must satisfy
d,e(k,t) = 2w(k,t)e(k,t) (10.27)
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(8) 1

e(k,r) e(k,t U)L'hpl)] w,(/\,l')(/l'l (10.28)
0

where w,(k,?) is determined from the normal mode frequency (10.11). Given initial
conditions fy(v,t = 0) and e(k,t = 0), Egs. (10.25), (10.26) and (10.28) provide a
complete description of the time evolution of the system. For the bump-on-tail
problem, the evolution is as described in the beginning of this section, with diffu-
sion eventually resulting in a flat distribution function fy(v,z — ).

There are several useful forms of the diffusion coefficient D(v,?) in (10.26). Since
f, in (10.25) is real, it must be true that D(v,?) is real. The integrand of (10.26) is of
the form

—ie(k) —ie(k) —ie(K)[w, — kv — iw;]

- = g 10.29
(w — kv) w, + iw; — kv (w, — kv)* + ( )
Using the symmetries (10.13), and the fact that e(— k) = e(k), we see that the
imaginary part of (10.29) is odd in k and, thus, vanishes upon integration in
(10.26).

EXERCISE Verify the last statement.

We have left
_ 8r e(k,Nar(k,1)
D) = [T o R T ledT
In the limit of very tiny w;, the integrand in (10.30) takes a form ~ 6(w, — kv), and
we find

(10.30)

259
D) = 297°¢€ % ek = w,/v,t) (10.31)

EXERCISE Verify (10.31) by going back to (10.26) and using the formula

lim ———1— =P ( L ) + wid(x — a) (10.32)
gndx dev—.a x=

To show that the P( ) part vanishes, and the constant in (10.31) comes out
right, be careful to count all of the places where x = a. The plus sign is chosen
because we use the equivalent of a Landau contour in (10.26), as demanded by a
proper treatment of the initial value problem.

Thus, (10.31) shows that the diffusion of particles with speed v is caused by
waves with phase speeds w,/k = v. This is resonant behavior, where particles
interact strongly with those waves with which they are resonant, with w, = kv. In
the linear theory, it is the resonant particles that cause linear Landau growth or
damping, as shown in (10.11). In the quasilinear theory, it is the resonant particles
that are diffused because of the wave fields.
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Quasilinear theory, with its simplicity and stratghtforward application to mag
netized plasmas, has seen and continues to see a great deal of use in both fusion
and astrophysical applications. In the next section, we shall proceed to consider

another aspect of weak turbulence theory.

10.3 INDUCED SCATTERING

In the previous section, we considered one aspect of weak turbulence theory, the
nonlinear diffusion of particles due to the presence of many waves. We now wish
to consider another aspect of weak turbulence theory, the nonlinear coupling of
one wave to another wave through the background particles. This is called induced
scattering (9], induced scattering off ions, induced scattering off the polarization
clouds of ions, and nonlinear Landau damping. All of these terms refer to the
same process; the last expression is somewhat unfortunate, as this process has
nothing to do with the nonlinear stage of linear Landau damping, as discussed in
Section 6.8.

In linear Landau damping or growth, the important concept is a resonance
between one wave and one particle, satisfying the linear resonance condition

(10.33)

such that the particle velocity v equals the wave phase velocity w/k. In induced
scattering, the important concept is a resonance between two waves and one
particle, satisfying the resonance condition

w = kv

w, — w;, = (k; — ky)v (10.34)
such that
_ W T W
v = —kl -y (10.35)

that is, the particle velocity equals the velocity of the beat of two waves.
Consider a particle in the presence of two real waves. Then Newton’s force law
says
mX = gE, exp (—iw,t + ik,x) + gE, exp (—iwyt + ik,x) + c.c.(10.36)
where all fields are real so that the complex conjugate must be added to the right
side of (10.36). Equation (10.36) is a very nonlinear equation for the particle orbit
x(2). If the fields E|, E, are not too large, we can solve (10.36) perturbatively. We
have
¥ = Kook .x (10.37)
where
Xo = vt (10.38)
is the orbit of the particle in the absence of the fields. Inserting (10.37) into (10.36)
and expanding the exponents, we find

mx, = gE, exp (—iw;t + ik,v,t + ik,x,)
+ gE, exp (—iwyt + ikyut + ik,x,) + c.c.
= gE, exp (—iwt + ikvyt)(1 + ik,x,)

+ gE; exp (—iwyt + ikavyr)(1 + ik,x;) + c.c. (10.39)

‘
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) ) o solution to X, comes
First, ignore x, on the right of (10,39). Then the lowest orde [

from integrating (10.39) twice with respect to time. We find

q Eyexp (it toikvot)

x(1) =~ - /‘4[”“)‘.

m (w),

g E,exp (—iwyt + ikyvpl) (10.40)

. 1\'21)(,)'7'

m (w,

Inserting this lowest order solution to x, in the right side of (10.39), we obtain 20

terms, or
% o o ARG P e a3 e i, = de)ugd] + (10 tenpl
1 (w; — kyvp)”
(10.41)
If the resonance condition (10.34),
(w, — wy) — (k; — ky)yy = 0 (10.42)

is satisfied, we see that (10.41) will have at least one force term that i.s constant in
time. Thus, a particle with initial velocity v, as given by (10.35) can interact very
ith two waves [3]. )
Strznill}z;s\;vn; contains no[t ]one but many particles. As a sp;ciflc problem, V\jc
consider the interaction of two Langmuir waves £, and E,, Wlth a l(?w frequem‘y
disturbance. We assume that the low frequency disturbance is ('iommated by de-
tails of the ion distribution, with the electrons simply supplymg the.charge .to
almost neutralize the low frequency disturbance; that is, we invoke quasmel.xtram)i
of the low frequency disturbance. Then we can use fluid theory to describe the

electrons; from Chapter 7 we have

mmn, d8,V, + mn,V,0,V, = — 1,0, — enE (10.43)
an, + 9,(nV,) =0 (10.44)

and
9,E = — 4men, (10.45)

where we shall only use Poisson’s equation to describe.high 'frequency electroi
oscillations. The ions are described by the Vlasov equation with fi(v) = fo(v)

fl(v)9 6

¢ = 10.4

0.1 T va.fi +7iE3vfo—0 ( )

where v = v, and f, has already been integrated Over v, and v.. Althgugh 'Fhe

theory we are performing is not a linear one, we have 1gnored the term involving

d f, in (10.46). Thus, the theory is limited to those regimes where 9, f; << d,/,
fcﬁr all ion velocities of interest. ' .

The high frequency fields are given by E); exp.(—zwlt + ik,x) + E, ex;;

(—iw,t + ik,x) + c.c. We consider E, to be a relatively large wave with a rea

frequency w,. The field E, is considered to be a tiny wave, which can use the ions
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to drain energy from the large field £,; hence the term induced scattering. The
frequency w, is therefore complex, with a positive imaginary part describing its
growth. The low frequency response is described by a density perturbation n, exp
(—iwst + ik3x) + c.c. We assume that the frequency matching condition

0w = w, T w* (10.47)
and the wave number matching condition

ki, =k, + k; (10.48)

are both satisfied. Here, w,, k,, k,, and k; are real while w, and w, are complex
with the same imaginary part. We note that

(10.49)

For the high frequency modes, we have in mind waves that would be normal
modes (Langmuir waves) of the plasma in the absence of the coupling. The low
frequency mode, however, is a disturbance that would be strongly damped in the
absence of the coupling. For example, it could be an ion-acoustic mode in an equal
temperature plasma, which is strongly Landau damped by the ions. By contrast,
the parametric instability theory of Section 7.17 is valid when T, >> T, so that
ion-acoustic waves are not strongly damped.

We first treat the behavior at frequency w,. From Eq. (10.43), we write all terms
that vary as exp(—iw,? + ik,x), given the matching conditions (10.47) and (10.48).
We keep linear terms and second order terms, but we discard terms that are third
order in small quantities. Dividing (10.43) by m,n,, we have for high frequency
motions

W) = Wy > s,

T, e
atVe i Ve axVe ==l m.n axne i m
et () e

E (10.50)

where nonlinearities in the pressure term (which would multiply the small k2,2
correction to the Langmuir dispersion relation) have been ignored. The appropri-
ate terms are

i
— lwy, = kvt ik = = 3k, =, — mi E, (10.51)
et e

where v, is the component of ¥, with time dependence ~ exp (—iw,?), etc. Similar-
ly, the terms in the continuity equation (10.44) that vary as exp (—iw,¢ + ik,x) are

— iwyn, + iky(novy + nvs* + ny*u) = 0 (10.52)

EXERCISE Verify that all the appropriate terms appear in (10.51) and (10.52).

Equation (10.51) can be solved for v,, and the result inserted in (10.'52). We find

© ® @
— iw,n, = — ik, [n1v3* Sall/ e el T w_: v3*vu,
®
LIS S STy Tk Ez] (10.53)
w, w, iw,m,

A |
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We next wish to discard the sum of terms (1), (2), and (3. This sum 15 of the form
k k,
OQO+Q@+Q@® = vy* (n, n, w,‘. v, + n, y ul) (10.54)
To lowest order, the continuity equation (10.44) gives
k k
n,o=ny — v, = n, w—' v, (10.55)

2

where the last form is valid since w, = w,. Equation (10.54) becomes

v3*u 7y
O+ ®+@ =" (ky — ks + k)
2
= MU 4 g (10.56)
w;
However, this is much smaller than term @),
® = n3*v; = novs*v, w3* (10.57)

3
where the last form follows from the lowest order continuity equation for ny*.
Equation (10.57) is much larger than Eq. (10.56) because |w;*| << |w,|, pro-
vided the wave numbers are of the same order. Thus, in (10.53) we neglect terms
@, @, and ® compared to term (® to obtain ;

3ik,(T/m,) o}

; (10.58)
w-H L,y

[— iw, + ] n, = — ik,n;*v,
where E, in (10.53) is eliminated using the component of Poisson’s equation
varying at the frequency w,. Multiplying by iw, one finds

(10.59)

2 —
(w? — o — 3k’v )N, = wkony*v,

If (10.59) were linearized by neglecting the right side, the remainder would yield
the familiar Langmuir wave dispersion relation. Separating the factor w,” -
3k,%v,? on the left, we obtain

(w2 = 3k v)e(ws k), = wik,n;*v, (10.60)
where e(w,,k,) is the high frequency dielectric function
2
we
e(wk) =1 — m (10.61)

Having obtained the high frequency equation (10.60), we are one-half done with
our derivation. We must now obtain a low frequency equation for n;*. Recall that
to lowest order, v, is obtained from the force equation

m,d,v, = — ek, (10.62)

or
_ ¢k (10.63)

UI .
iwm,
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so that v, in (10.60) is determined by (10.63), with w, real as discussed above
(10.49).

Let us derive the low frequency part. We intend to enforce quasineutrality,
ny = n, = n;. For the electrons, the components of the force equation (10.43)
varying as exp(—iw;t + ik,x) are, dividing first by m,n, and ignoring nonlineari-
ties in the pressure term,

e — i g b sl _ e _
lw;vs v,ik,v, ik, v v, nom kyn, -3 E; (10.64)
where we have chosen y, = 1 for low frequency motions. We neglect — iw;v,
because w; is small, and use k;, — k, = k; to obtain
I, im,k
E, = — ;1— ihesny = 2 v, (10.65)

From the lowest order continuity equation, v,* = (w,*/k,)(n,*/n,), therefore,

T, im, k
E: = — —&uy (A O ET
3 Tn, R T T O (10.66)

The low frequency ion response is given by the Vlasov equation (10.46), which
yields
—(e/m;)

—i(w; — kyv) d, /o Es (10.67)

Sis =

where f}; is the perturbed ion distribution function at frequency w, and fj is the
zero order ion distribution function. The low frequency density disturbance is

Y (e/m)
n, j:w duf;; = E3f dv z(w3 E.0) d, /o
e _Teik3n3 . imek3vlw2*n2* )'/>cc (e/mi)
( en, noek, AL m ey el (0;68)
Defining
Kl e 9, /o
=l 01 dv e S (10.69)
we solve (10.68) for n; to obtain
meUI(U2*n2* W
1y ey (10.70)

k,T, 1 +w
for the low frequency density perturbation #,.
We finally insert the complex conjugate of (10.70) into the high frequency

equation (10.60) to obtain an equation with n, on both sides. Cancelling #,, we
have

) ) = m, W
(wy® — 3k’v)e(wy,k2) = — T [v1 2w, T 7+ (10.71)

which is a nonlinear dispersion relation for the complex frequency w,. Ignoring the
small thermal correction 3k,%v,” on the left, we can divide out w,? on both sides.

Then defining the thermal speed v,*

Induced Soattering 239

I'./m, we have

). | @ 4,
v = elanky) + L2 1 :’ =0 (10.72)
where we have introduced the nonlinear dielectric function ey, . If the fixed electric
field £, — 0, then v, = eE,/im,w, — 0, and we regain the linear Langmuir dis-
persion relation w,(k,).

With v, finite, we have the possibility of instability. We call ey, a nonlincar
dispersion relation because it contains the square of the field E; ~ v;. However,
with v, considered a constant, we can treat ey, in the same fashion as we did lincai
dielectric functions in Section 6.5. Recall that for small instability |w;| << |w,],
we have from (6.42) and (6.43),

elw,) = 0 (10.73)
and
—€(w,,)
= = 10.74
@i de,/ dw| A ( )

The imaginary part of the dielectric function (10.72) comes from W, given in
(10.69). Evaluating W using the Landau contour for |w;;| << |w;,|, we have

T,
e P 10.75
W= W=t ) ) (10.75)

i*o

where the real part of W, W,, involves a principal value integral that we shall not

bother to evaluate.
We require the imaginary part of ey, in (10.72), which is proportional to

Im[W*/(1 + W*)] = — W./(1 + W,? (10.76)

where W, has been treated as a small quantity and terms quadratic in W; have been
ignored.

EXERCISE Verify (10.76).

Then
Im(ey,) = — [vi]? W,
. vl (L W)
1 e 5

- 10.
(1 + I/Vr)2 ng mn, avawar/kz ( 077)

For d¢,/dw|, in (10.74), we can use the dielectric function e = 1 — /@’ to
obtain ’
Je, 2
?(1)— w,, W,

(10.78)
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Equation ( l().78.) ignores the thermal correction and the nonlinear frequency shift
that would be given by (10.72). Then the growth rate (10.74) is : -
_ 1 w, |v|° T.n
@5 == @ N ey e 1 Ze U, .
3 2 (1 + Wr)z 2 Ucz mn, ‘)v/()lw_‘,/k‘ (l()79)

Notice that the derivative 9, fo 1s evaluated at

g e S o O Oy
ks il (10.80)

which is the phase speed of the bear between w,; and w,,. This reinforces our notion
of a nonlinear resonance between two waves and one particle.

The growth rate (10.79) is positive when the slope 8. £, is negative. Thus, the

waves E, that grow fastest are the ones whose beat vsl/]ith E| falls near the’ ion
thermal speed for Maxwellian ions (Fig. 10.4). ]
. The.re Is a very close relation between the induced scattering considered here
1r%v.olvmg two high frequency waves and the ions, and the parametric decay z'nsta:
bility discussed in Section7.17. The former Is more appropriate when T, =~ T and
'the. beat phas.e velocity is likely to fall in the body of the ion distributionf The l;ltter
is mapproppate when T, = T, because the low frequency wave equation is an
.undampedllon-acoustic wave in the absence of nonlinear coupling; when T, =~ T,
Ion-ac'oustlc waves are strongly Landau damped by ions. The latter is moere ap-l
propriate when T, >> T, and ion-acoustic waves are undamped. In the next
section, we introduce a statistical approach for the case 7, >> T..

fow

L3 _ W — Wy
ky  ki—k,

Fig. 10.4 For a given fi.nite amplitude Langmuir wave with frequency w, and wave num-
ber k,, the fastest growing Langmuir waves due to induced scattering are those with
frequency w,,, wave number ky, such that (w;,/k;) = (0, — 0 )/ (k) — ky) = v,
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10.4 WAVE-WAVE INTERACTIONS

In the preceding two sections, we have discussed two important aspects of weak
turbulence theory. The first was quasilinear theory, which involves the linear wave-
particle interaction characterized by the expression

w=k-v (10.81)

The second was induced scattering, which involves the nonlinear wave-particle
interaction characterized by the expression

w — w = (k; — k) v (10.82)

In the first case, a particle is resonant with one wave; its speed is equal to the phase
speed of the wave in the direction of the particle’s velocity,

vl = w/k (10.83)

where k| = k - v/v. In the second case, a particle is resonant with the bear

between two waves; its speed is equal to the phase speed of the beat between the
two waves in the direction of the particle’s velocity,

W T Wy
= — 10.84
"=, s
where
(ky — kZ)II = [(k; — ky) - v]/v (10.85)

In this section, we wish to consider a third important aspect of weak turbulence
theory, that of nonlinear wave-wave interaction. We shall find that this interaction
is characterized by a frequency matching condition

W = w, + w (10.86)

and by a wave number matching condition
k, = k, + k; (10.87)

For wave-wave interactions, we assume that resonant particle interactions (both
linear and nonlinear) are not important, so that the conditions (10.86) and (10.87)
do not involve a particle velocity.

We shall illustrate the ideas of wave-wave interaction by using the Zakharov
equations discussed in Section 7.16. Recall that this equation describes the non-
linear coupling between linear Langmuir waves and linear ion-acoustic waves.
Thus, this approach is valid for a plasma with 7, >> T;, when we know that
ion-acoustic waves exist. For the case T, = T}, there are no undamped ion-acoustic
modes, and we cannot use the wave-wave interaction ideas to be developed here.
Rather, when 7, = T; we would expect the nonlinear wave-particle interactions
(induced scattering) of the previous section to be the dominant nonlinear interac-
tion between high frequency electron waves and low frequency ion fluctuations.

The physical interaction discussed here is the same as the physical interaction
that yielded the parametric decay instability of Section 7.17. However, in that case
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we considered a single finite-amplitude Langmuir wave that decays into one other
Langmuir wave and one ion-acoustic wave. By contrast, here we consider a broad
spectrum of Langmuir waves that evolves according to the nonlinear physics
contained in the Zakharov equations. Our approach is a statistical one, so that we
predict the evolution of the waves in an ensemble of systems rather than the
evolution of the waves in a single system.

The Zakharov equations (7.329) and (7.330) are

i Q.E(x,f) + d2E = nE (10.88)

and
8, n(x,1) — 8,°n = 92 |E|? (10.89)

The spatial Fourier transform of (10.88) is

i 9,E(k,t) — K’E = f j—i e n(x,0)E(x,1)

— ¥ ﬂ ~ikx V ’ ’ ik'x
—f_w = [j:mdk n(k',f)e ]
x[ f "k E(k”,t)e”"“’]
el(—k+k'+k")x (10_90)

:f” dk’ n(k',z)f” K" E(k”,t)fw ;’x
—00 -0 —c0 m
L J

Vv
Ok — k%)

SO

i 8,E(k,t) — KE(k,t) = f dk' n(k'\NE(k — K1) (10.91)

Note that the wave number matching condition ¥ = k' + k” has already ap-
peared in the argument of the §-function in (10.90).

Suppose we look at the linear limit of (10.91). We ignore the nonlinear right
side, and find

i0,E(k,t) = kK*E(k,?) (10.92)
o)
E(k,t) = E(k,t = 0) exp (—ik?r) (10.93)
Defining
w (k) = k* - (10.94)
we have
E(k,t) = E(k,t = 0) exp [—iw,(k)t] (10.95)

where the subscript / in (10.94) means “Langmuir.” Recall that the Zakharov
equations are obtained by factoring out the high frequency time dependence exp
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(—fw,1); i we put this time dependence back in and change back to dimensional
variables, we would find that (10.94) becomes

" $ & :
@, (k) m‘.(l t ,) l\"‘)\‘,') (10.96)

where £ is the dimensional wave number and @, is the dimensional frequency; this
is just our old friend the Langmuir wave dispersion relation.
. b o ) 3 ) )
EXERCISE Why is o> = w,” + 3k’v,? the same as w = we(l + 7|k')\,.'
for Langmuir waves?

The idea of weak turbulence theory is to assume that each Langmuir wave
approximately obeys its linear solution (10.95). However, the amplitude is allowed
to have a slow time variation because of the nonlinear term on the right of (10.91),
rather than being an exact constant as in the linear solution (10.95).

Consider next the spatial Fourier transform of (10.89), which is

a2 n(k,t) + Kn(k,t) = — k2 f i g—; e M E(x,1)E*(x,1)

= — k? fw ﬂ e‘t’kx[fmdkr ez‘k'x E(k',l)]
b 27T o
X [ f wdk”e"”‘"xE*(k”,t)]

= — g f K E(k ) f " dk” EX(k” 1) f mg—i el =k (10.97)

. J
v

8k — K + k7)

SO

8.°n(k,t) + k*n(k,t) = — sz dk’ E(k',0)E*(k" — k.t) (10.98)

The linear limit of (10.98) is
a2 n(k,t) + kK*n(k,t) = 0 (10.99)

with solution
n(k,t) = A(k) exp (—ikt) + B(k) exp (ikt) (10.100)

Since n(x,t) is real, it must be true that

n(k,t) = n*(—k,1) (10.101)

EXERCISE Prove (10.101).
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Then

A(k) = A*(—k)
e (10.102)
B(k) = B*(—k) (10.103)
Linear theory tells us that A(k) and B(k) are constants in time. Defining
w(k) =k
yi (10.104)
ws (k) = —k (10.105)
where s means “sound” (acoustic), we can write (10.100) as
n(k,t) = A(k) exp [—iw,'(k)f] + B(k) exp [—iw, (k)?] (10.106)

Note thatf'l(k) is the amplitude of the right-going ion-acoustic waves [w/(k)/ k =
1 > 0] while B(k) is the amplitude of the left-going ion-acoustic waves [ws'(k;/k -
— 1 < 0]. The idea of weak turbulence theory is to use the form (iO 106) n
(.10.98), b.ut to allow the coefficients A(k, t) and B(k,?) to be slowly varyir;g funi:Ij
ilons of tlrie.. Tile word “slowly’.’ in this context means slow compared to the
erms exp [ .lws—(k)t]. (Note that in physical units, the frequencies w,*(k) are j
the frequencies of our old friends the ion-acoustic waves, @, (k) =x+ ke T;JUSI
Thus, we want to solve equations (10.91) and (10.98) with ;ollltions—()fth;.form
E(k,t) = E(k,t) exp [—iw,(k)t] (10.107)
and .

n(k,l) = A(k,z) exp [-la)é*'(k)l‘] + B(k,[) exp [*lws_(k)t] (10108)

where E(k,1), A(k,7), and B(k,t) are slowl i i
) ,1), ,1), s y varying. Aft
into (10.91), the left side becomes e Sl

i 9,E(k,1) — KE(k,8) = i 8, E(k,1) exp [—it,(k)1]
+ wi(WE(k,1) exp [—iw (k)] — k* E(k.1) exp [—iwy(k)1]
= 1 8,E(k,1) exp [—iw,(k)1] (10.109)

since by (10.94) the last two terms cancel. The entire equation (10.91) becomes
10,E(k,t) exp [—iw,(k)t] =f dk’ {A(k’,1) exp [—iw (k)]

+ Bk’ i ()T - Bk — & :
or (K50) exp [iw, (K)l} - E(k = K1) exp [~k — k)] (10.110)

3, Eth,f) = — if_w dk’ (A(k’,t) Ek - k.0

X exp {ilwi(k) = w(K) = w(k — k)]

FBDEK ~ ) exp k) = 0, (K) = wte ~ k1) | 011
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In the exponents on the right side of (10, 111) we can already see the terms that will

lead to the three-wave frequency matching conditions,
In order to put the “ion" equation (10.98) in the same form as the “‘electron™

equation (10.111), it is useful to assume at this point that all of the terms with
frequency exp [—iw,'(k)t] will behave independently of all of the terms with
frequency exp [—iw, (k)t]. Then looking only for the terms on the left side of
(10.98) with frequency exp [—iw,'(k)t], we find

82 + kHA(k,t) exp [“iw (k)1] = {8/A(k,t) — 2iw, (k)d,A(k,1)

— [0 ()P A(k.t) + k* A(k,0)} exp [iw, (k)] (10.112)

The last two terms cancel by the definition (10.104) of w,"(k), and we ignore d,"A
compared to —2iw, (k) 9,4 just as in the derivation of the ‘“‘electron” equation
(10.88) in Section 7.16. We obtain for the entire equation (10.98)

—diw(k) 8,4(k,1) exp [—iw, (k)1]

= — k2 f “ak Bk, 1) exp [—iay(K)1]

X E*(k' — k,t) exp [iw(K — k)] (10.113)
or
80,A(k,1) = E}"Z—k) fw dk B DE*(k — k.1)
X exp {i[w,"(k) — (k) + ok — K)]1} (10.114)

where the three-wave frequency matching conditions can again be seen popping

up on the right side.
The equation for B(k,?) is obtained in the same manner, leading to the same

equation as (10.114) with 4 replaced by B and w," replaced by wy. This is

3,B(k,t) = T_IIZT) f Cd B nERK — k1)

(10.115)

X exp {ilwg (k) — w(K) + wl(k” — k)]t

Equations (10.111), (10.114), and (10.115) are now a complete set of equations for

the slowly varying amplitudes £, 4, and B.
In order to see clearly the method we are about to develop, let us consider the

model equation

8,C(k,t) = fw di’ V(k,k .k — k)C(K,t)C(k — Kk',1)

X exp {i[w(k) — w(k) — ok — k)]1} (10.116)

This model equation is easily seen to have the same basic structure of our three
equations (10.111), (10.114), and (10.115).
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The derivation proceeds formally with an expansion of the amplitude C(k,7). To
clearly distinguish the different terms in the expansion, we treat the “vertex™ V as
the expansion parameter, even though it is really C' itself that is small in some
sense.

Thus, we expand

C(k,t) = COk,t) + CO(k,t) + CO(k,t) + - -+ (10.117)

Substituting this in the basic dynamical equation (10.116) we obtain, to zeroth
order in V,
3,C%k,t) = 0 (10.118)
with solution
C%%k,t) = CY%k,t = 0) (10.119)

which is just what linear physics would tell us; we choose this value to be
C(k,t = 0).

Next, the zeroth order solution (10.119) is substituted into the basic dynamical
equation (10.116) to obtain

8,CV(k,1) :f“ dk’ V(k,k' ,k — K)YCOKYCOk — k)

X exp {i[w(k) — w(k) — w(k — K)]1} (10.120)

where we have dropped the time index on C! since it is a constant. The solution of
(10.120) is

C(k,1) = f “ar f © dk exp {ilwk) — oK) — a(k — k)8
0 —c0

X V(k,k',k — kK)COUKYCONk — k) (10.121)
We can write this in a more symmetric form if we introduce
KW=k — K ' (10.122)
Then defining
F(k K k",t) = V(k,k k") exp {i[w(k) — w(k') — w(k”)]t}
X 6k —k — k) (10.123)

we can write (10.121) in the form

C(k,t) = f s f T dk” COK)COK”) f dr F(kJ k7 r)  (10.124)
—o0 ey 0

In this form, we should now consider F as the expansion parameter.

The equation for C* is obtained by substituting C = C® + C™ on the right
side of the basic dynamical equation (10.116) and picking out only those terms
that are second order in F. We find
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8,C0k,) = [ .//""' dk” F(kK K"\1)

X [COK)CO K" ) + COK 1) CO(K)]
= f Cak f © K F(k KK D{COK) f © ke f w k"
x coycok) [ dr ek )
0
+ oy [ aw [ awe codeneoe)

X f " dr F(k kK 1)) (10.125)

0

which is integrated in time to yield

C¥k,t) = fdk’ dk” dk” dk”” COk)COk™)COK"")
] ¢
>< f dtrf dt” F( k’kl’ kll, t,)F(k”, k,”, k””, t”)
0 0
+ fdk/ dk” dk”/ dkﬂﬂ C(O)(kn)C‘O)(k/”)c‘O)(k/n/)

X f “dr f " dr P K 8) FO K1) (10.126)
0 0

This is the highest order term that we shall need for our theory.

At this point, we wish to introduce the idea of random phases. We want to
develop a statistical theory of weak turbulence. One way to do this is to consider
an ensemble of realizations, in each of which the absolute value of the amplitude
C, at a given wave number k, is the same. However, the complex quantity

C‘O’(k) = |C(0)(k)|ei(9(k) (10.127)

has a phase 6(k), which is a random number 0 < 6(k) < 2. Thus, |CV(k)| is
the same in each realization, but 6(k) varies randomly from realization to reali-

zation.
Consider the two-point correlation function
| (CONCON) = |COR)||COU) (e@br+10E)
u = [COAK)||COU(K')|(cos [6(k) + 6(K)]

+ i sin [6(k) + 6(K)]) (10.128)

where ( ) indicates ensemble average. If k ¥ k’, then (k) and 6(k’) are statisti-
cally independent, which means (since any 6 between 0 and 27 is equally likely)
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a0 (k) [ a0 (k) cos [0Kk) + oK)

(cos [6(k) + O(K)]) = = 0 (10.129)
a0 k) [ ao )
0 0

The same thing happens for the sin [6(k) + 6(k’)] term. If k = k’, then
(eIBRYHIOY = (Q2ib(K))

= (cos [20(k)]) + i(sin [20(k)])

=90 (10.130)
Thus, we have for all £ and &’ that
(COYR)CONE)) = 0 (10.131)

However, consider
(COARNCO(K)) = | COUR)| | COUR) ek (10.132)

When &k = k’ we have
(eHR—iok) = (¢% = (1) = 1 } (10.133)

whereas when k # k’, Eq. (10.132) vanishes as before. Thus, the quantity in
(10.132) is zero when & # k’ and is nonzero when k& = k’; it must be a Dirac delta
function. Thus, we write (10.132) as

(CUAK)YCO (k) = nk)s(k — k') (10.134)

where the quantity (k) is sometimes called the mode occupation number by anal-
0gy to quantum theories of atomic transitions. In this section, we shall call n©(k)
the zeroth order intensity, since it is proportional to the square of the amplitude
Cco,

[Note: In this model problem, we have taken the phase (k) to be statistically
independent of the phase 6(—k). In some cases, this assumption may need to be
modified. For example, in the physics contained in the nonlinear Schrodinger
equation, this assumption is quite appropriate for the amplitude E(k,7), but it is
wrong for A(k) and B(k) as can be seen by (10.102) and (10.103). The result of
treating these cases properly is to add more terms of the same form as we shall find
for our model problem.]

The total intensity n(k,?) is related to the total amplitude C(k,7) = Ck,r) +
C"(k,t) + C?(k,t) in the same way [Eq. (10.134)] that the zeroth order intensity
n'” is related to the zeroth order amplitude C'©:

(Clk,))C*(K', 1)) = n(k,))d(k — k') (10.135)

EXERCISE Show that the form (10.135) is a rigorous consequence of the as-
sumption of statistical spatial homogeneity; that is, ensemble averages can only
depend on spatial differences x — x’, not on absolute spatial location, x. See any
introductory book on turbulence theory, for example, Leslie [10].

N ——
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We look for an equation that describes the time evolution of n(k.1). With the
expansion (10.117) of the amplitude €', keeping only terms up to second order in F,

we have (setting A k'),
(IC(k,)|>) = ((CO + C 4 CONCO* + C* 4 C%)
[CO12 + (COCH*) 4 (CHICOY 4 (COCM
+ (CACO) + (cC™M"y + fhigher order terms} (10.136)

Many of the terms on the right of (10.136) vanish. For example, from (10.124) we
see that all terms of the form C9C!* look like

(COICH") ~ (COR)CO (kYT (K"
~ (eiﬂ(k)—io(k')—-iﬂ(k")>

~0 (10.137)

EXERCISE Convince yourself of the last step.
Likewise, all terms of the form C'® C'?" are of the form [see Eq. (10.126)]
(COICEY ~ (COR)CO () CO (k™) CO (k™))
~ (eBR)—iB(K)=i6(k”y—i0(Kk""))

~0 (10.138)

EXERCISE Convince yourself of the last step.

[Note: When the conditions discussed in the previous note prevail, that is,
C(k) is correlated to C(—k), then (10.137) still vanishes but (10.138) no longer
vanishes in general.]

Thus, the only terms contributing in (10.136) are
(CKkDIP) — [CUR)* = (CU(k,1)C(k,1)) (10.139)
From (10.124), (10.134), and (10.135) we find
[n(k,1) — n'°Y(k)]8(0)

{4
= f dk’ dk” dk” dk""” f dr F(k,k',k",t’)
0
1
.f dtll F*(k,k/l’,kllll’tll)
0

. (C‘O)( k) C‘O’(k”)C“”*( k7 C(o)*( k") (10.140)

where 8(0) means 6(k — k’)|,._,; in order for (10.140) to make any sense we will
need to find a similar factor on the right side.
Consider the factor

<C(0)(k,) C(o)(k),) C(o)*(km) C(O)*(k””» — <ei0(k’)+i0(k")—iﬂ(k"')—i@(k"")) (10141)
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There are two possible ways to obtain a nonzero result on the right. The first is
when

K =Kk and k" K" (10.142)
and the second is when

kK =k and k" = k" (10.143)
Thus,

(COUK)CONK)CO™ (K CO™ (k™))
= n(o)(k’)n“))( k")a(k’ . kl")é(k” S kﬂn)
+ n(U)(k’)n(O)(k”)a(k' e’ k"”)é(k” L kur) (10‘ 144)

Substituting this on the right of (10.140), and using the delta functions to perform
the k¥ and k”” integrations, we obtain

[n(k,1) — n9(k)]8(0) = f K’ dk” f Cdr f " ar
X F(k,k’,k”,t’)n“”(k’)n“”(k(’)’) :
XAF*(k, kK" ,17) + F*(k,k",K ,t")} | (10.145)
To make life simpler, let us assume for this model problem that
V(kk,k") = V(k,k" k) (10.146)
which means that [see Eq. (10.123)]
F(k,k,k",t") = F(k,k",k',t") (10.147)
Equation (10.145) then reads

[n(k,t) — n'(k)]16(0) = 2fdk’ dk” n'(k"n'O(k”)

X ’f ar F(k,k’,k”,t’)' (10.148)
0

From the definition (10.123),

5

t p-
f dr F l ~ ’ f : dr elloth—a(k)—w(k)]r
0

0

2

(10.149)

The idea of weak turbulence theory is to consider changes on a time scale long
compared to that of any of the characteristic frequencies. With this in mind, we
wish to apply to (10.149) the formula

14
lim lf dr e
1= 1y

Equation (10.150) can be derived as follows:

2

= 2718(Q) (10.150)
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. , [ '3
lim “ i "”" lim ’ «"”” l
ae i) 0

1= 1v) il

1 I 1567 ’
» |
lim ’i!l (¢ )

[0t

= lim _:(i_z (c'“’ — 1)(e7i — 1)

1—00

— Hm e (72— iU/ Q2 — i
lim > (e e )(e phitlve)

1—o0

4:9.. 01
= lim —5 sin? [— 10.151
im s (5) ke

Now, multiply the argument by L. Then, if ) # 0, we have

lim

4 . Ot
=) - 10.15
lim -5z, sin ( ) 0 (10.152)

2

If we first take the limit ) — 0, we obtain

Qz)_. 4 (Qt):
— ] = lim =

lim lim 4 sin3<
(—oo (0 0% 2 f—oc 0%t 2
= lim ¢
t—oo
= o (10.153)

Thus, the argument of (10.152) vanishes if ) # 0, and becomes infinite if () = 0.
Because it must therefore be proportional to 6(Q}), we write

. 4 .5 (Y -
}Lrg 0% sin ( > ) = ad(Q)) (10.154)

To determine the constant «, we integrate both sides over all (), to obtain
& . 4 . Ot
= lim S— sin? (—)

a j:w dQ o o 3

=l
=2 — sin’ x
g

—oc

=27 (10.155)

EXERCISE Obtain (10.155) by contour integration, moving the contour off of
the nonexistent pole at x = 0.
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EXERCISE By techniques similar to those used in the proof of (10.150), show
that
. " : ’ .I' "
llm_/ d[’ (.l.(ltj d[" e 1 ""5(“-)
0 ~0 0

Finally, moving the factor ¢ to the right in (10.154), we obtain the result (10.150).
Using this result and the definition (10.123), we find

2

1
f dr F(k,K k"t
0

= |V(k,k',k")|* 2mtdle(k) — w(k) — w(k”)]

X ok — k — k8(k — k — k) (10.156)

6(0)
where one may write 8(x)8(x) = 6(x)8(0) since x = 0 is the only value that
counts. Substituting this into (10.148) and canceling a 8(0) on each side, we find

n(k,t) — nk) = 4t f dik’ dk” |V (kK k)|
X 1Ok )nOk")o[w(k) — w(k’) — w(k)]6(k — k' — k”)  (10.157)

This calculation started at z = 0 and went out a time ¢ that was considered
long. However, considering the right side of (10.157) as tiny, we may say that only
a small change in n(k,?) results. Thus, one can imagine performing this calculation
over and over again, each time inserting the new value of n(k,) on the right of
(10.157) instead of n'*'(k). Dividing (10.157) by #, we obtain a differential equation
for n(k,t); the left side becomes

n(k,) — n®%k) _ 9
el et Dl (10.158)

Finally we have

% n(k,t) = 4 f dk’ di” |V (k, k' k") |*n(K ,t)n(k”,t)

X flw(k) — w(k’) — w(k”)]6(k — k' — k”) (10.159)

The important quantities on the right are the two delta functions, which indicate
that wave number matching (k = k" + k”) and frequency matching [w(k) =
w(k’) + w(k”)] are operative.

Equation (10.159) is the basic result of weak turbulence theory as applied to
fluid equations of the form (10.88) and (10.89). We will not present any of the
details of these calculations, but rather we refer the reader to the extensive discus-
sions in other places. (See Refs. [1]to [5], [11] to [16].) Let us conclude this section
by describing qualitatively the predictions of the weak turbulence theory as ap-
plied to the equations (10.111), (10.114), and (10.115), which contain the nonlinear
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ny (k,t)

k

Fig. 10.5 Behavior of the intensity ng(k,?) predicted by weak turbulence theory; t; >
L, >t >t

coupling of Langmuir waves to ion-acoustic waves. For a large range of parame-
ters, it is found (Fig. 10.5) that the intensity n,, defined by ng(k,t)é(k — k') =
(E(k,t)E*(k,1)), initially localized about some k,, migrates to wave numbers local-
ized about a wave number opposite in sign and somewhat smaller in magnitude
than k,. This process is the same as the parametric decay instability of Section
7.17. The process continues until the intensity piles up about & = 0. For some
time this phenomenon of condensation in wave number space was thought of as a
paradox in plasma physics, because Landau damping is small at small wave num-
bers so that in the absence of collisional damping, there was no known dissipation
mechanism. We now know (Section 7.17) that intense waves localized around
k = 0 can drive the oscillating two-stream instability leading to soliton forma-
tion. Since solitons are localized in configuration space, their formation leads to a
broadening of ng(k,f) in wave number space and thus leads to the possibility of
Landau damping. Unfortunately, the four-wave modulational instabilities cannot
be treated within the context of the weak turbulence theory of the present chapter.
The development of a complete theory of Langmuir turbulence including modula-
tional instability and soliton formation is only one of the many fascinating aspects
of nonlinearity and turbulence that are being treated in current research in plasma
physics ([6], [16] to [31]).
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PROBLEM

10.1 Quasilinear Theory

(a) Suppose two electron beams are incident on a Maxwellian plasma, so that
the one-dimensional distribution function is as shown in Fig. 10.6. Using the
ideas of quasilinear theory, consider an initial value problem consisting of
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8 (u)

| | u

u, Uy Uy Uy

Fig. 10.6 An electron distribution with a background Maxwellian and two electron beams.

(b)

the distribution as shown plus a small noise level of electric field fluctua
tions. Draw a series of sketches, at several different times, of: the growth
rate of Langmuir waves as a function of wave number; the intensity of Lang
muir waves as a function of phase speed; and the distribution function. Use
u,, U,, Uy, and u, as benchmarks. Make your final set of sketches corrgspuml
tot — “e.” Crudely estimate a time scale for this entire process, using the
electron plasma frequency and the ratio n,/n, where n, is the density of beam
particles. ‘
The derivation of quasilinear theory proceeded from the Vlasov equation
and thus left out certain physics. Discuss this physics, and recall an equa-
tion from an earlier chapter that would allow us to include this physics.
Draw a new set of sketches as in part (a), using the 7 — “‘e” sketch of part
(a) as the + = 0 sketch of part (b). Make your final set of sketches corre-
spond to ¢t — oo. Crudely estimate a time scale for this entire process.

In each of parts (a) and (b), state explicitly what is being assumed about the
ions. Should this be the same in each part?



APPENDIX

Derivation of the
Lenard-Balescu Equation

In this appendix, we complete the derivation of the Lenard-Balescu equation
(5.19) starting from Egs. (5.1) and (5.4), which in turn are obtained from the
BBGKY hierarchy by discarding three-particle correlations (Refs. [1] to [5]). From
(5.1) and (5.4) to (5.8), we have

9, fi(vi,1) = — ”ofdxz dvya;  Vy g(X; — X3,V,V,,1) (A.1)
d ~
57 g(x; — X,v,V5,0) + Vig + Vog = S(X; = X5,V,V,) (A.2)

Vig(12) = v, - Vyg(12)

+ [n, [ d3 2, 32)] - Vs, £i() (A.3)
V,g(12) = v, - Vy g(12)
4 [, f a3 a5, g(13)] * Vs £i(¥2) (A.4)
SO — Xvi) = — (@ Vy, + 2y VOAGD A (AS)

where we have used g(32) = g(23), we alternate between the notations (1) and
(x,,v,) depending on convenience, and we recall from Chapter 5 that we wish to
solve for g(f — o) where 7 is the fast time scale on which g relaxes. On this fast
time scale, the functions f; and thus S are considered to be constants. We shall also
need, from (5.9),

2

21 IRAEWAI 5. f
a; = e ij (x; X;) (A.6)
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Using the Fourier transform conventions in Chapter 5, we spatially Fourier trans
form these equations with respect to x, and x,. Because of the appearance of the
combination (x; — x,), we obtain the factor §(k, -+ k,) in several places and, thus,
can replace k, by —k,.

EXERCISE For any function f(x, — x,), show that the double Fourier trans-
form with respect to x, and x, is 6(k; + k,) f(k;) where f(k) is the Fourier
transform of f(x) with respect to x.

EXERCISE Show that [dx f,(x) f,(x) = (2m)*[dkf,(—K) f,(k) for any functions
/1 and f5; here, f(k) is the Fourier transform of f,(x), etc., as usual.

EXERCISE Show that the double Fourier transform offdx3 filx, — x3)
X fo(x, = x3) is 2m)* 8(k, + k) fi(k,) (k).

With the results of these exercises, and Eq. (5.16) for a,(k), the Fourier trans-
formed version of (A.1) to (A.6) is

iny(2m)?
8fi (Vis8) = — _Om— vy,
[ v, di, Ky olh)gi w7 = ) (A7)
dJd v
o7 gk, vi,vo,0) + Vig + Vog = S(ky,vy,v,) (A.8)

V,g(12) = ik, - v,g(12)

_ ny(2m)?
me

ik, Vo fiv)eky) [ v, glki,v 1) (A.9)

V,g(12) = —ik, - v, g(12)

2n) g
ok n (m:") ik, * szfl(Vz)tp(kl)fdv}g(kl,vl,v3,[) (A.10)
Skivi,v) = —‘p,(: ik, (v, = V) AG) A (A.11)

e

Our goal is to express the right side of (A.7) in terms of f; by solving (A.8) for g.
With (A.7) in its present form, the remainder of the calculation can be performed
in wave number space; because of the factor / on the right of (A.7) and the fact that
the right of (A.7) must be real, we need only calculate the imaginary part of
gk, v,,v,,7 = o), L

The solution of (A.8) for g(k,,v,,v,,# = °0) is accomplished by Laplace trans-
forming with respect to the fast time 7.

EXERCISE For any function g(z), show that the Laplace transform of dg/dt is
—8(1 = 0) — iw g(w).
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With the result of this exercise, the Laplace transtorm of (A.8) 1s

2Kk, ,v,,V,,1 0) = fw gk,,v,,vo,w) + V, g(12w)

tV,g(12w) I_(l) Sk, ,v,,vy) (A.12)

where g(w) is defined only for w;, = Im(w) sufficiently large, and where the opera-
tors ¥, and V, can be regarded as numbers since they have no time dependence in
(A.9) and (A.10). Solving (A.12) for g(w) we find

_ 8 =0 — (8/iw)
He) = T T+ T
We require g( = o). This can be obtained from the inverse Laplace transform of
(A.13). It turns out that distribution functions f;(v) that are stable in the Vlasov
sense (Chapter 6) are such that the zeros of —iw + V, + V, always occur in the
lower half w-plane. We consider only such stable distribution functions f;(v).
Thus, the inverse Laplace transform

(A.13)

o do g(t = 0) — S/iw
2= | B T i by TP

L

e it (A.14)

can be performed by deforming the Laplace contour as shown in Fig. A.1. Since
poles in the lower half plane contribute only damped functions of time, ~ exp

(w;?), the only pole that contributes to g( = ©0) is the one at w = 0; therefore,

2 . S
— T A.15
sf= =l —v * v, (@13

Wy

Original contour

a
U

@y

Deformed contour

Fig. A.1 Inverse Laplace contour for calculating g(7 = o).
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where we retain the lim,, ; to help us interpret other contour mtegrations that
occur in the calculation.

At this point, we introduce a trick that allows us to treat the operators V, and V,
separately, rather than in the combination ¥, + V,. Consider

1 f"" .
- (fw—V\~V )t
T ), HE
:fmdl it d(,()l e lwyt dwz e lwyt
o a 2m —iey +V,J,, 27 —iw, + V,

__f dw, dw, 1 1 1
a 2m Je, 2 —iw, + V|, —iw, + V, —i(w — w; — w,)

(A.16)

where the contours C, and C, must be chosen so that w; > wy; + w,. Then
(A.15) becomes

g(klaV15V257 = o)

dw, dw, 1 1 S(ky,v,,v,)
27 o 2m —iw, +V, —ie, +V, —i(w — w, — ,)

= lim
w—0 C1

(A.17)

In expressions (A.13) to (A.17), we interpret the meaning of an inverse operator
(—iw, + V,)"'F acting on a function F to be that function G such that F =
(—iw, + V))G.
We first need
1

e, t 7, S(ky,vy,vy) (A.18)

aky,v,,v;) =

such that
Sky,vi,v) = (—lw; + Vack,,v;,v,)

Eo
= (~iwy + ik, vatk, vy — O g
X fivetky) [ dvs atk,,vv,) (A.19)

In order to solve this for & we must first eliminate fdv3 a; we express (A.19) as

1
ak,,v;,v,) = e Ty 3 e [S(ky,vy,v,)
i2m)’n
G- TO' k, Vvlfl(vl)¢(kl)fdv3 a(ky,v;,v,)] (A.20)

and integrate over all v, to find
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/1/\, a(k,,v,.v,)

' S(k,,v,,v,) :
: jdv, —e 'Jr Iik,-vl f [jdv,rv(k,.v‘.v,)l

K, -V, A1)
—iwl + lkl v

Realizing that v, on the right is merely a dummy variable of integration, we find

(A.21)

i(2m)3n, f
X " (k) | dv,

-4

1 S(kl,v3av2)
EL A.22
fdv3 a(k;,v3,v,) ek, w,) fdv3 —iw, t+ ik, " v; ! )
where
o k, -V, fi(v;)
4 5 o W0 DA A.23
E(k]’wl) 1 + k12 fdvl w, — kl -V, ( )

is the dielectric function encountered in Chapter 6. Thus, (A.20) becomes

1

a0 | k,.v,,
iy ¥ ik, - v, [S( 1Y)

Cv(kl V) av2) —

iQm)nek, + Vy, fi(v)e(k,)/m, f i, _S(kl’vi’vz) ] (A.24)
ek, w)) —lw, + ik, " v;

which completes the inversion of the operator (—iw, + V)™
Next, we need

1
fd"z B(k,,v,,v5) :fd"z T a(ky,vy,v,) (A.25)

where we have noted from (A.7) that we needfdv2 g rather than g, allowing us to‘
use the compact analogue of (A.22). Noting that V, is the same as V/ if the sign of
k, is changed and if v, and v, are interchanged appropriately, we find

1 a(k,,v,,v,)
= A.26)
fdvz Blkiviva) = ) deZ —iw, — ik * V, {
With the result (A.26) we have from (A.17)
fdvz g(klavl’vz’; = o0)

. dw, dw, 1 1
= lim — = e =

s ¢ 2m 3 27 e(—k;,w,) i(w o w,)

1 1
deV2 —iw, — ik, v, —iw, + V,
We perform the w, integration first, along the contour C, shown in Fig. (A.2).
Since the integrand behaves like w,™ for large w,, we can close the contour upward

S(ky,vy,v,) (A.27)
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Wy

oW, = Ww—w,

wy=—k;ov,

e€c(—k;, wy)=0

Fig. A2 Contour C, used in evaluating (A.27).

and pick up only the pole at w, = w — w,, yielding

fdvzg(kl,vl,vz,t = o0) = |im dvzf ﬂ
w—0 1 2w
1 1 1

X
(ko —w) —i(wo — w) — ik - v, —iw, + V,

S(kl,Van) (A28)

Inserting the results (A.11) and (A.24) we have

d
fdvzg(kl,vl,vz,t = o) = [im fa/v2 ~ﬂ
w—0 C1

< 1 1 1
(ko — w) —i(lw — ) — ik v, —iw, + ik, v,
ik, o o
X [m 2 Sp(kl)(vv, i Vv:)'fl(vl)fl(vz)
I2m)’nok, - Vy fi(v)*(k,)/m}
e(khwl)
® ®
x fav, T ) )] (A.29)

There are four numbered terms in the square brackets. Including the v, Integration
and the denominator containing v,, we have
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: ik, k) / P V. fi(vy)
@ m, /I(‘l’. Wy Hw w,) Il\l Yo
/ (vy)
t A.30
PRISE le(—k,,w w,) I ( )

where (A.23) has been used. Similarly,

—I(ZTr) n, Ji(v2)
@ = ek, ;) [fd —i(w — w,) — ik, 'V2]

¢( 1) Vv,fl(vl):,
A kl

W iVl s)/m, [

olk,)

L

dev2 e R | (A.31)

(w — w) — ik, - v,

- [1 - Wl,wlj] (—Dk;* Valfilvy) ——

where (A.23) has been used again. Likewise,

i = [ik1 o(k,) (271')3}10de2 : V‘,:f;(Vg) = -VZJ

—i(w — wy) — i

k; - Vv,fl(V1)<P(k1)/me J1(v3)
% ek, w)) v w; — k| v,
_ [e(kiw — w) — L <P(k)
SR 6(1(1,0.)1) Vv,fl( 1)
J1(v3)
dev3 m (A.32)

Cancelling term @ with one of the terms in term @), we combine the remaining
terms to obtain

el - dw, 1
fdvzg(k"vl’”” —ELERER ) E S ik
@) ® ©
1 Ji(vy) k, - Vy fi(v)e(k,)/m,
& {[1_ = wl)][ nomy ok wr)
@ 0]

fl(V7 ik, - Vy [ivDo(k,)/ m,
Xf"'z = vz] . B =K e — )

><farv2 CHEAE b l.kl_vz} (A.33)

—i(w — wy)
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Wy
\
6(—k', w—w,;)=0 oW :® (.){'k‘-v2
®
G, n
>
o ® —> Wy
wy=kyevy Wy =ky e vy

L] e(k1, w,)=0

Fig. A.3 Contour C, used in evaluating (A.33).

where a change of dummy variable has occurred in term (@. Recalling from below
(A.16) that we still have w; > wy; along the C, contour, and recalling that stable
distributions f,(v) imply that the zeroes of e(k,w) occur only for w;, < 0, the (G5
contour and the poles of the integrand on the right of (A.33) are as shown in Fig.
A.3. Note that not all of the poles occur for each of the terms in (A.33).

Term (O is evaluated by closing the contour C, downward, yielding a contribu-
tion only from the pole at w; = k, - v,, which gives

S Ji(vy) . 1
Cls ny(2m)? [1 T

- vl)] (A.34)

EXERCISE Convince yourself that the integrand falls off fast enough at large w,
to allow the contour to be closed downward.

Term @ X @ vanishes when the contour is closed upward. Finally, we consider
the remaining two pieces together; these are

1 1
G X @ + 0k i 45

w0 C1 2r —iw, + ik, - vi (ko — w)

1 (k)
7 ml_) k- Vy fi(v) m, fdvzﬁ(vz)

=] 1

X[wl_kl'vz+w1_w_k1'V2J (A-35)
At this point it is convenient to use the fact that in (A.7) we only need the
imaginary part offdv2 g- As we move the contour in Fig. A.3 down to the real axis
(let @ — 0), the integrand of (A.35) appears to vanish. However, we must be
careful at the pole w, = k, - v, and at the two poles that pinch the contour at
w; =k, *v,and w;, = @ + k, - v,. Recall the Plemelj formulas,
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lim l l'( I ) b lrd(w a) (A.36)
{ (0] a

N0 w a m

where the upper sign is used when a contour passes above a pole, and the lower
sign is used when a contour passes below a pole. Then

: 1 - =] S + Py ]
SR o — kv Loy — kv 0w, — o~ kv,

w—0
1 ’
= ——) — inb —k-v)]
Re[P(wl—kl-vl) LT (wl 1 1
1 .
— P————) + imdw, — kv,
X[ P(wl'—kl'vz) PRy : )

1

w — kv,

s P( ) + iré(w, — Kk, -vz)]

= 2m28(w; — Kk - v))8(w; — k; - vy) (A.37)
where Re indicates the real part. If we use one of the §-functions to perform the w,
integration, (A.35) yields

4 <P(k1)
Im[® X @ + @) = ik Vo fitv) G
a[kl « vy = Vz)]fl(vz) A.38
x [a ek Ky - vy)1? (=88

where we have used the fact that ¢(—k,—w) = e*(k,w) when w is real.

EXERCISE Demonstrate this fact from the definition (A.23) of e(k,w). Show
that for w real, Im[e(k,w)] = — iﬁ(wez/kz)fdv k- V,fi")]o(w — k- V).

Similarly, if one uses the results of the exercise,

_ fitv) Imle(k,k; - v))] o —im f1(v))o(k,)/m,
Iml@] = 2 @m7 Tekik - VI ECUREDE
X [ dv, [, + 9y 1130k - (73 = v)] (A.39)
Finally, inserting (A.38) and (A.39) into (A.7), one obtains
8m'n, f kik, - ©’(k))
a,fi(vy,1) = — mez vvl - | dk, dv, le(k, .k, - V1)|2

X Oy + (vi = WIIADV, [1(:) — [i(v2)Vy fi(v)] (A.40)

which with appropriate changes of variables is the Lenard-Balescu equation (5.19).
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APPENDIX

T ————

Langevin Equation,
Fluctuation-Dissipation
Theorem, Markov
Process, and
Fokker-Planck Equation

B.1 LANGEVIN EQUATION AND FLUCTUATION-DISSIPATION
THEOREM

The discussion of plasma kinetic theory, including collisions, in Chapters 3, 4, and
5, led to the Fokker-Planck form of the plasma kinetic equation in (5.31). This is
not a coincidence. In this appendix, it is shown that the Fokker-Planck equation
arises naturally whenever a probability distribution [i.e., the one particle distribu-
tion function f,(v,?)] changes slowly in time because of huge numbers of small
changes (i.e., small angle collisions).

In order to motivate the Fokker-Planck equation, we use a physical example
that is simpler than a plasma; namely, the case of Brownian motion. This will lead
us to the related topics of the Langevin equation, the fluctuation-dissipation theo-
rem, and Markov processes. As we study the example of Brownian motion, ask
yourself how each step corresponds to its analogue in the plasma case.

The Langevin equation arises whenever a variable experiences a slow time
variation as a result of a rapidly varying force. The best known example of this is
the case of Brownian motion. A large particle (mass ~ 107 gram) exhibits
Brownian motion when bombarded by the molecules in air (mass ~ 107 gram).
The path of the particle may look as shown in Fig. B.1. The human eye, looking
through a microscope, cannot see the fine structure on the curve shown, and so
instead [1, 2] sees the curve in Fig. B.2. The wandering motion is, essentially, a
random walk due to the large number of collisions that the particle suffers per unit
time with the gas molecules. Picking out one of the dimensions of the motion, we
can write Newton’s force law in one spatial dimension,

du(t) _
S AT (B.1)
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Fig. B.1 Path of a Brownian particle.

where F(2) is the force per unit mass on the Brownian particle. Thus, F(¢) contains
the sum of many collisions, each lasting an extremely short time.

Tg study the physics of (B.1), we can consider an ensemble of realizations, each
havn.]g tbe same initial speed v( = 0) = y, but different random functions F (7).
Our intuition tells us that the overall effect of the many collisions will be to slow
the Brownian particle, so that (u(2)) = 0ast — oo,

: Microscopically, the Brownian particle slows because it collides with more par-
tl.cles in the direction of motion than in the opposite direction. It thus gives up net
kinetic energy to the gas molecules, which leave the collision with a net gain in
right-going momentum.

This discussion leads to the conclusion that the ensemble average of the force on
the right of (B.1) must contain a term that tends to slow the Brownian particle.

Fig. B.2 Path of a Brownian particle as seen by the human eye.
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Thus, we splhit the force F (1) mto two terms,

F(r) = (F(r)) + 8F(1) (B.2)
so that (6F (1)) 0. The ensemble averaged part ol /(1) will depend on the
properties of the gas, and on the speed v ol the Brownian particle. Suppose we
Taylor expand this quantity in terms of the particle speed v

FH=c+cqu+at+... (B.3)
When v = 0, we want () = 0, since there is then no preferred direction; thus,
¢, = 0. Let us then keep only the next term in (B.3). Because we expect this term
to slow the particle, we introduce the minus sign explicitly through the introduc-

tion of a new constant v such that ¢, = —v; our force equation (B.1) now reads
—di’{(t’) = — (1) + 6F(1) (B.4)

which is the famous Langevin equation (Refs. [3] to [7]).
The constant » in (B.4) represents dissipation. This can be seen by taking the

ensemble average of (B.4)

L WD) = = Hal0) (.5)

so that

(v(t)) = voe ! (B.6)
(Recall that each realization of the ensemble has initial speed v,). Thus, the char-
acteristic slowing down time is »”!, and since the slowing down means a decrease in
kinetic energy, v represents dissipation.

Let us next investigate some of the statistical properties of (B.4). This equation
is a linear inhomogeneous first order ordinary differential equation and thus is
easy to solve. We have

du(t)

T dia + vv = 8F(1) (B.7)

Multiplying each side by e*’ we have

—jt— [U(z)ew] = v 8F(1) (B.8)
Thus
wD)e" = vy, + f " dr SF(t)er” (B.9)
0
or
W) = vo e + e f dt’ 8F(1')ev” (B.10)
0

The ensemble average of this equation reproduces (B.6),
V(1)) = voe™ (B.6)
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COF (') BF (1))

&

-1
o v |
| )

lTlg. B.3 Autocorrelation function of the fluctuating force 0F(2), indicating the relative
time scales 7, and v\ i

Next, we square the velocity and ensemble average. Using (B.10), we have

@) = e + e [ dr sF (e
0
1
X [we™ + e~ [ ar sF(m)err)
0

o L _ t - 4
= y2e ! 4 ¢~ f dar et f dt” (SF(£)SF(¢"))ev"” (B.11)
0 0

where two terms have disappeared in the ensemble average.

We now make the important assumption that 6F is only correlated with itself
over a time 7. extremely short compared to the characteristic dissipation time »!
(Fig. B.3). We furthermore assume that 6F is a stationary process, so that
(§F(t’)6F(t")) is only a function of the time difference ¥ — #”. The C(;rrelation
time 7, is roughly the time of one molecular collision.

We are interested in the integral \

t , t
I = g f dr eVt f dt” (SF(1')SF(1"))e"" (B.12)
0 0

]:he at')ove argumegts indicate that the integrand is onlil important (nonzero) for
© =~ 1", as shown in Fig. B.4. With the change of variable y=r —t,dy =

Integrand nonzero

.
t t

Flg(Bl§24) Region of the t’-1” plane that contains a substantial contribution to the integral
in (B.12).
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- -
- //

A = | Ntegrand nonzero
[~ -

~ | ‘ me—_—_

Fig. B.5 Region of the 7"~y plane that contains a substantial contribution to the integral in
(B.13).

— dt”, (B.12) becomes

t
I = e—2vtf’ dr evt’f
0 i

-

dy "' v(SF(£)SF(1' — y)) (B.13)
!

By stationarity, we can write
(8F(1)8F(r' — y)) = (SF(0)6F(—y)

= (8F(0)8F(»)) (B.14)

where the last equality is due to the evenness of the correlation function. The
integral in (B.13) is now substantial in the region shown in Fig. B.5, where y =
# — " =~ 0. Since the integrand is only important near y = 0, we can replace the
upper limit of y-integration by 4o and the lower limit of y-integration by —°.
Then (B.13) becomes

1= e f " dr e f " dy (SF(0)8F(»)) (B.15)
0 -0

where we have discarded the factor e~ that is unity when y = 0 where the
integrand is important. The 7 integration can now be performed,

ik _217 (1 — &2 f : dy (SF(0)SF (»)) (B.16)

so that the full equation (B.11) now reads

WD) = vle ' + ZL (1= e’z"’)fw dy (6F (0)6F(y)) (B.17)
v o

If we allow the time to become very large compared to the dissipation time »™',

then we obtain an expression for the thermal fluctuations of v°,

5 ~o 1 =
(1)) — —JL dy (8F(0)8F(y)) (B.18)

However, we know from elementary thermodynamics that in thermal equilibrium,
the Brownian particle will have % T of kinetic energy per degree of freedom (Boltz-
mann’s constant is as usual absorbed into the temperature 7). Thus, elementary
thermodynamics predicts

WM V(1)) = AT (B.19)
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or

(1)) = A’4 (B.20)
Equating (B.18) and (B.20) we have
T 1 (=
2= 3] v eF©OF() (B.21)
or ”
M oo
B f dy (8F(0)8F(»)) (B.22)

which is the fluctuation-dissipation theorem.

Equation (B.22) expresses the amazing fact that the dissipation of a Brownian
particle is directly related to the correlation function (6F(0)8F (p)) of the fluctuat-
ing force F(¢) = (F(t)) + 6F(¢) whose ensemble average (F') produces the dissi-
pation. This is a fundamental result of physics that applies in many situations; in
the theory of electric circuits it is known as Nyquist’s theorem.

This concludes our discussion of the Langevin equation and the fluctuation—dis-
sipation theorem. In the next section, we shall consider the related topic of Markov
processes and derive the Fokker-Planck equation.

B.2 MARKOV PROCESSES AND FOKKER-PLANCK EQUATION

In the previous section, we considered the behavior of a Brownian particle and
derived the Langevin equation together with a fluctuation—dissipation theorem. In
this section, we show how the behavior of a Brownian particle can be described by
a Fokker-Planck equation. The Fokker—Planck equation is a very general equa-
tion in physics; it describes not only Brownian particles, but any phenomenon that
in some approximate sense can be thought of as a Markov process.

A Markov process is one whose value at the next measuring time depends only
on its value at the present measuring time, and not on any previous measuring
time. Thus, if x(¢) is the random process, and x, = x(t,), with £, >1¢1,., >...>
t; > t,, a Markov process has a probability density such that

p(xn'xn—l Xp-2 + - - xlxo) = p(xnlxn—l) (B23)
where the notation p(a|b) means “the probability density of @ given that b was
true.” Thus, for a Markov process, the probability that x, = 5 depends only on

what the value of x,_; was; it does not depend on what the values of x,,_,, %3, etc.

were.

There are both discrete and continuous Markov processes. An example of a
discrete Markov process is given by flipping a coin. A trivial example comes if we
give each toss a value x(z,) = X, = + 1 for a toss of ““heads” and a value
X, = — 1for a toss of “tails.”” Then x is clearly a Markov process, since p(x,) =
ho(x, — 1) + %é(x, + 1) does not depend on x,_,, much less on p o, o el LY )

A better example of a discrete Markov process is given by defining the random
variable
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x(t)

I ty 1 lplyn

Fig. B.6 Any function in nature can be drawn as a smooth curve as shown.

) = X; = 2;4 X; (B.24)
where the x; are given by the coin tosses of the previous paragr:a;).h. Now X ;s
clearly a Markov process, whose probability density at 7, very definitely depends

on the value of X,_;, but on no previous value.

EXERCISE Calculate p(X,|X,,) for this example.

To give an example of a continuous Markov process is more difficult, b'edcauif]‘\:
continuous Markov process cannot exist in nature. To. see this, consider ‘th'c
random function that we can draw as a smooth curve, as in Fig. B.6. Now, Or'lrh. :
time scale shown, it appears that x,,, not only depends on Xps b'ut also ohn x;_,. [,'(‘,l“
is, x,,; not only depends on x,, but also on the derivative of the func
dx(t)/dtl,:,", which can be written

dx(t) Xy = Wi (B.25)

dt =, At '

Thus, this function is not a Markov process. In fact, no function that is a continu-
ous curve and, therefore no physical function, can be a Markov procgss. s,
This does not mean that Markov processes gannoF be a good .approxgnlatl'cl)]nthc

a physical process. Consider the velocity function of the B?owman.partuf: e 1ra ¥
previous section (Fig. B.7). We have seen that the ve!oc1ty c0n.31sts of a rap ;
fluctuation due to each molecular collision, together Wlt'h'a slowing down or ncl
friction force. Thus, on the time scale of molecular collisions, the. proce?ss is 1:;)
Markovian. However, on the much longer time scale of many collision times, the

v(t)

U —

S\ Jo ol

Fig. B.7 One realization of the velocity of a Brownian particle in a particular direction.
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situation is very nearly Markovian. The Brownian particle is performing a random
walk in velocity space, and soon forgets the details of its orbit near ¢ 0; it does,
however, remember its velocity v, at + = (),

Thus, we consider the process to have three time scales (Fig. B.8): the collision
time 7., which is the autocorrelation time of the force 8F(¢) in the Langevin
equation; the time Ar after which we may assume to good approximation that the
process is Markovian; and the dissipation time »~'. We must have At >> 7,; we
shall further assume in this section that A7 << »!.

Let us develop some of the mathematical properties of Markov processes. This
development will lead us to the Fokker-Planck equation.

Consider the probability of a sequence of values of the random function x(1).
This is

(ol R B e {probability that, at time ¢#,, the process x(#)
has the value x, and at time #,, x(7) has the
value x,, and . . . and at time t,, x(7) has
the value x,} where z, > ¢,_, > (IE IR
L >ty (B.26)
By the definition (B.23) we can write
p(xn’xn-l’ Y e xO) = p(xnlxn—lsxn~2! § mig xO)
X p(xn—l’xnﬂ? T xO) = p(xnlxn—l)p(xn—l’xn>27 Rl ) xO) (B27)

The same procedure can now be applied to the last factor on the right of (B.27), so
that

p(xn—l’xn~2’ Sipe = xO) == p(xn—llxn—Z)p(xn—Z’ R x()) (B28)
and so on until we have finally, for a Markov process, ‘

v(t)
%
N\ ([N
vf\v \/ - t
H Te Collision time, not Markovian
'———lAt Many collision times, almost Markovian
L.

| Dissication ‘i
[ e — Dissipation time

Fig. B.8 Three time scales of Brownian motion.
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/,(\u“u I‘\u k88 ¢ ' \Ii) I"\n"u I)I,(\u ||\u "
oo p(xa]x) )p(xy | x0)p(xg) (B.29)
By elementary considerations it must also be true that
(X, X 12Xz« o o s X1aX0) = P(XXi1s o X1]X0)P(X0) (B.30)
Comparing (B.30) and (B.29) we find
'p(xn*xn Ty o g4 D, xllx())
= p(xn|xn‘l)p(xn~']|xn—2) R p(x]|x()) (BSI)
In particular, we can choose n = 2 to obtain »
p(x2.X11X0) = p(x3]x1)p(x1 %) (B.32)
Let us now integrate this expression over all possible x; to obtain
p(x;]x0) :fdxl p(x2,X(]X0) (B.33)
or
p(xalxg) = [ dx, plralxy)o(x|xo) (B.34)

which is the Chapman-Kolmogorov equation, or Smoluchowsky equation [8]. :
Suppose we identify x, with time 7 and x, as x(¢ + At). Suppose we further

assume that
p(x0) = p(x,t = fy) = o(x — Xo) (B.35)

Then we can drop the references to x, in (B.34), and write
o(x,]%5) = plxt + Af) (B.36)

that is, x, is now denoted by x, and

p(x11x0) = p(xy,2) (B.37)
We can also change the notation of p(x,|x,); with the definition
Ax-= X — %y (B.38)
we can write
p(lexl) = p(xat + AIIX 3 Ax’t)
= (A% F At AxE) (B.39)

where the transition probability  is defined by (B.3.9); ¢ gives the prol?ability Fhat
at time 7 + At, the random process has made a jump of Ax from its previous

value x — Ax at time ¢. .
With these notational changes, we can rewrite (B.34) as

p(x,t + Af) =fd(Ax)¢;(Ax,t + Atflx — Ax,0p(x — Ax,f)  (B.40)
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The value x appears on the right of (B.40) only in the combination x Ax. Thus,
if we assume that all of the important physics happens for small Ax, then we can
make a Taylor series expansion on the right of (B.40), obtaining

ot !
p(x,t + Ar) —fd(A » ;\‘)

=0

al
X {W [z/;(Ax,t + At)x — Ax,t)p(x — Ax,t)] X_szx}

or
- o (—Ax) &
p(x,t + A1) —fd(A ZO e iy
X [W(Ax,t + At]x,0)p(x,1)] (B.41)

If the infinite sum converges, and if we can interchange the summation and inte-
gration, then we can write

_o (Do
p(x,t + A7) = E; T
X [p(x,1) f d(AX)AX)W(Ax,t + Atlx,1)] (B.42)

The quantity given by the Ax integration is just the expectation value or ensemble
average of (Ax)/,

((Ax)Y Efd(Ax)(Ax)’z/;(Ax,t + At|x,t) (B.43)
which is itself a function of x,¢ through . Equation (B.42) becomes

o0 (_1)1 al
p(x,t + A1) = 3, T 3 [POeD(Ax))(x,0] (B.44)
1=0 )

Moving the / = 0 term to the left side, and dividing by At, we have

pix.t + AN — p(x,1) _ & (1) ¢
= !
e 2 Tar  PEO(ANN]  (B.43)
We next take the limit as Az — “0”. This means that we let A# become very small,
much smaller than any macroscopic time scale (e.g., v™!). However, Az cannot
really go to zero, because this development has assumed that Az is large enough to
Justify the Markovian assumption. Thus, the left side of (B.45) becomes

p(x,t + A1) — p(x,1) ap(x 1)

i
v At a1

A—0”

(B.46)

where the time derivative refers to macroscopic time. Equation (B.45) becomes
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ap " o ((Ax))
[ ‘
3= 2 W g | lim S ) (147
Defining the diffusion coefficients
, ((Ax))
D(x,t) = k?l.uo" AT (B.48)

Equation (B.47) is

d t

e (" ) - Z (- 1)'—- [DY(x,1)p(x.1)] (B.49)

If we keep only the first two terms on the right of (B.49), we have

2

ap(x, 9 g v
dpx,1) _ = [PV Dp(x,0] + 53 [DP(eDp(xD] | (B.50)

ot

which is the well-known Fokker-Planck equation [9].
For Brownian motion, the random variable x is replaced by the particle velocity
v(7). We shall leave it as an exercise to determine the diffusion coefficients D'"\(v,1)

and D'*)(v,1).

EXERCISE Use the results of the previous section to evaluate the coefficients in
Eq. (B.50) for Brownian motion. Show that D!"N(v,7) = — wv, and D®(v,1) =
vT/M, so that the Fokker-Planck equation associated with the Langevin equa-
tion of Brownian motion is

ap(u,t) 4 vT 0°
ot Ny Tl

(B.51)

EXERCISE Use the results of the previous section to show that DB(v,7) ~ At
and, thus, vanishes as At — ““0”.

We can now understand why we are able to write the Lenard-Balescu equation
in the form of a Fokker-Planck equation,

8f(v.0) _

1 =
= Vi~ (AR} F 5 Vi Ve, 1 ) (B.52)

Because the derivation of Lenard-Balescu assumed g(1,2) << f(1)f1(2), we have
effectively limited ourselves to small angle two-body collisions. The quantity f(v,,7)
may be thought of as the probability density of particles in velocity space. Thus,
f(v,,?) is changing slowly on the time scale for a two-body collision. All of these
features are precisely those assumed in the derivation of the Fokker-Planck equa-
tion. It should come as no surprise to us that the Lenard-Balescu equation can be
written in the form of the Fokker-Planck equation. The coefficient A in (B.52) is
called the coefficient of dynamic friction, and plays the same role as vv in the
Fokker-Planck equation (B.51) for Brownian motion. It represents the slowing
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down of a particle due to many small angle Coulomb collisions. Likewise, the
coefficient B in (B.52) is called the diffusion coefficient, and plays the same role as
vI/M in (B.51). It represents the diffusion of the plasma particles in velocity space
due to many small angle collisions.

In the steady state, a typical particle is suffering dynamic friction plus diffusion;
the net effect is to produce a Maxwellian. This is just as true in a plasma as it is for
a Brownian particle.

In addition to the stated references, sources for this appendix include the book
by Stratonovich [10] and the ageless and excellent article by Chandrasekhar [11].
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APPENDIX

Pedestrian’s Guide to
Complex Variables

Many parts of this book make use of the basic results of the theory of complex
variables [1, 2]. For the benefit of readers who have not yet studied this subject in
detail, or who have studied it long enough ago to have forgotten it, these basic
results are summarized here. g

The most useful result is the residue theorem, which states that the integral in a
counterclockwise direction around a closed curve is 27i times the sum of the
residues. If the integrand is of the form f(z)(z — z,)"!, the residue at the simple
pole z = z,is f(z,). For example, consider the integral

B dz
=" = (oh
2 + @ (&)
where the integration is along the real z-axis, and @ > 0. The integration can be
closed by a large semicircle at infinity, since the contribution from the semicircle is

—o0

~ lim (7R/R?) = lim (7/R) = 0
R—cc R—cc

The semicircle can occur in either the upper-half z-plane or the lower-half z-plane
(Fig. C.1). Writing (C.1) as

B dz
Y _f (z + ia)(z — ia) (6.2
we close the contour downward, changing the sign on the result because this is in
the clockwise direction, to obtain (only the pole at z = — ia is enclosed)
T = (il =T (C.3)
T8 — dali=u a '
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@ ia \

¢ —ia }

Fig. C.1 Integration contour in the z-plane.

EXERCISE Obtain the same result by closing upward.

The solution of many ordinary and partial differential equations is facilitated by
Fo.urzer and Laplace transformation. The Fourier transform conventions used in
this book, stated in Chapter 5, are for functions of one spatial dimension x,

£ = [T 2 f)exp (—ikw) (C4)

-0

with inverse transform
Fxy = f dk f(k) exp (ikx) (C.5)

The x and k integrations are along the real axes. The Laplace transform conven-
- tions for functions of time ¢ are

fla) = fo " dt 7(2) exp (iwt) (C.6)

with inverse transform
. dw ;
7 = [ 52 fl@)exp (~iwn) (oK)

where the Laplace contour L is a horizontal line in the complex w-plane that must

pass above all singularities of f(w). The Laplace transform (C.6) can be considered

as the Fourier transform of the function 7(z) such that f(z) = f(¢) forz > 0 and

J (&) = 0fort < 0. Then for # < 0 the inverse Laplace transform (C.7) can be

Slosed upward [since exp (—iw?) ~ exp (—|t|w;) — 0 for w; =~ +o°], yielding

S(2) = 0forz < 0since the Laplace contour passes above all singularities of f(w).
Consider the solution of the differential equation

d
d—’; = off (C.8)
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with f(7 0) = f,. The Laplace transform of the left side 18
i If (1 g
j“ di {'/{/(, ) exp (fwt) = f(1) exp (iml)|“
= iwj | dt f(1) exp (iwt) = f(1) exp (iwl)|;‘ —iw f(w) (C.9)
0

Without knowing the function f(#), we can only say that this integral is defined for
w; large enough, for only then is () exp (iw?)| -.. equal to zero. How large is large
enough remains to be seen. For large enough w;, Eq. (C.8) has the Laplace
transform

—ft =0 —ioflw) = af(w) (C.10)
so that
_if = 0)
o) == —= (C.11)
The inverse transform is
T e S0 i (C.12)

b 21 wr— la

where the contour must be placed high enough in the w-plane so that f(w) is
defined (the shaded region in Fig. C.2). Once the contour is drawn in the shaded
region of Fig. C.2, it can be moved around only if f(w) is analytically continued to
the remainder of the complex w-plane. An analytic function is one that is differen-
tiable (the derivative in the complex plane at the point z does not depend on which
direction the point is approached from). The analytic continuation of a simple
function like f(w) in (C.11) from the shaded region in Fig. C.2 [the only region
where (C.10) is defined] to the entire w-plane is easy; it is just the function

ry = L= c1)
NN 3 NN
ANAARAANAN NN \\\\\5

Fig. C.2 Inverse Laplace contour must be drawn initially high in the w-plane.
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itsell. This function is now analytic in the entire w-plane except at the point
w = ia. The contour in (C.12) can now be closed by a large semicircle in the
lower-half' w-plane, since f(w) is defined everywhere. The result is
2mwi(i)
1 = - = ¢
JS() 2y S = 0)exp(ar)
= f(z = 0) exp (at) (C.14)

which is the desired result. In retrospect, we can now see that (C.9) converges for
w; > o. This is why the inverse Laplace contour must be drawn above all singular-
ities of f(w) in the w-plane.

Analytic continuation is not always quite as simple as in (C.13). Consider

=i dx
10 = [ e (C.15)

-0

defined forz;, > 0 witha > 0; the integration is along the real x-axis. Closing the
contour either up or down (Fig. C.3), we find

i R |

a z +ia {C:16)

for z; > 0. We cannot use (C.15) as the analytic continuation of f(z) for z; < 0,
for then (C.15) yields

A= =r 1 2w

a z + ia z? + g2 (C.17)

for z; < 0. The function J(z) defined by (C.16) and (C.17) is discontinuous at
z; = 0 and so is not analytic. In order to properly analytically continue (C.15), one
must subtract the extra term in (C.17) that leads to the discontinuity, and write

f@=f" o + 2 (C.18)

- (X + a®)(x — 2) 2 + ¢°

Qia

@ —ia

Fig. C.3 Evaluation of f(z) for z; > 0in (C.15).
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@ —ia N

Fig. C.4 Integration contour for z;, < 0 that gives the proper analytic continuation of
(C.15).

for z; < 0. The combination (C.15) for z; > 0 and (C.18) for z; < 0 is now an

analytic function everywhere except at the pole of (C.16),z = — ia. Alternatively,
one can deform the contour in (C.15) as shown in Fig. C.4 for z; < 0, and write
dx
f(2) =f 3 (C.19)
o (@5 +a}x — z)

The contour C” is as shown in Fig. C.4 for z; < 0, and is along the real x-axis for
z; > 0. This gives the same result as the form (C.18) for z; < 0.
A useful formula for Fourier transformation is

=i dx : o N
f B exp (—ikx) = &(k) (C.20)

This formula can be demonstrated by multiplying each side by an arbitrary func-
tion f(k) and integrating over all k. The right side yields f(k = 0), while the left
side is

—c0

f_ " ak £k f g g—; exp (—ikx) f ) % f " dk f(k) exp (=ikx)

=/ @

= £k = 0) (C.21)
where it has been assumed that the order of integrations can be reversed. Since the
right and left sides of (C.20) yield the same result, the identification (C.20) must be

correct.
Another useful formula concerns integrals of the form

1

I =1 ) S ———
im dxx—aiz]nl

n—0 *-o

(C.22)
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a+iln

e e e e e e e

Fig. C.5 Integration contour leading to the Plemelj formulas.

where the integral is along the real x-axis, and @ > 0. For the lower sign, the pole
isatx = a + i|n|, and the integral can be performed by slightly deforming the
contour as shown in Fig. C.5. This leads to

1=Pf ¢ ARGy (C.23)

X =a
where the semicircle in Fig. C.5 contributes half of 2mi, and where
oo ] ﬂ—lél =
Pf = lim [f +f ] (C.24)
—o0 =0 oo atle|
Formally, one writes

lim !

_ 1 s
B — g = (x F a) + mid(x — a) (C.25)

which when integrated over x yields (C.23). For the upper sign in (C.22), the pole
approaches the integration contour from below, the integration contour must be
deformed upward rather than downward, and the sign of the imaginary contri-
bution changes. The general formula is finally

lim !

LY 5 I T
a m =P (x = a) + wid(x — a) (C.26)

Other properties of complex variables are explored throughout the book.
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APPENDIX

Vector and Tensor
Ildentities

The following vector and tensor identities are useful in the study of plasma physics

[1]. |
A-BXC)=(AXB):C=B-(CXA)=BXC:-A

=C-(AXB)=(CXA-"B (D.1)
AXBXC=(A-CB— (A-B)C (D.2)
(AXB)-(CXD)=(A-C)B-D) —(A-D)B-C) (D.3)
VU= Vg + gV S (D.4)

V-(fA) = fV-A + A-Vf (D.5)

VX (fA)=fVXA+VfXA (D.6)
V-(AXB)=B-(VXA) —A:(V XB) (D.7)

VX(AXB)=AV-B)—BV-A) +®B-V)A—(A-V)B (D38
V(A-B)=A X (VXB)+B X (VXA + (A-V)B+ (B-V)A (D.9)

VA = V(V-A) — V X (V X A) (D.10)
VX V=0 (LD

V-(V X A) =0 (D.12)
V-(BA) =A(V-B) + (B-VA (B3
V-(fH=@HN-T+sv-T (D.14)
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Complex variable, 279
Compression, adiabatic, 205
Condensation, 253
Conductivity, 84, 193-195
infinite, 194
Confinement, 132
Confinement time, 188
Conjugate momentum, 29
Conservation of particles, 41
Conservation of systems, 48
Constant of motion, 30, 72-73, 106, 112
Continuity equation, 41, 44, 47-49, 58, 70, 127-130,
132, 146, 148, 151, 169, 178-179, 186, 190-191,
236-237
Continuous Markov process, 272-273
Contour, equipotential, 216
Controlled fusion, 170
Controlled thermonuclear fusion, 9, 170, 188
Convection, 49, 195
Convective derivative, 40, 47, 58
Cooper, G., 215, 219, 224
Coordinates:
Eulerian, 37
Lagrangian, 37

Coppt, B., 170, 184
Correlation, 56
three-particle, 56-57, 60, 64, 257
three-point, 59
Correlation function, 55-56, 59, 61-62, 64, 69, 247, 272
Correlation time, 270
Cosmic ray, 8
Coulomb collision, 9, 68, 278
Coulomb force, 10, 13, 16
Coulomb model, 50-52, 54
Coulomb potential, 63
Cowling, T. G., 208
Critical density, 143
Cross section, 11
Current, 17, 84
microscopic, 39
polarization, 24-25, 188
Current loop, 25
Curvature drift, 22-23, 208
Cusp, 205-206
Cutoff, 154-155, 159
left, 159
right, 159, 186
Cyclotron damping, 105, 114, 224
Cyclotron frequency, 113

Damping:
cyclotron, 105, 114, 224
Landau, 80, 83, 87, 92, 94, 96, 105, 109, 113-114,
120, 124, 127, 219, 224, 233-234, 236, 240, 253
Davidson, R. C., 226, 252-253
Davis, D. E., 208-209
Dawson, J., 87, 124
Debye cube, 4, 70
Debye length, 3, 4, 7, 9, 13-15, 42, 117
total, 3
Debye shielding, 1, 3, 5, 9, 13-15, 42, 211, 213-215,
219

Debye wave number, 215

de Broglie length, 8-9

Delcroix, J. L., 208-209

Density, mass, 25

Density of systems, 45-47

Density scale length, 170

Derivative, convective, 40, 47, 58

Detailed balance, principle of, 219, 224

Deuterium, 36, 188

deVries, G., 171, 185

Diamagnetic, 199, 208

Diamagnetic drift speed, 170, 207

Dice, 54, 59

Dielectric constant, 187

Dielectric function, 77, 83-84, 87, 97-98, 120,
136-137, 140, 167, 187, 211-212, 215, 237, 239,
261

nonlinear, 239
static, 214

Dielectric tensor, 137

Diffusion, 33-34, 49, 195, 227-228, 232-233

Diffusion coefficient, 67, 277-278

Diffusion time, 195

Diffusivity, magnetic, 195

Dipole field, 183

Direct interaction approximation, 226

Discrete Markov process, 272

Discrete particle, 42

Discrete particle effect, 211

Dispersion, 134, 136, 173, 177, 186

Dispersion relation, 74-76, 79-80, 87, 106, 108-109,
111, 113, 134-137, 139-141, 146, 148-151, 153,
156, 159, 162-166, 171-172, 186, 210, 237, 239,
243

Index 207

electromagnetic, 143
nonlinear, 28
Displacement, 84
Displacement current, 195
Dissipation, 86, 253, 269-272, 274
Distribution
Cauchy, 125
double-humped, 101-102
single-humped, 99, 101
square, 125
Distribution function, 42, 64, 67, 70, 73, 80, 83, 87, 92,
111, 115, 119-120, 123, 126, 131, 212, 220,
227-229, 231, 233, 238, 254-255, 259
Dolique, J. M., 215, 219, 224
Doppler shift, 114, 167
Double-humped distribution, 101-102
Double layer, 120
Dougherty, J. P., 8, 15, 58, 64-65, 68—69, 208-209,
224-225, 257, 266
Drift, 17-22, 35-36, 104-105, 125, 186, 188,
208
curvature, 22-23, 208
E cross B, 17, 162, 165, 169-170, 201
g cross B, 201
grad-B, 20-23, 35
gravitational, 19
polarization, 24-25, 35-36, 149, 162, 165, 170
Drift energy, 36
Drift speed, diamagnetic, 170, 207
Drift velocity, 18-19
Drift wave, 169-170
Drummond, W. E., 227, 253
DuBois, D. F., 253-254
Dupree, T. H., 40, 44, 253-254
Dynamic friction, 67, 277-278

Earth, 4

E cross B drift, 17, 162, 165, 169-170, 201

Einstein, A., 29, 269, 278

Electric field, 17, 24, 31-32, 34-36, 38, 40, 42, 50-51,
73-74, 84-87, 91-93, 106, 114, 120, 122-123,
125, 133, 139, 144, 146, 151, 153-154, 158, 177,
179-180, 187-188, 201, 208, 219-220, 224,
227-228, 230, 239, 254

Electric field energy, 232

Electromagnetic dispersion relation, 143

Electromagnetic field, 34, 40

Electromagnetic wave, 105, 110, 141-145, 150-152,
156-161, 164, 186, 224

Electron, 1, 18-19, 21-22, 25, 33-34, 36, 38, 47, 54,
61-62, 67, 74-75, 77, 87-88, 92-93, 97, 101,
116-118, 120, 125-127, 132, 138-141, 146,
149-151, 156, 158-159, 161-163, 165-167, 169,
171, 178-179, 185-186, 191-192, 201, 207,
211-214, 229, 235, 238, 245, 254-255

Electron beam fusion, 4, 32, 62

Electron-cyclotron wave, 149, 159-160

Electron plasma frequency, 5-6

Electron plasma wave, 132, 135, 138, 141, 144,
186

Electrostatic interaction, 16

Electrostatic ion cyclotron wave, 150

Electrostatic ion wave, 146-147, 149, 161

Electrostatic perturbation, 97, 126

Electrostatic potential, 93, 118

Electrostatic wave, 73-74, 76, 87, 105, 109-110, 113,
125, 144-146, 169, 186, 224

Emission:

Cerenkov, 219, 224
wave, 219

Energy, 27-28, 34, 72, 88-92, 132, 185, 200, 222, 227,

236
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drift, 36
electric field, 232
field, 86
internal, 204
kinetic, 26
magnetic, 202-203
particle, 86
plasma, 202-203
wave, 83-87, 92, 125, 186-187, 227, 232
Energy density, 221, 223
Energy equation, 130
Energy principle, 202
Energy technology, 208
Ensemble, 48-49, 64, 70-71, 130, 242, 247, 268-270
Ensemble average, 12, 42-43, 54, 60, 220, 226, 228
Envelope, 179
Equilibrium, 71, 73-74, 97, 108, 115, 125-126,
181-182, 189, 194, 197, 202, 219
MHD, 194-195, 197, 200, 206
thermal, 42, 271
Equipotential contour, 216
Espedal, M., 253-254
Eulerian coordinates, 37
Evanescence, 143, 155
Expansion, 200
Expansion technique, 20
Extraordinary mode, 153, 155-156, 159
Extraordinary wave, 111, 151-152, 154, 186-187

Faraday rotation, 161
Faraday’s law, 109, 142-144, 156, 186
Field energy, 86
Fielding, P. ., 215, 219, 224
Fluctuation, 43, 219, 223-224, 273
thermal, 271
Fluctuation-dissipation theorem, 267, 272
Fluid, 41, 48, 132, 163-164, 166, 168, 170-171, 173,
178, 181, 184-185, 187, 206
Fluid element, 71
Fluid equation, 127, 129-130, 146, 161, 164, 171, 185,
189, 191, 252
Fluid theory, 124, 235
Fluid velocity, 129
Flute instability, 202
Flux tube, 196-197, 203-204
Fokker-Planck equation, 66-69, 267, 272, 274, 277
Force:
Lorentz, 7, 16, 27, 38, 47, 49, 51
Miller, 31
ponderomotive, 31-33, 177, 179180
Force equation, 128-132, 150, 156, 170-171, 175,
178-179, 190, 192, 238
Force free, 200
Fourier transform, 63, 68, 124, 140, 186, 212, 242-243,
258, 280, 283
Four-wave interaction, 183
Frequency:
bounce, 93, 95
lower hybrid, 149
upper hybrid, 146, 186
Frequency matching, 236, 241, 245, 252
Frequency shift, nonlinear, 240
Frieman, E., 170, 184
Frozen-in field line, 163, 195, 197
Fusion, 28, 36, 208, 234
controlled, 170
controlled thermonuclear, 9, 170, 188
electron beam, 4, 32, 62
ion beam, 4
laser, 4, 32, 143, 184, 188
magnetic, 28

Galeev, A, A,, 220, 252-253
Gardner, C', S, 101, 124
Gardner's theorem, 101, 126
Gartenhaus, S., 208-209
Gas, 139
g cross B drift, 201
Generalized Ohm’s law, 191-193
Goldstein, H., 30, 35
Gottfried, K., 37, 44
Grad-B drift, 20-23, 35
Gravitation, 188
Gravitational drift, 19
Gravitational field, 15, 139
Gravity, 201
Green, H. S., 53, 58
Greene, J. M., 96, 115, 124
Gross, E. P., 68
Growth, 236, 254

Landau, 92, 233
Growth rate, 227-228
Guiding center, 8, 21, 29, 31, 33-34, 208
Gyration, 18, 158-159
Gyrofrequency, 8-9, 111, 114
Gyromotion, 19, 24, 26, 146
Gyro-orbit, 26, 33-34, 111, 114
Gyroperiod, 18, 22, 27, 35
Gyroradius, 8, 20, 27, 34

Hall term, 193
Hamiltonian, 29-30
Hansen, P. J., 180, 185, 253-254
Hasegawa, A., 252, 254
Haskell, R. E., 208-209
Heating:

ohmic, 62

radio frequency, 32, 184
Hendel, H. W., 170, 184
High frequency, 75, 77
Hole, 180
Holt, E. H., 208-209
Holt, M., 208-209
Horton, W., 252-254
Hui, B. H., 253-254

Ideal MHD, 194, 196-197, 200
Impact parameter, 10-11, 13, 65
Incompressibility, 40, 47, 49
Independent, statistically, 55
Index of refraction, 143, 153155, 158
Induced scattering, 226, 234, 236, 240-241
Inertial confinement, 188
Infinite conductivity, 194
Information, 132
Inhomogeneous plasma, 143, 169
Instability, 80, 97, 104, 125, 165, 167-169, 194,
200-203, 205-206, 239
backscatter, 183
flute, 202
interchange, 203, 206
kink, 202
Kruskal-Schwarzchild, 201
oscillating two-stream, 183, 253
parametric, 180-181, 183-184, 226, 236, 240-241,
253
Rayleigh-Taylor, 201
sausage, 202
streaming, 166
two-stream, 166, 168, 181
Intensity, 248, 253
Interchange instablity, 203, 206
Intergalactic plasma, 5, 8

Internal energy, 204

Interstellar plasma, 8§

Interstellar space, 161

Invariant, adiabatic, 25, 28-30, 73

Ion, 1, 21-22, 33, 36, 38, 47, 61-62, 74-78, 711, 97,
101, 116-118, 120, 125-127, 132, 134, 138-141,
145-146, 149-150, 161163, 166 167, 169, 171,
178, 180, 186, 191-192, 201, 207, 211-212, 214,
229, 235-236, 238, 245, 255

Iori-acoustic wave, 75, 105, 109, 125, 139, 141, 144,
149, 170-173, 177-179, 236, 240-242, 244, 253

Ion beam fusion, 4

Ion-cyclotron wave, 149

Ionized gas, 4-5

Ionization, 5

Ton plasma frequency, 141

Ion plasma wave, 138, 140-141, 144

Ionosphere, 4-5, 143, 170, 184

Ionospheric modification, 32

Isothermal, 132, 140

Isotropic stability, 126

Jackson, J. D., 37, 44, 82, 101, 124, 224-225
Jeffrey, A., 208-209

Jitter speed, 32

Joffe bar, 206

Joint probability, 49, 54-55

Joyce, G., 215-216, 219, 224-225

Judd, D. L., 68-69

Jukes, J. D., 170, 184

Kadomtsev, B. B., 170, 185, 226, 252-253

Kaplan, S. A., 252, 254

Kaufman, A. N., 130, 184

Kendall, P. C., 208-209

Kinetic energy, 26

Kinetic equation, plasma, 4142, 44-45, 50, 54, 57, 63,
129, 189, 267

Kinetic theory, 37

Kink instability, 202

Kirkwood, J. G., 53, 58

Kleva, R. G., 253-254

Klimontovich, Yu. L., 40, 44, 58, 224-225

Klimontovich equation, 37, 39-42, 4447, 59, 70, 124,
189

Korteweg, D. J., 171, 185

Korteweg-deVries equation, 171, 173-174, 176, 180

Kraichnan, R. H., 253-254

Krall, N. A., 58-59, 111, 119, 124, 159, 170, 184,
208-209, 224-225

Krause, F., 208, 210

Krommes, J. A., 226, 253-254

Krook, M., 68

Krook model, 68

Kruskal, M. D., 30, 35, 96, 115, 124

Kruskal-Schwarzchild instability, 201

Kunkel, W. B., 130, 184, 188, 208-209

Kuznetsov, E. A., 252, 254

Laboratory plasma, 161

Lagrangian coordinates, 37

Laing, E. W., 215, 219, 224

Lamont, A., 215, 219, 224

Landau, L. D., 31, 35, 76, 84, 124

Landau contour, 64-65, 76, 78, 81-82, 108, 110, 113,
125, 233

Landau damping, 80, 83, 87, 92, 94, 96, 105, 109,
113-114, 120, 124, 127, 219, 224, 233-234, 236,
240, 253

nonlinear, 234
Landau form, 66-67, 69
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Landau growth, 92, 211
Landau length, 11, 65
Landshoff, R. K. M., 208

Langevin, M. P, 269, 278
Langevin equation, 267, 269, 272, 274, 277
Langmuir, 1., 1, 15

Langmuir wave, 75-77, 80, 82, 86 87, 91, 93, 96, 108,
108-110, 119-120, 125, 132, 136-137, 143 144,
166, 170, 177-179, 182, 185, 187, 211, 213, 219,
221, 224, 2217, 230, 235-237, 240-243, 283, 258

Laplace contour, 63, 77, 79, 213, 259, 280-282

Laplace transform, 63, 77-79, 120, 186, 212, 258- 259,
280-281

Large angle collision, 11, 14, 33, 64-65

Laser fusion, 4, 32, 143, 184, 188

Laval, G., 253-254

Lawson criterion, 188

Left circularly polarized wave, 158

Left cutoff, 159

Lenard, A., 64, 68, 257, 266

Lenard-Balescu equation, 60, 64-66, 69, 257, 265, 277

Length, density scale, 170

Leontovich, M. A., 208-210

Leslie, D. C., 248, 254

Lifshitz, E. M., 31, 35, 84, 124

Lightning, 160

Light wave, 143

Liouville equation, 37, 4549, 51, 54, 57-59, 69, 124

Longitudinal wave, 83-84, 144-145, 153

Longmire, C. L., 208

Lonngren, K. E., 181, 185

Lorentz, H. A., 29

Lorentz force, 7, 16, 27, 38, 47, 49, 51

Lower hybrid frequency, 149

Lower hybrid wave, 149

MacDonald, D. K. C., 269, 278

MacDonald, W. M., 67-69

McLaughlin, D. W., 181, 185

Magnetic confinement, 73, 130

Magnetic confinement device, 170, 184

Magnetic diffusivity, 195

Magnetic energy, 202-203

Magnetic field, 7, 17-20, 22, 25-29, 31, 33-36, 38, 42,
50, 72-73, 105-106, 111-113, 144-147, 149-150,
158, 162-163, 165, 185, 188, 195-196, 199-201,
205-206, 208, 224

Magnetic flux, 195

Magnetic fusion, 28

Magnetic moment, 25-30

Magnetic pressure, 19, 163, 197-198

Magnetized plasma, 33, 110, 138, 144, 150-152, 156,
161, 170, 234

Magnetohydrodynamics, 124, 184, 189, 191, 206, 208.
See also MHD

Magnetosonic wave, 161, 164-165, 210

Magnetosphere, 18, 28, 31, 170, 189, 194

Malmberg, J. H., 96, 124

Manheimer, W. M., 170, 184

Markov process, 267, 272-274, 276

continuous, 272-273
discrete, 272

Mass conservation equation, 191

Mass density, 25

Maxwellian, 15, 36, 61-62, 67-69, 74-75, 83, 90, 95,
97, 104-105, 166, 168, 213-214, 222, 228, 240,
254-255, 278

Maxwell’s equations, 26, 38, 40, 43, 47, 51, 71, 73-74,
106, 111-113, 130, 132, 145-146, 150, 186, 193,
195

Mayer, J. E., 55, 58
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Mayer, M. G., 55, 58
Mayer cluster expansion, 55-56
Mean free path, 14
Mean gyrofrequency, 8
MHD, 193, 195, 206-208
ideal, 194, 196-197, 200
nonideal, 197
see also Magnetohydrodynamxcs
MHD equation, 210
MHD equilibrium, 194-195, 197, 200, 206
MHD stability, 194, 200
Microscopic charge density, 39
Microscopic current, 39
Microscopic field, 38
Mikhailovskii, A. B., 170, 185, 208-209
Miller force, 31
Minimum-B, 206
Mirror, 28, 30, 32, 36
Mirror machine, 4, 9, 36, 73, 170, 189, 200, 206
Mirror ratio, 29, 36
Mitchner, M., 224-225
Mode:
BGK, 96-97, 115, 117-119
Bemstein, 111, 113-114
normal, 79-80, 82-83, 85, 230, 233, 236
unstable, 99
Modification, ionospheric, 32
Modulational instability, 253
Moment, magnetic, 25-30
Momentum, 29-30, 72
conjugate, 29
Momentum equation, 130, 191-192
Monster, 149
Montgomery, D., 215, 219, 224
Montgomery, D. C., 58, 64-65, 68-69, 224-225, 257,
266
Morales, G. J., 96, 124
Motion, periodic, 29-30
Mullaly, R. F., 165, 184
Murphy’s law, 203

Nearest neighbor, 1, 4, 9

Negative energy wave, 186

Neighbor, nearest, 1, 4, 9

Neufeld, J., 215, 219, 224

Nicholson, D. R., 180, 185, 215, 219, 225, 253-254

Nishikawa, K., 183, 185

Noerdlinger, P., 104, 124

Nonideal MHD, 197

Nonlinear dielectric function, 239

Nonlinear dispersion relation, 238

Nonlinear frequency shift, 240

Nonlinear Landau damping, 234

Nonlinear resonance, 240

Nonlinear Schrodmger equation, 180

Nonlinear stage of Landau damping, 92

Nonlinear wave, 115, 171, 226

Nonlinear wave-particle interaction, 241

Nonlinearity, 118, 169-173, 177, 180, 226-227, 230,
236, 238, 241, 252—253

Normal mode, 79-80, 82-83, 85, 230, 233, 236

Northrop, T. G., 23, 35

Nyquist method, 97-98, 104

Nyquist’s theorem, 272

Oberman, C., 234, 254
Occupation number, 248
Ohmic heating, 62
Ohm’s law, 193, 195
generalized, 191-193
One-fluid equation, 207

One-fluid model, 191

O'Neil, T. M., 96, 124

Oppenheim, 1., 215, 219, 224

Orbit, 17, 19, 26, 28, 34-35, 37, 39-41, 47-48, 60,

7172, 92, 94-95, 108, 110, 195

unperturbed, 10, 106-107, 111

Orbit modification, 169

Ordinary mode, 154-156

Ordinary wave, 151

Orszag, S. A., 253-254

Oscillating two-stream instability, 183, 253

Oscillation center, 31-32

Parallel wave, 144, 149, 156-157, 159-161, 164-165
Parametric mstablllty, 180-181, 183-184, 226 236,
240-241, 253
Partially ionized plasma, 5
Particle, resonant, 233
Particle beam fusion, 184
Particle energy, 86
Pass band, 155, 159
Penrose, R., 104, 124
Penrose criterion, 97, 104-105, 126
Peres, H., 215, 219, 224
Period, 29
Periodic, 115-119
Periodic motion, 29-30
Perkins, F. W., 170, 184, 234, 254
Perpendicular wave, 144, 149-150, 153, 161, 164-165,
186
Perturbation, electrostatic, 97, 126
Pesme, D., 253-254
Phase space, 37-38, 40-42, 45-49, 54, 57, 70-72, 106,
127, 190
Pinch, 198-200, 202, 206
Pines, D., 227, 253
Pitch angle, 28-29
Plane wave, 74, 108, 142, 147, 160-161, 172, 181
Plasma, 1, 4-5, 7-10, 14-15, 17, 37, 39—43 45, 50,
56-57, 60-64, 71, 84, 87, 116, 126, 130, 139, 159,
161, 164-166, 168- 170, 181, 184, 187, 189, 191,
194, 199, 206, 208, 210-211, 213-214, 219-220,
224, 235, 253, 267, 278, 285
astrophysical, 234
inhomogeneous, 143, 169
intergalactic, 5, 8
interstellar, 8
magnetized, 33, 110, 138, 144, 150-152, 156, 161,
170, 234
partially ionized, 5
relativistic, 114
solid state, 8
strongly coupled, 1
unmagnetized, 74, 108, 110-111, 138, 142, 144, 151
Vlasov, 115
Plasma astrophysics, 208
Plasma energy, 202-203
Plasma frequency, 5, 7, 14-15, 75, 134-135, 138, 177,
179, 255
ion, 141
total, 6, 15
Plasma kinetic equation, 41-42, 4445, 50, 54, 57, 63,
129, 189, 267
Plasma parameter, 3-4, 56, 61, 66
Plasma physics, 70, 115, 127, 129
Plasma state, 1
Plasma wave, cold, 134, 136-137, 146, 166
Plemelj formula, 81, 284
Plugging, radio frequency, 32
Plumpton, C., 208-209
Pogutse, O. P., 170, 185

Poisson's equation, 74, 7677, KA-84, 105, 109, 115,

119, 132, 136, 138119, 146, 151, 166, 172, 1
, 229-230, 238§, 237

Polarization current, 24-25, 188
Polarization drift, 24-25, 35-36, 149, 162, 165, 170
Ponderomotive force, 31-33, 177, 179180
Positron, 34
Potential, 117-119

electrostatic, 93, 118
Potential well, 29
Pressure, 19, 128, 131-133, 135, 138, 191, 193

197-198, 207, 236, 238

magnetic, 19, 163, 197-198
Pressure gradient, 128
Principle of detailed balance, 219, 224
Probability, 48—49, 54
Probability density, 48-50, 70-71, 272-273, 277
Probability distribution, 49, 55, 130, 267
Proton, 19, 22, 25, 36, 150, 185
Pseudoenergy, 117
Pseudoparticle, 117, 174
Pseudopotential, 116-117, 174-175, 180
Pseudotime, 174-175
Pulverization procedure, 43, 55, 61

Quantum effects, 8

Quasilinear theory, 226-227, 230, 233-234, 241,
254-255

Quasineutrality, 139-140, 146, 166, 179, 238

Radio burst, solar, 32

Radio frequency heating, 32, 184

Radio frequency plugging, 32

Radio wave, 143

Ridler, K. -H., 208, 210

Random events, 11

Random phase, 247

Random variable, 272

Random walk, 228

Ratio, mirror, 29, 36

Ratio of specific heats, 132

Rayleigh, L., 277-278

Rayleigh-Taylor instability, 201

Reactive, 86, 125

Rebut, P. H., 170, 184

Redheffer, R. M., 279, 284

Reduced distribution, 51

Reif, F., 12, 15, 42, 44

Relativistic effect, 8

Relativistic plasma, 114

Residue theorem, 279

Resistive, 86, 125

Resistivity, 197

Resonance, 154-155, 158-159, 234-235, 241
nonlinear, 240

Resonance broadening, 226

Resonance condition, 115, 219

Resonant denominator, 113

Resonant particle, 233

Right circularly polarized wave, 158

Right cutoff, 159, 186

Ritchie, R. H., 215, 219, 224

Rose, D. J., 208

Rose, H. A., 253-254

Rosenbluth, M. N., 67-69

Rostoker, N., 224-225

Rotation, Faraday, 161

Rudakov, L. I., 253-254

Rukhadze, A. A., 170, 184

Rutherford, P., 170, 184

N,

Index 2Mm

Sagdeev, R, Z,, 226227, 252254
Sanderson, J. 1., 208 209

Sausage instability, 202

Scale height, 16

Scale length, 195

Scattering center, 12-14

Scattering charge, 10

Schmidt, G., 30, 33, 35, 181, 185, 201, 208

Schrodinger equation, nonlinear, 180
Scott, A. C., 181, 185
Separatrix, 94
Sfeir, A. A., 208-209
Shercliff, J. A., 208-209
Shielding, 64, 219, 224
Debye, 1, 3, 5, 9, 13-15, 42, 211, 213-215, 219
Shielding cloud, 2-3, 64
Shock wave, 119, 171
Shukla, P. K., 215, 219, 224
Silin, V. P., 170, 184
Simon, A., 170, 184, 208-209
Simple pole, 279
Single-humped distribution, 99, 101
Single particle effect, 14
Slab, 5
Small angle collision, 11, 13-14, 33, 60, 67
Smoluchowsky equation, 275
Sokolnikoff, I. S., 279, 284
Solar physics, 208
Solar radio burst, 32
Solar radio physics, 184
Solar wind, 4, 130, 194
Solid state plasma, 8
Soliton, 115, 171, 173-174, 176-177, 180-181, 226,
253
Sound speed, 140, 179, 181
Sound wave, 139
Space-charge wave, 132
Spectral density, 232
Spectrum, 242
Spitzer, L., 9, 15-16
Square distribution, 125
Stability, 97, 105, 126, 181-182, 194, 202-203
isotropic, 126
MHD, 194, 200
Static dielectric function, 214
Stationary, 270
Statistically independent, 55
Steady-state, 71, 224
Steepening, 173
Stellar wind, 189
Stenflo, L., 215, 219, 224
Stix, T. H., 111, 124, 165, 184
Stoke’s theorem, 196
Stop band, 155, 159
Stratonovich, R. L., 278
Streaming instability, 166
String, 164
Strongly coupled plasma, 1
Strong turbulence, 169, 226-227
Sudan, R., 253
Sugihara, R., 215, 219, 224
Sun, 4
Symon, K. R., 41, 44, 128, 184
Synchrotron emission, 224
System, 45-46

Taniuti, T., 208-209

Temperature, 2, 4, 8-9, 14

Tension, 164

Test charge, 2-3, 42, 64, 211-216, 219, 224
Test electron, 62
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Test particle, 1, 72, 215, 219, 224

Test-particle method, 211

Thermal equilibrium, 42, 271

Thermal fluctuation, 271

Thermal speed, 4, 7-8, 131, 140, 207, 239-240

Thermonuclear fusion, 9

Theta pinch, 198-200, 202, 206

Thompson, W. B., 170, 184, 208-209

Three-body collision, 56, 60
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