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GEOMETRICAL PHYSICS

Lecture 1. Submanifolds of Euclidean Space

(1) R® = Euclidean n space, is not necessarily considered as a vector space. There are
many global coordinates systems x = (x, ... , %) . This is the most important
n dimensional manifold (defined later).

(2) Submanifolds of R™**. M® C RM7T is an n-dimensional submanifold of T if

locally Mo can be described in some coordinate system
&y, o, YY) = (xy) of R by r smooth (or at least continuously

differentiable) functions
yr=1x, ..., %), ie, v=I1(x)

(x!,...,x®) then forms a local (curvilinear) coordinate system on M® .

Examples.

(a) y' =f(x!,...,x") describes an n dimensional submanifold in ®**!. In this
case (x!, ..., x") forms a global curvilinear coordinate system on M®. When
n=2, M is a surface . 31

2dges met mcluded

xh

&

(b) Given r functions F*x!,...,x*,y%,...,¥y") of (n+r) variables we may
consider the locus M® C R defined by the equations

F¥x,y) =c¢*, (c}...,c" constants)
If at (%q,y5) € M® the Jacobian determinant is nonzero,

OFLF%, ... ,F)
X0Y o ,
Ly ..., ¥ (ov0) 7




(3)

r

the implicit function theorem assures us that locally , near (XsYo) » We may

solve Fe(x,y) =c¢*,a=1,...5r, fory’sin terms of x’s
y* =, ..., xP)

Thus near (X,¥o) M" is a submanifold of R"*". If the Jacobian is 70 at
all (Xq,¥o) € M®, then the entire M" is a submanifold of ®**" .

q

More generally, suppose we have r functions of n+r variables, Fo(xl, ..., x"T).
Suppose that at each Xo = (X¢,....xg"") for which F*(x¢) =¢*,a=1,...,r,
we have that the matrix
oF¢ a=1,.,r "
S0 %) =1, 0t

has rank r. Then the locus F® = ¢® defines an n dimensional submanifold of
R (since locally we may solve for r of the coordinates in terms of the remaining

n).

Problem 1. Investigate the locus
X+yl-zt=c¢

in %, for ¢ >0, ¢=0 and c¢c < 0. Are they submanifolds? What if the ori-
gin is omitted from a locus? Draw all three loci, for ¢ = +1,0, -1, in one pic-

ture.

1

The tangent space to R"
at X, € R® is by definition the vector (= linear) space Ry of all tangent vec-

Geometry of Jacobian Matrices; the “Differential.

tors in R" based at x;.

Let x = (x!,...,x®) be coordinates for R", let y = (v ...,y be
coordinates for gf. Let F : 82 — g' be a smooth map (= function). In coor-

dinates, F is described by
y*=F*x) a=1,.,r
or

y =F(x)

L e

s-r-G'r-r-r-r-r-r-If‘I'IflflII'-
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8y. X has the following
ER

significance: ﬁ = %fﬂ) = F* :;
< y" /——-
X ) F(x@) = Y&
@m /_) :

Suppose  yo = F(xg) . The Jacobian matrix

Mge of R"umdin F
x?! y2...

Let v € IR, be a vector at X € f2 . Take any smooth curve x(t) such that

x(0) = %o and %’E— (0) = v . The image of this curve

) y(t) = F(x(t))

has tangent vector w at yo given by the chain rule

5 dya _ n aya dXi _ n aya ;
w dt (0) i§1 Xi (XO) dt (O) - igl Bxi (XO)V

The assignment v — w is a linear transformation called the differential of F,
written F_ or DF

DF =F, : RS — Ry ; F(v)=w

a
and the Jacobian —aal—l— (%o) Is its matrix .
B

The geometric definition of F, given above, as illustrated in

the figure, is not only more important conceptually than its
matrix expression 9y%*/ dx!, it is also frequently easier to
compute with.




This philosophy will be nicely illustrated in §5 below.

ay?
axi
equivalent to the statement that the differential F, : Ry — Ry —r(x,) Is onto (“sur-

Note that the statement “F has rank r at x4, ie., (xo) hasrank r,is

jective”) i.e., given any vector W at yo there is at least one vector v at X,
such that F_(v) = w.

The Main Theorem on Submanifolds of R"'" is merely a restatement of the

implicit function theorem.

x’f"l',\“" x'ﬂ'ﬂ y
R F(e)
v
'a‘ﬂ“" Xo
/ . x‘f‘
F
xl
_ ‘ g‘r
wW
4 R «C

Let F :R™T — fF and suppose that Fl(c) = {x € """ | F(x) = c} is not empty.
Suppose further that for every xo € F7!(c)

F :RyT7T = RS

is onto . Then F(c) is an n dimensional submanifold of RETT . (The best

example to keep in mind is the linear map R — IRF
(!, ..., x5t L ) X . (x!,...,x"). What are the coordinates for F~(c)

here?)

A pontrivial example; the configuration space of a rigid body. If the body
has one point fixed, its configuration space is the group SO(3) of rotations in R3S,




i.e., matrices x = (x;) such that " = x! (t denoting transpose) and detx > O.
(*x = x! defines the orthogonal -group O(n)). By assigning the coordinates

X11,X19:%X13:%01, « - - » X33 tO any matrix x we see that the spdce of all 3 X 3
matrices may be represented by R° nine dimensional Euclidean space. 0(3) is the
locus in R9 defined by the equation ®xx = I, i.., the quadratic equations (i,k)

3
i=
2 % % = b k=123

e e e e e s e s M

is a symmetric matrix there are really only six equations, not nine; equation (i,k) is
the same as equation (k,i). This suggests that we do the following. Let

8% = the set of all symmetric 3 X 3 matrices. Note that since 8% is
defined by the linear equations

Xij —in =90

8% is actually a vector subspace R C 8°. We now define a map F from all of ®°

to 8% = g8 by -
Fx) = %x -1 F:R%°— RS

Let xo € F}(0) = 0(3) . We must show that F, : R, — Ry = 8% is onto . Let
w be tangent to & at O; then w is itself a symmetric matrix. We must find v,
a vector to IR® at x, such that F,v = w. Take a curve x(t) of matrices such



that x(0) =xp; its tangent vector at g is x(0). The image curve

F(x(t)) = %(t)x(t) - I has tangent vector at t=20
L PO im0 = O + x0K(0)

and we wish this to be ‘w. It is sufficient to solve bx0x(0) = —;- w . Since
%o € 0(3), *x =x! and we have solution v = x(0) = —;— xow (which, e.g. is the

tangent vector to the curve x(t)==xo+1t" %xow). . F, is onto and

0(3) = F~}(0) is a submanifold of f° of dimension 9 -6 =3.

Determinant det :R° — R is continuous and det =1 on 0(3) .
0(3) = SO(3) U {x€0(3) | detx= - 1} . These two subsets are not connected

since det is continuous. .". SO(3) is also a submanifold. O

Problem 2. What can we say about SO(n)?

Problem 3. Is Sl(n)= {n X n real matrices x | det x = 1} a submanifold of

R ? (Hint: You will need to know something about 92 det x. This is an exam-
ij

ple where the analytical expression of F, is perhaps easier, i.e., use §2(b).)

-
I
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(1)

(2)

Lecture 2. Manifolds

We first give an intuitive treatment of manifolds. Rigorous definitions will

be given in (3). Some topological notions are defined in the appendix to this

chapter but an intuitive ”feeling” is more important at this stage.

Idea of a Manifold. An n-dimensional (differentiable) manifold M® is a
space that is locally R®® in the following sense; it is covered by a family of
(curvilinear) coordinate systems {U, ;x4 ,x2 ...,x2} such that a point
p € U, N Uy that lies in two coordinate patches will have its two sets of

coordinates related differentiably

x4(p) = fhexd(®), - - ., xB(P)) i=1,...,n

(if the functions f ﬁia are C® | or real analytic, we say that M is C®, or

real analytic, ete.).

Examples.

1...yn

() M® =RM, covered by a single coordinate system x >

(b) M* = S, the unit sphere in R""!. We illustrate with n=2.
Cover S? with six "open” subsets

Ugt = {p € 8% | x(p) > 0}
Uy ={pes? | x(p) <0}
Uyt = {p € 8% | y(p) > 0}

- ete.,etbe.

The p illustrated sits in Ug" N Uyt N Ug" . Project Uyt on y -z
plane; this introduces y,z as curvilinear coordinates in U.", etc., ete.
For p € U NU," we have two sets of coordinates u; =x, uy =z
and v;=x, Vy=Yy, and these are related by v,=uy;,
vy = V1-(x*+2?) = y/1-u?~u? and these are infinitely differentiable in

Ut NU;F (why?).



S2? is ” locally R%” in this precise sense; the typical
point p (shown above) has a neighborhood  (in the

:

topology of S? induced as a subset of R3) that is
homeomorphic (via projection F) to an open ”ball”
. 2
In R%.

3
-
Beeh saonwra

LA TN Y

3

If two sets of coordinates are related differentiably in an overlap we shall say
that they are compatible.

On S? we could introduce (instead of the coordinates above) the usual spheri-
cal coordinates 6,4 . They do not work for the entire S? (e.g. at the poles),
but where they do work they are compatible with our first coordinates.

On $? one could introduce coordinates via stereographic projection onto the
planes z=1 and z = -1 again failing at South and North poles respec-
tively). Where they are good coordinates they are again compatible with our
first set. On a manifold we should include all coordinate systems which are
compatible with those that originally defined the manifold. Such a collection
of coordinate systems forms a “ maximal atlas .”

If M" is a manifold with coordinates {U, ; xZ, ..., x2} and W’ is a mani-

fold with coordinates {Vg; yﬁl, .« -, %5} we can form the product manifold

LT =M"X W ={(p,q | pEM and q€& W}

by using as local coordinates xa}, e XYy, ¥4 in Uy X Vg

Note that S!' is simply the unit circle in g2 (traditionally we use
§ = tan! (y/x) as coordinate, knowing full well the dangers; we should use at
least two such angular coordinates to cover all of S!'). Topologically S! is

conveniently represented by an interval on the real line with endpoints
identified .

. . .] .1

|

<

-l
)

.‘ . | -}
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T ki

S! is the configuration space for a rigid pendulum constrained to oscillate in
the plane » ﬂx"( .P-m

The n- dimensional torus TD.E St % 8! x --- X S! has local coordinates

given by n angular parameters 4,,...,60,. Topologically it is the n-cube
(product of n intervals) with identification. For n = 2

o | F_mmufg +

‘zL ;’(94,923 g = jé O
J ] I
o~ —19;: s:

T? is the configuration space of a planar double pendulum .

fixed pin

(d) Real Projective n-space P™(IR) is the space of all unoriented lines [ pass-

ing through the origin of IR®™!; we illustrate with the real projective plane
P%R) of lines through 0 of R3.
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> Note that such a line | is completely determined by
giving a point [x,y,z] (other than the origin) on it.

Note also that if X # 0, then [\x,\y,hz] describes
the same line [, that is, the same point | € P¥(R) .

[x,¥,2] 7% [0,0,0] are called the homogeneous coordinates
0 Y  of the point | € P¥(R). ‘

(Warning: Our lines are not directed!)

Cover P%(IR) by three sets

U, = {those lines ! not lying in the yz plane} etc. , ete.

Introduce coordinates in Uy, Uy, U, as follows. In U,, given [, pick

point [x,y,2] on [. Define coordinates

¥
P

iy = ?—{- Mo =
1 7 L 2
for example, to choose [x,y,2] with

Note that in U, we are always free,
uy =7y are merely the x,y coordi-

7 = 1. Then the coordinates u; = X,
nates of the point where the line | pierces the plane z = 1.

Similarly, pick coordinates in Uy, Uy .

Problem 4. Show that P%(R) isa C*® 9-dimensional manifold.

sidered directed lines 7 through the origin of R we
since each such T pierces the unit

e using un- directed lines, each

Note that if we had con:
would have ended up with the manifold 8%,
St in exactly 1 7 forward” point. Since we ar
intersects ST in a pair of antipodal points; P*R) is topologically S” with antipo -

dal points identified ! Topologically

_
_
_
_
_
!
o
!

I

|

|

3
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disc /)
\io\enﬁ?gj \ A.dfﬂ'hfﬂ

A

upper S

In this step we throw In this step we flatten

away redundant the hemisphere to a

points in lower hemi- disc, still identifying

sphere. points on the boun-
dary.

and so topologically P%(IR) is the 2-dimensional disc {(x,y) € R? | x2 + y2 < 1}
with antipodal points on the boundary circle x* + y? = 1 identified. Similarly for
PY(R). '

Note that there is no ”edge” to P%(IR); just as
one leaves the northern hemisphere one re-enters

this hemisphere at the antipodal point.

(e) It is a fact that every submanifold of g® is a manifold . (We verified this in
the case S" in part (b).) In Lecture 1, §5 we showed that SO(3) is a 3-

dimensional submanifold of R%; hence it is a 8-manifold. But any rotation in

IR? is determined by giving its axis and the angle § of the rotation. Use the

right hand rule to associate with a rotation a point at distance ¢ radians from
the origin along the axis. Of course the

points § = m and 6 = - 7 represent exactly the same

6 rotation! Thus the points of SO(3) can be represented

by points of the ball of radius m, center at 0, with

0 antipodal points on the boundary 2-sphere identified.
. Topologically SO(3) is P3(IR), the real projective 3-
axis

space of lines through 0 of IR%.
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Note that if we use as model of SO(3) = P3(IR) the solid ball of radius =
with antipodal points on the boundary 2-sphere identified, then the great half

circle A is a closed curve in P¥(R)

the same point.

P Q=2

N
Sh=,

since the endpoints P and Q are really

This curve A cannot be continuously
shrunk to a point in P3(IR) (go ahead,
try it, but remember that end- points
must always Dbe points that are
identified). However, if we go around
A twice we can shrink the resulting
closed curve to a point. This simple
fact is the reason why spinors can exist !

We shall discuss this more when we

come to Lie groups.

e Problem 5. The Mdbius band M& is the familiar strip of paper with

two edges identified after a half twist.

l” dentify —

?Show” that the indicated subset K of

P?(R) is a Mdbius band. So is the
set L (why?). ‘

Cop
Uummmuuumnmu \

fl iy

sub-

This shows that if we remove a ”cap”

from PZ%*IR) the remaining space is a
Mobius band L. This in turn shows us

that if we take a Mdbius band L (which
has a single edge C) and take a disc 8

(8

{
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(which has a single edge C' ) and if we sew these two edges dese ﬂd
together C« C' , the resulting surface is- P(R)! (My vast
sewing experiences indicate that this really cannot be done in
®B:L and ® try to interpenetrate each other. However g,

sewing is much easier in R*; there it can be done.)

(3) A Rigorous Definition of Manifold (see appendix for topological terms). Let M
be any set (without a topology) that has a covering by subsets M = U U, , with
[+

each u, in 1:1 correspondence @, : L, — R with an open subset ¢5(Ug) of R” .

Alstract set M
(net ﬁ!'hhj in®™) A «

O ¢, (Ug"Up)

Q@ |- ”
T %

l
We require that each ¢,(u, NUg) C R® be an open subset of R™. We also require

that the overlap maps ¢g° ¢5"

ballig N Ug) 2 M P g
be diﬁ'erent;lable (we know what this means since ¢g° ¢4 1 are maps from subsets of
RY to subsets of R"). Take a maximal atlas (see (b)) of such coordinate systems
U , ¢,. Now define a topology in M by declaring V.C M to be open provided
given any p € V there is a coordinate chart W, such that p €u, C V. If the
resulting topology is Hausdorff with a countable base, we say that M is an n-

dimensional differentiable manifold.
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Appendix on Point Set Topology

The open ball in R", radius e, center at xg € & is
Byfe) = {x €& | [[x-xl] <¢}

n . .
where ||x-x,||2= 3] |x'-x4]2.
i=1

By() ={x€® | |lx-xl] <¢

defines the closed ball .

A set U C ® is declared open if given xo € U there is an open ball By (¢) C U.

For example Bg(1) is open, By(1) is not ( try to find an open ball in By(1) centered at
(1,0,...,0) € B,(1) .) Note that the complement R*\Bo(1) of the closed ball

{xe/ | x¢By1)}
is an open subset of R . It is not difficult to see that if U; and U, are open in R&°

then so is U; N U, (in fact any finite intersections of open sets are open) and if {U,}

is any collection of open sets (even uncountable) then their union U U, is trivially
a

open.

Definition: A topological space is a set M with a distinguished collection of subsets
called open subsets, satisfying

(i) M is open and the empty set ¢ is open.

(i) U open and V open = UNYV open.

(iii) The union of any collection of open subsets is open.

These open subsets "define” the topology of M. ® is a topological space with open as
defined above.

Let 'A be any subset of a topological space M. Define a topology for A (the ”
induced ” or ” subspace ” op_o/logx ) by declaring U, C A is open if there is some
open subset U of M such that Uy = U N A. One checks easily that these sets do
indeed define a topology for A. 03_

.-OO“

-
ola

For example, look at A = & C R2 l Mepaer . Check that the open sub-
sets of A are exactly those that are open in the original topology of R .
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Definition. A neighborhood (nbhd) of x € M is any open subset of M containing x.

Definition. If f: M — N is a map of a topological space M into a topological space N
we say F is continuous if whenever V. C N is open in N then the inverse image
FYV)= {x€M | F(x) € V} isopenin M. (This reduces to the usual ¢,6 definition
when M =R™ and N =R").

Definition. F : M — N is a homeomorphism if F is continuous, F is 1:1 and onto
(and thus F1:N — M exists) and F~! is continuous. We also say that “M is topo-
logically N,” or M is ‘“homeomorphic to N.”

Definition. A topological space M is Hausdorff if every pair of distinet points has at

least one pair of disjoint nbhds. Most common spaces are Hausdorff. We construct a
non-Hausdorff example as follows. Let M consist of ( R-origin) U two other points
P and Q.

2

'.‘..‘o'o P Y L R AL A RLL AN &.’.

= L]
‘a et P v eas s der sSros e :
: S 24 II'II'Q.'I.’QQDO'OIOD

.
MY YT R ELEEE N 0.-... .
l"

Q

Declare as open subsets M , ¢ ,RT UR™,RT UR"™ U {P} and R* UR- u{Q}.

Definition. A topological space M has a countable base provided that there is a count-

able collection of open sets {V;,Vy, ..., }, such that any open U C M is a union of
sets V, .

e Problem 6. Check that example M above satisfies all the criteria for being a
non-Hausdorf topological space. '
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Lecture 3. Vectors and Mappings

(1) Tangent, or ‘“Contravariant’ vectors . Let p = p(t) be a curve lying on a
manifold M". In a coordinate system (u,x) about the point p, = p(0) the curve

will be described by n functions x' = xi(t). The velocity vector %—% (0) at

: : dx? dx®?
t = 0 is described by the n-tuple of real numbers e ), ..., T 0). If pg
also lies in a second coordinate system (E@ then this same velocity vector
=1 -n
%% (0) would be described by another n-tuple d;ct (7)) B %— (0) related to

the first by the chain rule

dx'! noogxt dxl
e (0) = j§1 ey (po) TS (0)

Definition. A tangent, or contravariant, vector or simply a vector at Pp € M*, call it
v, assigns to each coordinate system (U,,%,) holding p,, an n-tuple

vh; v, V2, ..., VR

such that if py € U, N Ug, we have

~ (po) V4 - (38.1)

It is not hard to see that such a vector is indeed the velocity vector to some (in
fact infinitely many) curves through py .

Associated to any such vector v there is a first order differential operator D, ;

it acts on functions defined near p, by

D=3 X

. Bxi (pO)Vi
i=1

As it stands, this operator seems to depend on the coordinate system x used.
However, in an overlap, by the chain rule

¢

{
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o1 |5 ox) ey o &S ax
—y X 5i_pF
Thus
n af .
Vo) =Dy(f) = 33— (po)¥' (3-2)
j=1 Ox'

is, in fact, independent of the coordinate system used!

A tangent vector at py can thus be thought of either as the velocity vector to
a curve through py or as a first order differential operator that takes the special

form

-Vpo = zn: v —aéT (52)
i X" |Po

1=1

in a local coordinate system.

Definition. The tangent space to M® at the point p € M" is the vector ( = linear)
space M consisting of all tangent vectors to M" at p. If Ux) isa
coordinate system for M® holding p then the n vectors

form, from (3.2’ ), a basis for My, called a coordinate basis ; M7 is an

n dimensional -vector space.



18

If M® CeN is a submanifold of &N » then M7 is the usual tangent n-space
to M" at p.

Example: We have drawn the unit 2-sphere M2 = $2 in f3 with the usual geo-
graphical coordinates.* The equations defining S2 are x = sin 4 cos ¢,

y=sinfsin ¢, z = cos §. The tangent vector —é% is the velocity vector to a

line of longitude, i.e., keep longitude ¢ constant and parameterize this curve by
co-latitude 6, ete. Note that the vectors % and %— do not live in S%; they
live in a vector space Sp2 attached to S? at p. Vectors at q#p live in a

different vector space Sq2 .

, -y
- e -
.

L d -
.

. ]
cssvessetaay,,

~~ WARNING: Because S? is a submanifold of R3, and because R3 carries a

“standard” metric, it makes some sense to talk about the length of tangent vec-

tors to S?. For example we would say ||8i0]| =1 and II%I = sinf . However,

our definition of manifold M® (Lecture 1(3)) does not require that M2 be a subset
of some RN ; we do not have the notion of length of a tangent vector to a general
M". For example the configuration space of a thermodynamical system is

described by coordinates p (pressure), v (volume), T (temperature),--and the
notions

2] 0 2,
"79'5" ’ "5;'", HB_T-I’ etc.

*except we use co-latitude instead of latitude!

|
|
|
|
|
|
|
|
|
”
|
!
!
|
|
|
L
|
|
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seem to have little (if any) physical significance. If we wish to talk about the
“length’”’ of a vector we shall be forced to introduce an additional structure on the
manifold in question. The most common structure used is called a Riemannian
structure, or metric, to be introduced in our next lecture.

. Problem 7. Why not define l}vp0 | from (3.2' ) by

n .
“Vpo “2 = 2 (Vl)2 ?
=1
(2) Submanifolds of manifolds. If M" and V' are manifolds and F : M" — V*
is a map, then it is described in terms of local coordinates x near p € M® andy
near F(p) € VF by r functions of n variables

y* =Fo(x},...,x")

We also shall write this briefly y = F(x), or more dangerously as y = v(x) .
The map F is continuous, differentiable,... provided the functions F® are con-
tinuous, differentiable,... functions of ..., %0,

F:M® — V? is a diffeomorphism provided F is 1:1 and onto, and both F
and F! are differentiable.

Example. F: R — IR defined by y = x3 is a homeomorphism (see appendix to
lecture 2) but not a diffcomorphism because F' (ie, x= y1/3) is not
differentiable at y = 0.

Definition. W' C M" is an (embedded) submanifold of M" provided W is locally

deseribed as  the common locus Fx!,...,x") =0,...,
FrT(xl, ..., x") =0 of (n-r) differentiable functions that are indepen-
. IOF¢ ‘
dent in the sense o has rank n-r.
X

The implicit function theorem assures us that W' can be described in some coor-
dinate system as the points where

'+l —= fr+1(xl’ cees Xr)’ ..y = fn(xl, s = s Xr)
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Every embedded submanifold of M is itself a manifold ! Note: There are other
notions of submanifold (they are not “embedded”’); we shall talk of them later.

The differential F, = DF of a differentiable map F:M" — V' has the same

geometrical significance as in the case RP — & of Lecture 1(3). In local coordi-

nates it has matrix at p € M® given again by

(£ J— A — _.8_F_‘i.
(F,)* = OF)® = — (p)

The main theorem on submanifolds of a manifold is exactly as in Lecture 1(4) with
T and & replaced by M=t and V'. Let’s look at a good example to illus-

trate everything.

Example. Consider a 2-dimensional torus T2 embedded in R® (before we
became so sophisticated we would have said “surface of a doughnut in space’).
We have drawn it flat on top. Define a differentia,"ble map F: T2 =R by
F(p) = z coordinate of p, i.e., F(p) = height of p above the xy plane.

F(®
F(Q)

E(E)

F(A) |
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Note that F :T2? —R is simply the restriction to the submanifold T2 of the (linear)
map F:R% — g given by F(x,y,2) = z . -The differential I, :RE —Rp(g) is from the
geometric meaning (Lecture 1(3)) simply the projection of vectors v at G € R® onto
the R (= z) axis. For the submanifold T2 C 82, F, : T§& — Ry(q) is simply the restric-
tion of this map to tangent vectors to the submanifold. Note that F_: T, —')RF(u)

maps T, onto the 1-dimensional vector space Rp() at all ug T? where the tangent
plane T, is not horizontal and that except for such points Fl(u) appears to be an
embedded 1-dimensional submanifold of T?. Note that at the point C where TE is
horizontal F~}(F(c)) is a figure 8.

C

This is not a 1-dimensional manifold (nor submanifold); no neighborhood of C looks
like a 1-ball (i.e., interval)

Definition. If F: M" — VT is a differentiable map we say

i) x € M® 1is a regular point if F_:M® — V§., is onto , (otherwise x
* F(x)

is a critical point ).

(ii) y € V' is a regular value provided either F-l(y) is empty, or Fl(y)
consists entirely of regular points.

Theorem. If F:M" — V' is differentiable and if y € V' is a regular value then

either F~l(y) is empty or it is an embedded submanifold of M® of
dimension n-r.

This is simply a rewording of our main theorem on submanifolds. It is illustrated
in our example by the values % (where F'l(—;—) = ¢), F(B), F(D), F(G).

Note that A = F7!(1) is a submanifold in spite of 1 being a critical value; how-
ever its dimension is wrong.
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Theorem. (A.P Morse, Sard). Almost all values of F are regular values, provided

(3)

F:M® — VT is of differentiability class C* with ¥ )
-1 2 max(n-»,0)
Thus for all points y € F(M) except perhaps for some set of measure 0 (to be
defined later), F~!(y) is an embedded submanifold of dimension n-r.

In our example note that the flat top of T? consists of a huge set of critical
oints , but the critical values consist only of the points z =1, F(C), F(E),
10. For a proof of “Sard’s theorem,” see (AMR, p. 551).

The Inverse Function Theorem states that if F:M"* — V® is such that
F,: Mg} — VFI\‘(X) is an isomorphism then F is locally a diffeomorphism near X,
i.e., there is an open subset U of M® holding x such that F(U) is open in ve
and F : U — F(U) is a diffeomorphism.

The inverse function theorem is essentially equivalent to the implicit func-

tion theorem; each is easily proved from the other.

It is important to realize that the theorem is local. For example, if
F: M® — V® is such that F, is an isomorphism at each x € M®, T need not be

globally 1:1 (of course it is locally so). F: gt — S! defined by F(t) = [g?j E ] is

a simple example to keep in mind.

The inverse function theorem is useful for introducing new coordi-

%

nates; if y* = y*(x!,...,x") aren functions such that

a(yla"'syn) x
A, ..., X% (o) 70

then the y’s form a local coordinate system in some neighborhood of x,.
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Lecture 4. Vector Fields and Flows

(1) Vector fields and flows. By definition, a vector field on u C M® assigns, in a

differentiable manner a vector v, to each p € u.
In a coordinate patch (u,x) we have n linearly independent ”coordinate” vector
fields —a—, s % E g g . Any vector field on this patch has a local expression
ax! ox™
n § a
v = i§1 vi(x) )
where vi(x) are differentiable functions of (x!,...,x%), i=1,...,n.

Given a “stationary” (i.e., time independent) flow of water in R% we can construct
a 1-parameter family of maps

¢ RS — R ;

¢, takes the molecule that is located at p when t = 0 to the position of the

same molecule t seconds later. Because the flow is time-independent we have

$5(¢4(p)) = d514(P) = d(95(p))
¢—t(¢t(p)) =D, i°e'7 ¢—t — (¢t)—1

and so if the flow is differentiable we have a I1-parameter ‘‘group” of
diffeomorphisms. Associated with such a flow, i.e., associated with a differentiable

1-parameter group of difftfomorphisms ¢, , is a time-independent velocity vector

field
d
Vp = | = &p
P [dt t]t:o

(Thought of as a differential operator

volf) = 5 (6w |,_,

We thus have the almost trivial observation that to each “flow” {¢,} we can asso-
ciate the “velocity vector field” v, = —j‘—t () 1t—0 . The converse result, perhaps

the most important theorem relating calculus to science, states, roughly speaking,
that to each vector field v one may associate a flow ¢, such that v is its velocity

field and that ¢, is found by solving the system of differential equations
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C]Xi

.a_t_.. == Vi(Xl(ti), o .. 7Xn(t))

That is, one finds the integral curves of the above system and ¢p says"‘move

19

along the integral curve through p for t seconds.” For future reference we shall
give a precise statement of this fundamental theorem on solutions of ordinary
differential equations, but definitions will be lacking. We refer the reader to
(A,M,R, Chapter 4) for details. We shall also give an extremely rough idea of a

proof in the appendix of this lecture.

A Banach space E is a ‘““‘complete’” normed linear space; it may be infinite dimen-
sional and is a vast generalization of R® ; you may use IR rather than E if you
wish in the following. ‘“Completeness’’ means that every Cauchy sequence con-
verges.

The Fundamental Theorem on Vector Fields. Let v be a CX vector field,
k > 1, on an open subset U of a Banach space E

vi:u—E

Then for each py €u there is a curve ~ mapping an interval {-b,b) of the real
line R

~: (~b,b) = u
such that
(0) = po this says that ~ is an
d: integral curve of v
d—z (t) = vy s

for all t € (-b,b). Any two such curves are equal on the intersection of their
domains (‘‘uniqueness”). Moreover, there is a nbhd u, of p,€u and a real

number ¢ > 0 and a C¥ map
d:uy X (-€,6) = E
such that the curve
t € (-6€) = ¢p) = 2(p;t)

(this means t gets sent into ¢y(p)) is a curve through p € U, satisfying the
differential equation

d
¢ 8P) = Vo)

2

(o
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for all t € (—¢,€) . Moreover, if t,s, and t+s are all in (—,e), then
Probg = b\ = Ps° &4

and {¢,} defines a local flow of diffeomorphisms.

Example. E = R = R!, the real line, v is the vector field v = x A , le., v

ax
has the single component x at the point in IR with coordinate x. To find ¢, we

simply solve

L=
dt
X(0)=X0

and get x(t) = e'xy, i.e., ¢(xo) = e’%y. In this example (as for all linear vector
fields) ¢; is defined for all t, i.., the interval (—¢,6) can be chosen to be
(~o0,0) .

Problem 8. As in the above example, consider the vector fleld v = x2 9 , l.e.,

ax
the differential equation

dx 2

dt
x(0) = x
| X0 =%
Are solutions defined for all t? Let x5 =1 and let Uy be -%— <x< % . Find

the largest ¢ of the fundamental theorem for which @ :uy X (-€,) > R is
defined. '

Note that we have required that the vector field v be differentiable, i.e., of

class CX for k > 1. One can lose uniqueness, for example, if the vector field is
2
only continuous. On the real line, consider the differential equation L2 = 3x%,

dt
2

i.., the vector field v = 3x3 % . The wusual solutions are of the form

x(t) = (t—c)® but there is also the “singular solution” x(t) = 0.

-
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(2) Vector Fields on Manifolds. If v is a Ck vector field, k > 1, on an open
subset U of a manifold M® then we can again recover a l-parameter local group of -
diffeomorphisms ¢, : U — U, for the following reason. If U is contained in a coor-
dinate patch (u, x,) we proceed just as above; U basically is an open subset of
2. If u is not contained in a single coordinate patch, consider a point p € u,
P €Euq NUg. In U, we solve the differential equations

dx}

dt
as before . In Uz we solve the differential equations

dx :

—-—-—dtﬂ = Vﬂl(Xﬁl, ey X5)

= vixd, ..., x2)

Because of the transformation rule (3.1), these differential equations in u, N ug

say exactly the same thing ! Uniqueness of solutions allows us to construct unique

diffeomorphisms ¢, .

~~ WARNING. Let f:M® — IR be a differentiable real valued function on M®.
of of of

axl ’ ax?’ 7 ax®
in the coordinate system x forms a vector field ‘‘grad f .”” But if one looks at the

In elementary mathematics it is often said that the n-tuple

transformation properties

of n af Ox4 =a Oxd

A= — = : - = z
B by
Ox5 j=1 Ox4 Ox5 =1 Oxg

ag

and compares this with (3.1) we see that this “grad {”’ is not a contravariant vec-

tor field. Consequently the two systems of differential equations (in U, N Ug)

deg ot 95 o

at ax ) an dt 8x,}
do not say the same thing and .. do not yield a flow ¢! What do
ﬁ, 5 sn ot form? See Lecture 5.
ox! )
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Appendix on ‘“Fundamental Theorems”

Consider a curve ~ as a point in a huge function space. For any real number s
(not to be confused with t) consider the differential equation

as an equation ®(s,¥ ) = 0; we wish to solve this equation for 4 as a function

of s. Then (t) =« (—E—) will solve the equation %—3— (t) = v(+(t)) . For details of

the following, see A.P.M., page 202.

Consider a special case of +the implicit function theorem. Let
OP:RXR* R, ie, ¥=(%), be a system of n functions y' =
®(s,x),...,x") of (n+1)variables. Suppose @(0,0)=0. We wish to solve
®(sX) =0 for® =f(s) near s=0,%¥=0.

-3 . N
Y 3 X
L R e

AE*E é(s,?)-_-é"
AR

o}
/)]

The implicit function theorém says that we can do this provided the ‘partial”
i

differential (keeping s = 0) is a matrix —g—y—] (0,0) that represents an isomorphism ,
X

i.e., a linear transformation that is 1:1 and onto. One can prove a very general
version of this, considering a map ®: R X E -+ F where E and F are infinite
dimensional Banach spaces !

We are interested in solving the differential equations azit) = v((t)) ,

A0) =0; here A(t) is to be a differentiable curve in R® and v :R® — AP is a
‘ given differentiable vector field. For technical reasons we shall consider instead the

system
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8 (1) -5 v(o(t) = 0
+0) =0

where s is a real number. Since A(t) is to be a differentiable curve in R® we
think of 4 as a map of a closed interval [ = 1,41 = {t | -1 < ¢ < 41} C R,

~:T—R"
Let ¢4 = the space of all C! functions v:1 — &° such that ~(0) —10. It turns
out that Cq is a Banach space (with suitable norm). Now for 7€ Co 5 %ftl (t)
defines a new curve in ®*, but it need only be continuous and %% (0) need not
be G. Put
= {y:1-8" |~ is continuous}
Then ®(s,)(t) = -%% (t) — s v(~(t)) defines a map
&: aXx Ct —0C°
Note that A(t) =0 is a solution to ®(0,y) = 0. Let us compute the “partial”

differential of ® , keeping s = 0€E R.

First, what is a tangent vector to the linear space 001 at the ‘“point” ~y?

Well, we have to consider a 1-parameter family ~, of such 7 (i.e., a curve of such
~'s). We then have ~(t) and we consider 582- ~,(t) s h(t) . This is simply 2

differentiable family of tangent vectors along the curve v in R®

re ’
A

ON )

Of course h(0) = . The tangent space to cd (i.e., the collection of all such h)
is simply another copy of C4 ! Likewise, 2 tangent vector to {k(t)} in c® is a con-

tinuous vector field defined in f% along the curve k(t). For ‘partial” differential

L
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of & at (s=0,~v=0) we will have a linear map

s=0

¢50 =D& :c4 —°

Evaluate it on the tangent vector h ats =0,y=0 andso ~(t) = 0)

D (b) = 2 (03 + h) (®)
e ’ ¢=0, s=0
_ 8 |00 +eh(t) _ =
o Je at i V(O T h(t)) €=0, s=0
— |h(t) 8 ] Y
- [ 3 S Vb | o= ®
s==0
and so D® (h)(t) = -(—i%g—) We see first that this differential is 1:1, for if
%=0€C° then %%(t)=0 for all -1 <t< +1 and h(0)=0, thus
$=0 s=0

h(t)=0. D® is 1:1. Also D® isonto, forif k(t) is a given continuous curve,
ie., k €c?, then we can find h such that D®(h) =k, namely

h(t) = {t k(r)dr

5=0
It can also be shown (using the norms of ¢4 and ¢°, that D@ is continuous (i.e.,
5=0

bounded). Thus D® jis an isomorphism at s =0, vy= 0. By the generalized
implicit function theorem we can solve

8(5,8) = <& (1) - s V(g (1) = 0

for g =, provided s is sufficiently near 0. But then if we define, for such an

s#0

one easily gets %% (t) = v(~(t)) , as desired.

A slight modification of the above shows in fact that the solutions depend
differentiably on the initial point ~(0) chosen. The full force of the implicit
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function theorem will also show that the solution ~ depends differentiably on the

vector field v. :
I hope this sketch convinces you of a need to have an infinite dimensional ver-

sion of the implicit function theorem.

-
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Lecture 5. Covectors and Riemannian Metrics

(1) Some Linear Algebra; the Dual Space. Let E be a real vector space (E need
not be equipped with a basis and while E may be oo dimensional our main con-
cern at present is with finite dimensional E). If E is n-dimensional, let e; -« - e,

be a basis, i.e., a linearly independent set of vectors in E that span E. Thus if
v € E, v has a unique expansion

n . n .
v= ), V' = ), Vg
i=1
for real numbers v!,...,v®, the “components’ of v. We shall usually write the

components v' to the right of the basis vectors. This is not done in most treat-

ments of linear algebra but it does have many advantages. The disadvantage is

n B
that equation (3.2’ ) should be written v, = Y —— | V', making it appear
Po = axx Po
==
that -% is operating on v, which is not the case.
vil
Symbolically, we write matrices e = (ey, ..., ¢€,), v= 1 ; the first matrix
1 n .
_ o0

is symbolic because the entries are vectors rather than numbers. We then have a

symbolic matrix product

vV = Zeivi'—-:-(el"'en)
i=1 vi

i

€V

We see that an n-dimensional vector space E with a basis is isomorphic to R",

vl

vEE « | : | € R®. This isomorphism E =~ IR® however is unnatural since it
VD

requires a basis to be given in E and there are many bases in E, each giving a
different isomorphism with IR™ .

Definition. A (real) linear functional @ on E is a linear transformation a:E — R

to the 1-dimensional vector space R = R!.
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Thus o is a real valued function on E such that
afcyv + cow) = ¢,a(V) + coa(W)
for all vectors v,w in E and real numbers ¢;, ¢y .
Example. If E has basis e; - - e, andif a;,...,a, are real numbers, then

a(v) = a (Z eivi) =), aivi

defines a linear functional (check this). Moreover, we claim that every linear functional

is of this form, for if £ is a linear fupctional B(v) = ﬁ(z eivi) ? by Blev', .. put
(why?)

a = Bley) -

Example. E = space of continuous real valued functions f: R — R (an co dimen-

sional space). For each a € IR we have the Dirac functional 6, defined by &(f) = f(a)

Definition. If E is a vector space, the collection of all linear functionals « on E

defines a new vector space E*, the dual space to E, under operations

{(a+ﬂ)(V) ofv) + A(v)  aB €E*
(ca)v) = cafv) ¢ceER,vEE

If e, ...,e, is a basis for E, define the dual basis oY, ...,0" of E* by

. : 1 i=]
o'le) = &' = {0 P the Kronecker delta
(note that from our example above ﬂ(z eivi) =Y, B(e;)v' we see that a linear func-
tional B on E is determined when we know its values b; = f(e;) on any basis e).

Thus oi(v) = ai(z ejvj) =), ai(ej)vj =) 5ji -vi =vl, and so ¢'is the linear func-
i ] ]

tional that reads off the i’ component of any vector (with respect to basis ey, ..., e,).

(Note, e.g., (v+w) = vl + w', etc.) It is easy to show in this finite dimensional case
that the ol, ..., o* form a basis, for

@) 0= ac = (T 20)(e) =0=> 3 a0'(e;) = 0

= ) aiéji =0 = g, =0,al j. .. linearly independent.
i

(i) If BeE*, Bv)=Y, ,B(e]-)vj . But then

o
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B=3 Ble)o, (5-1)
-

ie., ol,...,0" span E* because § and Y, ,é?(ej)aj are two linear functionals

that take the same value on every vector v.

1

lod
We write symbolically 6= | : | . Then for € Ex, = >, biot, b; = Aey)
a.n
can be written
7
B=13 blai = (b, by) = bo
1 3
o
vl
Thus when vectors v € E are identified with column vectors v = - | linear function-
Vn

als B € E* are identified with row vectors 6 = (b; * - - by). Then

ol 7k .
A(v) = (by - - - by)] : (91"'en)[5]=(b1"'bn) :
o vt vt

is boev = b(oe)v = blv = bv, I = identity .

~~ Note that E and E* are different spaces . In the example of the Dirac &
functional, one would never confuse §, with a continuous function!

(2) The Differential of a Function. If f: M"* — R, its “differential” df is by
definition the linear functional on tangent spaces df: My — IR given by (see

(3.2)):

df(vp) = Vp(f) (5.2)
In local coordinates, e = — | ,...,¢e;, = 9 form a basis for My
ox! |p ox™ |p
- 0 - of
at| 37 vipp) -2 | = T vip) 2L
REDFARES ORI




In particular we may consider the differential of a coordinate function

(

. . i .
dx‘(ej) = dx' a = ax. = (S]l
ax? ox!
\ . . o
dxi(v) = dx' Zv’—a—:- =), vl dx' [_3_] = v
i ox! i ( ax! )
L
Thus the linear functional dx' reads off the i*® component of any vector , when
expressed in terms of the coordinate basis e; = -—a—, R N o , and further-
ax! ox™
more dx!, ..., dx® form the dual basis to the —(%— !

The dx!, ..., dx" give a basis for (M)*, not M. The most general linear

funectional to Mpn is then of the form

;

a=Y) a; d¥
i

! _ (@
ai=oz —_—
ox'

\

(5-3)

(see (5.1)). A linear functional o : M' — R is called a covariant vector, or covec-

tor , or 1-form , or Pfaffian . A differentiable assignment of a covector is locally of

the form -
o =3 a;(x)dx!
where 2;(x) are differentiable functions. This is called a covector field, ete. The

components 2;(x) are simply « (—aé-l—) . Then for any differentiable function f
X

b3} ~ af
df =Y df | —|dx'= ) — dx', 1.,
; [ 29 ] 2;: ox'

it =3y & a (5:4)

7 Ox
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of of

Thus the numbers —B—XI-, 54 —aF (considered in Lecture 4, §4), are the com-

ponents not of a vector but rather of a covector , the differential of f. Thus in
spherical coordinates r,0,¢ in RR®

of of of

and these three components are nothing like the components of what one calls the

“gradient vector’” of f. To discuss the gradient vector we must introduce a

Riemannian structure, as we will, shortly.

Under a change of local coordinates
- —r 0 i 8% i |
dx —]de(axj)dx _§jj .
(Note that this is simply a statement of the chain rule.) Then for a general 1-form

_ i L
Eajdx’=2aj2—g—§lvd§’EZaid§'
1 1

] ]

says
— xi
= a; =
a’ Z,; %
ie.,
ox/}
a3f = i a;* 2 (5.5)

is the transformation law for the components of a covariant vector. Compare with

(3.1) for contravariant vector components.

Problem 9. If v is a vector and « is a covector, compute directly that
Y, 2= Y ayv'. What happens if w is another vector and one considers

3, viw ?

Riemannian Manifolds; the Gradient Vector. Let E be an n-dimensional

real vector space with an inner ( = scalar ) product < , > . Thus for each pair of
vectors v, w of E, (v,w) is a real number and <V,W> is linear in each entry when



36

the other is held fixed and <v,w> = <W,V> . We further demand that <,> be non-
singular in the sense that <V,W> =0 for all w € E implies that v=0€E. To
accommodate relativity we shall not always demand that | = <v,v> be positive or
nonzero for vz£0. If <V,V> >0, al v#0, we say <,> is positive definite. If
€ ...,¢, is a basisof E, then the matrix

i = (o) (5-6)

is called the (matrix of the) metric tensor . It is symmetric and positive definite if < , >
is. Thenif v= Y ev,w =Y gw!

<v,w> = <§13 v, ZJ] ejwj> = lz,: viw! <ei,ej>

ilj i}j

<V,W> =Y, gi’-viwj (56.7)

Lj

Note that if e, *--e, forms an orthonormal (o.n.) basis then g;; = §; is simply the
identity matrix and <v,w> =Y, viwl .
i

By hypothesis <V,W> is a linear function of w when v is held fixed. Thusif veE,
the function f, defined by

f,(w) = <V,W>
is a linear functional, f, € E*. Thus, putting v =1,, v=>, ViO‘i, we have (see

(5.1)):
vi = ve;) = <V,ej> = <§9 Viei,e]—>

m— Z Vi<ei,6j> == Z Vigij
i j
Thus if E has an inner product, to each vector v € E with components v' we can

associate a covector v, with components v; = P Vigij , having the property

1

y

:'-"h.i

‘}--'lﬂ-'

|
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‘ V(W) e <V,W> (5.8)

all weE. Note that if e ---e, is an orthonormal basis then =v.

v, =7, vig;; are called the “covariant components” of the vector v. Note that in

1
our finite dimensional case, every covector a € E* is of the form o(w) = <v,s> for

some vector v. This is true because if o= 3" ag', then o(w) =3, a;wl and
j

we can write a(w) = <V,W> =y, vigiiwj merely by solving
1j

aj = E vigij
1

for vi. The solution is

vi=7Y gla, (5.92)
]

(') = inverse matrix to (g;)

In the figure below e; and e, are unit vectors, but not orthogonal. Note that in

general

S 3 = '<v,ej> (5.10)

Notation. In tensor analysis we use the same letter for the components of the covector

v associated with the vector v; we merely lower the indices. Thus if v = 3 eivi,
i

then v =), vjaj where
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vj = E Vigij (5.9b)
i

Likewise, if o = Y] a;0' is a covector, we can associate a vector A with it having the
property a(w) = <A,W> , all w€E. Then we write al = Al — >, gijaj , Where (gij)

j
is the inverse matrix to (8ij) - In finite dimensional spaces E, an inner product <,>
allows us to “identity” E with E*. In terms of 2 basis Vipeoa, Vg vl o0 v,

Definition. A Riemannian metric on a manifold M2 assigns in a differentiable fashion

a positive definite inner product (,) in each tangent space M.
P

(It < 5 > is not positive definite it is called indefinite and the resulting structure on M®
is a “pseudo-Riemannian” metric ). Then in terms of the coordinate basis

—» ...y —— We have the differentiable matrices (“metric tensor’’)

Ox! ox"
(22

In an overlap, with new coordinates X

_ 8 9 3t 9
g”—<a§é ’ as?'>_< B ax IZHI axm>
ol ax™ ;9 3
_,Zm o5 o% <¢9xl" axm> ’
ie.,
- Axt oxm
gij—l}m = o 8m (5.11)

Definition. If M" is a (pseudo-) Riemannian metric and f is s differentiable function
f:M" - R, the gradient vector

grad f = f

is the contravariant veetor associated to the covector df

df(w) = <vf,W> : (5.12)
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In coordinates, from (5.92)

(Vf)l —_ ? gl] 6‘{1 (5.13)

Example. In relativity (special) M*=R* with metric given in inertial coordinates
0 1 2

t=x,x=x!,y=x%,z=x%, by
5 5 1ifi=j=1,2 or 3
gij=<—5x—i,—a¥)= i i=j=0 ,
0 otherwise
-1 000
, 0100
e, (@) =1 o o 1 of- Then
0001
of of of of
df = — dt dx + dy + —
iy L M
ie.,
af wr [OF 0L O ot
lat ox ' Oy 82}
but
f—-—qi 3\
at

a

9x o8 8 of & ., of o  of 8
f“=” , - f________ s i, —_— —
v v of 1ev 8t3t+8x8x+8y3y+azaz

oy

E

oz

\ Vs

Example. In R? with Cartesian coordinates x!, x2,x® we have standard metric
gij(x) = 6;. Hence df and wf will have exactly the same components

@ty = 2L = (wi).
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° Problem 10. In R3let x! =x,x* =7y, x3 = z be usual Cartesian coor-

dinates and let X' =r,X =14,

coordinates. Compute the metric tensor g; in the coordi-

X® = ¢ be usual spherical

nates X, i.e., in spherical coordinates

(Note; don’t fiddle with matrices, just use chain rule = — + -+ ). Compute
or or 0ox

the coefficients (Vf)l i

- a
vf = (vf)r —+ (VI o5 + (V) o
. ) a )
Verify that B ' B 5 are orthogonal, but not all unit vectors. Put
r
8 9 9
5 = or 3, — a9 & = d¢
rTUay Y 9y ° 19y
TN TT T

and write <7f in terms of this orthonormal set
Vi = (VI & + (vf)! & + (Vi) &,
Check that you get the usual expressions in physics books for the components of grad f

in this orthonormal system. (You may then wish to ask yourself; why do we need wf

in spherical coordinates when df is so simple?)

(4) Morse deformations. Let f:M® — IR be a smooth function defined on Riem-
manian M®. If f(xo) = a then the “level set” of f through xq is the set

MY a) = {x | f(x) =a}. If df =}, B_fl dx' does not vanish at x, then, near

7 Ox

1 .

X, M®1(a) is an (n-1)-dimensional submanifold of M® (keep the toroidal picture

of Lecture 3, §2 in mind!). If x(t) is a curve in M"(a) through x, then its
i

velocity vector dx/dt is ‘“‘annihilated” by df; df(%—);—) i

f(x(t)) is constant. We would like to say df is “orthogonal” to the tangent space

M2 Ya) to M*(a) but this makes no sense since df is not a contravariant vec-

tor. Its contravariant version Vf is however orthogonal to M*'(a) in the sense

that <vf 3:> ( )-— 0 for all tangents to M®l(a) at xo
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i
Recall that one does not get a well defined flow by considering %J:— = —;—f—}- .
X
If, however, \(x) is any positive smooth function, \(x) > 0, defined on M" in a
: dx __ o oodx i of
neighborhood of x¢, then T Ax) vf, e, el A(x) ? gl =5 does

have a well-defined flow; its integral curves are tangent to <yf, orthogonal to the
level hypersurfaces f = constant (any (n-1)}-dimensional submanifold of an M® is
called a hypersurface ) and are called “gradient curves or lines” or curves of

“steepest ascent’’.

Problem 11. Since wf 0 at X, it is also nonvanishing in some neighborhood
of xo. Show that one can choose X\ so that one has -g{— = 1 along the gradient

curves. This shows that the flow ¢; generated by this vector field X\(x)vf sends
the level hvpersurface M®(a) locally into the-level hypersurface M**{a+t) !

-

>

Note that these flows ¢, are only locally defined and then for only short times
perhaps; that'’s all the fundamental theorem of Lecture 4 guarantees. There are
theorems that tell us when the flow ¢, generated by a differentiable vector field v
is gloablly defined, for all t; for example if M® is a compact manifold this is so.
We shall discuss such things later, in Lecture ?, but the interested reader can see
AM, and R, 4.1.20, page 196.
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Lecture 6. Tangent and Cotangent Bundles. Phase Space

, (1) The tangent bundle to a differentiable manifold M is the space of all tangent
N vectors to M® . Thus a “point” in this new space consists of a pair (x,v) where x
is a point of M™ and v is a tangent vector to M" at x, i.e.,, v€ MQ . Denote

the tangent bundle to M®™ by TM®™. We can introduce local coordinates in TM

as follows. Let (x,v)€ TM". x lies in some local coordinate system

U,x...,x* of M®. At x we have a (coordinate) basis —6—, .5 9 for
ox! ox? N
- n .
M,;? . We can then express v= ), v _8_1 . Then (x,v) is completely described l
i=1 X ‘
by the 2n-tuple of real numbers.

here x = (x},...,x") € u '
2, x®, Vi), ..., VR(R) { v=( ..., R I

If x also lies in the coordinate patch E, X,..., X%, the same (x,v) € T™M"
would be described by a new 2n-tuple ' l
..., %, ¥(x),...,v(x) q

where

? ) | . (6.1)

We see that TM is a 2n- dimensional differentiable manifold!

Note that we have a natural mapping

This merely takes a point of TM, i.e., a pair consisting of a vector v at a point
X € M and gives back the point x at which the vector is located. Over the coor-

dinate patch u,, X2, ...,%x} on M we have a coordinate patch
A ] 5 M &

T TM—-M . |
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of TM and 7 is simply the map =(x,v) =x. Schematically we draw the follow-

ing picture.

r" 1 ™

H
: H
6. 1 <« the 0 ows seckon
? i -
T 5 :
| i & ’ o a |
‘ fiber T
£~ R M™

Note that each “fiber” n7l(x) represents all the tangent vectors to M at the point

x; this is simply M”, a vector space isomorphic to R®. 77}U,) is in a natural
way simply _
r(U,) = U, X R®
~~ Warning. TM is not usually globally M X IR®, even though locally it is a pro-
duct 7Y (lo) = Uq X IR; it is usually twisted . Locally “over Y, ,” we always draw

a product picture. Note that we always have a copy of M® contained in TM, namely
the O vector field to M".

®

f?ﬁ&)cTM Given another vector field v .on M we
get another copy of M" by means of the

mapping v:M — TM locally given by
&L ..., 5 =&, Vi), L, V()

where v =Y} vi(x) 9 is the local
ox'

expression  of V. Such a map
v:M — TM satisfies mev = identity
map M—-M and is called a

“(cross) section” of TM.

Example. In mechanics the configuration of a dynamical system is usually described as
a point in an n-dimensional manifold M, the configuration space . The coordinates x
are usually denoted by ql,...,q", the “generalized coordinates.” For example if we
are considering two mass ‘points moving on the real line, M2 =R X R with coordi-
nates q!, g (one for each particle). A tangent vector to the configuration space Y
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is thought of, in mechanics, as a velocity vector ; its components with respect to the

coordinates q', ..., q" are written §',...,q", rather than vl,...,v®. These are
the generalized velocities . Thus TM® is the generalized velocity space to the

configuration space, but there is no standard name for this space in mechanies (it is not
the phase space, see §3). The configuration space need not be Euclidean space. For the
planar double pendulum, Lecture 2(§2c). M? = S! X S! = T%. For the spatial (single)
pendulum M? is the 2-sphere (center at pin).

Example. If M® is a Riemannian manifold, i.e.,, a manifold endowed with a
Riemanian metric (Lecture 5, §3), then instead of considering all tangent vectors to M"®
we may restrict ourselves to all unit tangent vectors. Thus if we are in the coordinate
patch (x},...,x*, v} ..., v") of M® we may restrict ourselves to the subset defined
by |v[f =1, i.e., the unit tangent bundle ToM"

TM®: 3 gy(x)vivi=1 .

i,j

On ™" we are  putting f(x,v) =Y g;{x)vv = 1. Note  that
(Xl, ..., xX®, vl ..., vD) are the local coordinates for TM and

of 1 ;

— e, 2 . x VJ

v j§1 gu( )

Since det (g;) 7 0, we conclude that not all % can be zero for v £ 0. Thus we

can solve for some coordinate v¢ in terms of the remaining v’s and x’s. We conclude
(see Lecture 2, §2), that ToM" is a (2n-1)- dimensional submanifold of the manifold
TM® . In particular TgM® is itself a (2n-1)-dimensional manifold.

—x‘(m—u-m‘m—amil-;-l—;-l-lﬂl_l

o mmm

¢
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2 __ ma2
Example. Let M? = S? be the unit 2-sphere in f3. The tangent bundle TM* =TS

is 4-dimensional. We shall consider instead the 3-dimensional ToS? .

A unit tangent vector e, to s? is located at
the point described by the unit vector e; from
the origin. Thus a point in TyS? is uniquely
~ described by e; and e, together. For free we
may throw in e3 =-e; X ¢;. Thus a point in
T¢S? is uniquely described by the orthonormal
triple e;, ey, e5 of vectorsin R%. By parallel

translating e, and ez to the origin we have

an orthonormal basis of ®%, and comparing

1 0 0
with the standard basis, |O0], |1}, |0] we
0 0 1

sée thét theﬂpoints of T,S? arein 1:1 correspondence with the points of the rotation
group SO(3). It should also be clear that the topology of ToS? is the same as that of
SO(3) (nearby tangent vectors e, correspond to nearby orthogonal matrices). We have
seen in Lecture 2, §e, that SO(3) is topologically P¥(IR) .

The unit tangent bundle T;S? to the 2 - sphere is topologically
the 3 - dimensional real projective 3 - space P3(IR) = SO(3) .

(2) The Cotangent Bundle to M® is the space T*M" of all covectors on M". A
point in T*M® is a pair (x,a) where & is a covector at the point x. If x isin
the coordinate patch U, x!,...,x® of M", we have basis dxl, ..., dx* for
My)*, and a can be expressed as « = Y a;dx'. (x,@) is completely described
by the 2n tuple

xhoo, xR, ), ..., ag(x)

and we have, if p isalsoin U,X%,...,%®,

\ X =%x,...,x).
— i (6.2)
8 = )] 2_15; 3
i Ox

{

T*M" is again a 2n-dimensional manifold.
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(3) Phase space of Mechanics. Let M" be the configuration space of a dynamical
system, with local generalized coordinates g, ..., q"*. The velocity space is sim-
ply TM®, the tangent bundle to M?®, with local coordinates q!,..., q",
4, ...,q". For simplicity we shall consider a time-independent Lagrangian
L = L(q,q) , thus L: TM® — IR ; this is merely a function on the tangent bundle
to M". (If the Lagrangian is time dependent we would consider
L:TM" X R — IR, where t is the coordinate in IR on the left hand side.) To
go from the Euler-Lagrange form of least action principle § f L(q,q)dt = 0 to that

of Hamilton one is led to make the definition

(o) = L
p] q7q s—= —BE
In many books on mechanics this is looked upon merely as a change of coordinates
in TM, i.e., one switches from coordinates q!,...,q", 4}, ..., 4" to coordi-
nates ql,...,q%, Dy ...,Dp- This is not so ! The p;’s do not represent
tangent vector components because they transform not like the v’s in (3.1) but
rather
L 8q , AL &g
bi = Feriia E — (.li + 5 (}i
dq i 0d 9q  O0F dq
. . . aq
Now ¢ =¢d(q'...,q") alone, nogq, .. —5—— = 0. Furthermore, again from
q
(3.1)
o _ 09
0q q
Consequently
oL g — 37
bi = E el _il = Z i —ql' —_—
i 04 Oq j q
or
- qu
] T 2 — bi
i od

and so the p’s represent covectors on M®™, not vectors (see (6.2))! Thus the p’s
represent coordinates in the cotangent bundle to M™ and the formulas ( where
from now on we use p; rather than a; for coordinates in T*M)

i

q=

QD
-
=)
W
—

Pi= —=

I.’II..III"II'III""I
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really are defining a differentiable map

TME —— T*M®

In mechanics the space with local coordinates (q,p) is called ‘“ phase space” ; we
see that phase space is simply the cotangent bundle to the configuration space M".

While the c'f are called (generalized) velocities , the p; are called generalized

momenta . This is suggested by the following situation. The Lagrangian is frequently
of the form ’

T = kinetic energy

L(q,9) = T(q,q) - V(q) V = potential energy

"where V is usually independent of q and T frequently is a positive definite quadratic
form in the velocities

. 1
T(0,q) = 5 3 gij(9)d'd
(for example, for two mass points moving on the line we have

1 -1 1
T=§m1(CI)2+—

m,(q%)? , where m; and m, are the masses). Then
D) 2 1 2

oL 8T 3 1 .
pp=—=—=— =9, gi(a)q'¢
'ag; dg; T

= E gij‘.lj
i

Thus 2T defines 2 Riemannian metric on M® and then m‘ p; are merely the covariant

components (see 5.9b) of the “‘velocity”, (again exhibiting p’s as covariant quantities).
In the special example of two mass points on the line

P1 = 1111511 P = m2<312

are indeed what everyone calls the momenta of the two particles.

The tangent and cotangent bundles TM"™ and T*M® are distinct geometric
objects. However, if M" carries a Riemannian metric, we can define a diffeomorphism

TM® — T*M". Locally it maps the coordinate patch (q,q) — the coordinate path
(a,p) by
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) ¢ =q
with inverse
pi =] gi(Q)d ¢ =3 g'p;
j

]

\

If instead, we are given a Lagrangian function L(q,q) on TM we can define a local
map TM — T*M by

If this map is invertible we then have a diffeomorphism. Is there no real difference
between TM and T*M? To answer this we first need to digress on mappings.

(4) Induced mappings on vectors and forms. Let F:M®— W' be a
differentiable mapping. Locally, if x!,...,x" are coordinates for M®™ near p
and y!, ...,y" are coordinates for W' near F(p), then near p, F is described
by '
. i=1;2 :svsn
Y‘B=yﬁ(xly'-'1xn)=yﬂ(xl) B=1,2,...,r
We emphasize that we needn’t have r = n, and even when r = n we don't ask
that F be 1:1, ete.; we simply have a differentiable map between manifolds! Since
M and W are locally Euclidean, we have an induced map, the differential of F,

as in Lecture 3,
F . M R Wﬁ(p)
Geometrically, it again takes tangents (i.e., velocity vectors to curves through p)

onto the corresponding velocity vectors to the image curves through F(p). It is a
linear transformation with matrix the Jacobian

ayf (6.4)

Thus F, is just an expression of the chain rule.
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~~ WARNING. F_ does not take vector fields on M" into vector fields on W*.
This is because F may not be 1:1; it may be that F(p) = F(p’ ) and there is no

reason to believe that if v is a vector field on M then F (v,) = F (vy ), (ima-

gine trying to project a general vector field in ﬁ3 into R?).

Returning again to F:M® - W', from F Mp — WF( ) We may consider the

dual linear transformation on covectors, i.e., on 1-forms

F*: W™ — Mg,
by ( (6.5)
(F*B)(v) = A(F,v)

J

i.e., we “pull-back’” 1-forms at y € W to give 1-forms at each F‘l(y) Thus if
B =73, bydy® is a l-form at y € W, then (from (5.1) )

=3 ﬂ[F —a—]dx‘ — (from (6.4))

L 3}
F*f = F* —_
=5 ﬂ)[axx] =

i=

0 i oy® 5} i
= — | dx = —_ dx!
Z g 2_31 ox! By"] * :u: ox! {,8}""] *

oy i
=), — b, dx
o ax' *
i.e.,

e[ 5 s = 5 [ mt) 25 o (89

a=1 J i

just expresses the chain rule again ! In particular the pull-back F* gives

n (s ] .
Py = 3 2 ae
i=1 Ox

" In summary we have, for each F: M — W induced maps
F, : M — Wiy (the “differential” of F)

and

F* 1 Wy — Mghyy, (the “pull-back” of F)
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There is, however, an important difference between F, and F*. Note that if g is a

covector field on W', then F*B is again a covector field on M, as is evident from
(6.6); it matters not that we may have F(p) = F(p' ): aform B at y € W pulls back
to a 1-form at each point of the inverse image F~}(w). F* pulls back covector fields on
W to give covector fields on M! This will turn out to yield a very important advantage

of forms over contravariant vector fields.

e Problem 12. Let \Yi i F, wr G, v and so G-F:M? = V8
. (= ..., x%) L ..., ¥ (z%,...,29

Show (using chain rule) that for induced linear maps:

(G °F)* == G* °F* : Mxn —'—’Vé(F(x))

(GeF)* =F*oG* : V) — Mplygiy

(5) The Poincaré 1-form on phase space T*M". There are natural maps (‘‘projec-
tions”) taking the tangent and the cotangent bundles back to the space M® (by
abuse of language we shall call both maps )

m:T™M — M takes (q,q9) — (q)
m: T*M — M takes (q,p) — (q) °

In words, the point (q,q) € TM represents a tangent vector to M based at the

point q. m takes this vector into its base point on M. Likewise for '

m: T*M - M.

Theorem. There is a globally defined 1-form on every cotangent bundle T*M,
the Poincare 1-form X . In local coordinates it is defined by

n .
A=) pidd

i=1

(Note that such expressions make sense on T*M, not M, because the ¢’s and p’s are

coordinates on T*M.)

Proof. We only need show that X\ is well defined on an overlap of coordinates.

But if q,p are other local coordinates for T*M we have

e =

¢

7~

b _'_ e heeEn SEmih EEEm Ee. ‘
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-

/u/\

—1 v
9q aq J
Z 5_ a dp Pg
j P;
9
But q are independent of p;, so —— . dpj = 0 and we have
j

a’ : .
ERE=THY - dd=Tpdd
i ) J

i

as desired. ' O

There is a simple geometric explanation for the existence of the form X\ . At the point
(a,p) € T*M the form X is the following. (q,p) represents the 1-form Y] p;dq' at the

point 7(q,p) = q . We may pull back this form to give a 1-form 71'*(2 pidqi) at (q,p)-
This is the form X . (Note we are using q for coordinates in both M and in T*M. In
terms of coordinates (q,p) in T*M and (q) in M the map =7:T*M — M is given
simply by ¢! = ¢! (independent of p). Thus for pull-back of the form ). v dg! on M

we have
: dq ¢ ]
i . dq' *dg! = dgl d
™ [Zm q] Y pi - mdq = Z]pl{aqj q + B p’)
= Z p)‘sl dq] Z p,dq 4
ij
as claimed.
This is a great advantage for T*M over TM. There is
no naturally defined 1 - form on the tangent bundle .
e . Problem 13. Is )] g 387 a well-defined vector fleld on TM? Is } ¢ ga_ ?
_ ! - q
(Hint: 9 (8_}(_) Z % ox .) If any of these are well defined, give the

ax - oxX oxioxk ox
geometric (i.e., non-coordmate) meaning.
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Lecture 7. Tensors

(1) Linear algebra again. Covectors are linear functionals on vectors (see Lec-
ture 5, §2). Note that we may then think of vectors as linear functionals of covectors by
the trivial definition v(a)= o(v) (=Y} a;v' in coordinates). Although we shall
define tensors over a general finite dimensional vector space E we shall usually be con-
cerned with the case E = Mp', the tangent space to a manifold at a point p. Conse-

quently, instead of using e;, ..., e, for basisof E and o',..., 0o for dual basis of

E* we shall simply write ¢; = —aa—l and o' = dx!, but remember that our construc-
_ X

tions are really just linear algebra.

Q:EX -+ XE R

r factors

Thus Q is a function of r-tuples of vectors, Q(v(l), ceey v(r)) that is linear in each V(i)

when remaining entries are kept fixed (note: (i) is a vector , not a component).

Example. The metric tensor G:E X E — R defined by a scalar product (see
Lecture 5, §3)

G(v,w) = <V,W> =Y, gijviwj
is clearly linear in v and linear in w.

In components we have, from multilinearity

i, 0O i, 0 i 0 )
Qviy »+ - V() = Q vl‘—-—., V(P e 5 i Vi, ,
i 9 i, O i 8 )
=Y V) Q| —, Y vi5 —y ey Y, V() —
zi? 0 ox" 2V ox" 25 V) gx* |
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0 i 0
= Y V() V(5 Q —y ey ¥ V(S .
11’12 (13 (2) [ axll axlz Z (1') axlr ]
i i 3] d
= 8 = V1V2"'VrQ———.,...,"'_.
il,i§.,i, 5 & [Bx“ Bx"]
ie.,
i, )
Q=% Q )V v Q=0 2, 2 (7.1)
g, it oxt’ ox

The space of all covariant tensors of rank r, i.e., the space of all such Q’s, forms a
vector space (we know how to add functions and multiply them by numbers) which we
write as

EF*QE*® - ® E* =R E*

It has dimension n® (count the number of “‘components’ Q,...i) ~

If @ and § are covectors, o € E*, 8 € E¥ we can form the 2nd rank covariant
tensor o @ B defined as follows. We must tell how a®@ B:E X E—-R.

a®f (v,w) = av)B(w)
In components a = Y adx', # = ¥ bidx', and from (7.1)

(a@ﬂ),,—a@ﬂ[ aij]=a[aar] ,3[%‘]=2.,bJ

{aq-bj} , Lj=1,...,n, form the components of the tensor product of the covectors
a and B (the a and B are of course covariant tensors of rank 1; sealars will be con-

sidered tensors of rank 0).

e Problem 14. Show that the 2nd rank covariant tensor Y ab; dx! ® dx! has the
L]
same values as @ £ on any pair of vectors, and so

a® B =Y ab; dx'® dx!
L]
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Now consider contravariant tensors.

of covectors

T:E¥*X --- XE¥*-=1R
N—— o vnmger”’

s factors

As in (7.1) we show immediately that

Y oy, A e T (7.2)

jl;---;ls

Tl = T(dx, . .., dx¥)

T(a(l) ’ 0{(2), . sy oe(s))

Again we shall write AN
TEE® - QE=Q’E

Examples. The inverse of the metric tensor G~ measures the scalar product of
any pair of covectors

G f) = Y glaib;

. 0 .0
Note that for a pair of (contravariant) vectors vQ w = ), V' e YW F
X

L s 0 0
= w — ® — see Problem 14
VW %vw =7 ® 50 ( )

You should verify that we are justified in writing

0 o 9
oxt ox!}

G=Y g dx®dd and G'=Y g

Finally we consider a third type of tensor, which actually generalizes those above.

N ! a o o N : L J !
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Definition. A mixed tensor , r times covariant, s times contravariant is a multi-
linear function W:E* X -+ XE* XEX -+ XE — R
W S,

K] T

Wileqy, « -5 o) s Viapy + + - 5 V()

= 2 o, i, WL V)V
13...1p
jl---js
axll axlr

Example. Let A:E — E be a linear transformation . In terms of a basis,

Aeg; = EejAji and A(E eivi) =Y, ejAjivi , or briefly (Av) =" Aijvj . Then A
j i j

L
defines a mixed tensor A , once covariant once contravariant, by
A(av) = o(Av) = T a;Alv!
Lj

Conversely, such a mixed tensor B defines a linear transformation B, by, Bv is that
unique vector such that «(Bv) = B(a,v), all a € E* There is no difference, really,
between a linear transformation A :E — E and its associated mixed tensor A ; we
shall therefore drop the wiggle ~. Of course the identity transformation I is
represented by the mixed tensor whose components form the Kronecker §

6ij
In conclusion, there are three types of matrices (A;;), (Al), (A') . The first and second
are the matrices of bilinear forms (on E or E* respectively), while only the last

represents a linear transformation from E to E.

If E has an inner product we may associate to any linear transformation
G:E — E a covariant bilinear form A as follows

A(v,w) = <V ,CW> ,
ie., '
Z AijVin = Z Vigij Z ijWk
L] i,j k

ie.,
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Ay = %} g 6k : (7.3)

ie., Ay is simply G,jk with the index j lowered by means of the metric tensor. As in
Lecture 5, §3, we would use the same letter (A or @) for both of these tensors; the
placement of the indices would explain which is which. In terms of an orthonormal (0.n)

basis of E, g;; =4; and so A;j = Gij , ete. It is for this reason that the difference

between a linear transformation and its associated bilinear form is not stressed in ele -

_— AR . e e s St AN O O

mentary linear algebra , but we shall always want to know which is which!

(2) Transformation Properties. A mixed tensor W has components (with

respect to basis -ai of E and dx of E*) given by

X
Wh Jsil- = W[d_le, , dx]s , ____ai_’ . , ai ]
ox ox™ j
Under a change of basis i =Y ﬁi o , d¥ = p _233‘-1 dx' we get by multil-
ax' © Ox Oxk T ox!
inearity
s j s O 7]
Whe = w[di", Pl —, -4}]
ax ox" )
_jl _js k]_ kr
= ail.'.a—xl—wll-“lskr”kra}ii a)ii . (7-4)
ki -k OX* ox”® ox*! ox"

(3) Einstein Summation Convention. A repeated index, once contravariant

(i.e., upper) and once covariant (lower) implies a summation over that index,
. n . .
Wl o= Wl L For example Al = tr(A) is simply the
j=1

trace of the linear transformation A.

(4) Tensor Fields on Manifolds of course have components varying on the mani-
fold. A Riemannian metric <V,W> = gijviwj is the most important 2nd rank covariant
tensor. Let A be a covariant vector fleld on M"™ (a ‘‘vector potential”)

A=Y Ax)dx!. Introduce the usual notation
_ of ' s
oi(f) = rell

(i

| a | ¢
N E N EEBEB S B By BN B OB OEE B

{

'.
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OA;
It will be clear from the calculation below that the matrix J;A; = a—; does not con-
- X

stitute the matrix of a tensor because of its transformation properties. However, one
can form the “‘field strength” matrix

Proposition. Fjj = JA; - 9;A; are the components of a covariant 2nd rank ten-

Proof. We merely need to check the transformation law. Since A is a covector

o8 o8 ox (o ) o% lox )
I OA 2yl I PA 2,1

= aX ‘l + 3.}( T Al = ax. .l = a.x ) A'l
ox ox = oxox % o9 oWox

oxl OA; ox¥  ox! OA oyt
ox o’ 9% ox% Ox' oY

ox' axt
—= = GiA -5 A)

9% ox% remember [r are

ox! oxt . - dummy summation indices.
=—=—=F; .

ox' ox

Note that the underlined term is what prevents (8;A;) from being a tensor.

o Problem 15. Suppose v = o -a—il— is a contravariant vector. Show by the

. i
transformation properties that v = g ¢' yields a covariant vector. Does %
. X
i .
yield a tensor? Does -?—:U— - 21)]-— yield a tensor?
ax! o

(56) Pull-backs, and a digression into elasticity. In Lecture 6, §4, we defined
the pull back of a covariant vector under a mapping. We may define, by the same
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philosophy, the pull back of any covariant tensor ! Let F:M® — V' and let o be a

covariant tensor of rank s at y € VI. Then F*a is the rank s covariant tensor at

each point of F~l(y) defined as follows. If vj,...,v, are tangent vectors at
x €FYy), put '

F*a)(vy ..., v =af vy, ..., F,v) . (7.5)
In terms of coordinates x!,...,x®* on M and y!, ...,y on V'
0 0 0 0
(F*a)il...is=(F*Ol)[?a—xi—l,...,g(i-]= [F* —a—xi—‘,...,F* ?a—;;s—]
—g [?-Y-’- o —‘?._]
axll ayll ox's ayls
_ah e (9 0
axil axis ayjl ’ ’ ay.is ’
ie.,
jl js
(F’"Oz)i1 - i,(x) = Ziil - :}y{i, ST (76)

Note that when M =V and F is the identitv map , but expressed in different coor -

dinates x and y = x, then this pull back formula just expresses the transformation
property of covariant tensors !

Consider an elastic body U C % and a deformation F :y — g2 of this body. We
write F in the form x* =x*X!, X2, X%, or x* = x3XA); x* are the new Carte-
sian coordinates of the point that originally had Cartesian coordinates X?.

B
A F

v

.’..‘-.‘-’-\-‘.‘-"-‘

x
=40
>

- .|

B B R B
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Under the deformation an orthonormal pair gets sent into a (usually)

_ XA’ 5xB
non-orthonormal pair F, 8}8( , F'¥ 3;3 . The metric tensor of R3 (like all sym -
A ,

metric tensors) is written usually without the @ sign .

dS? = ¥} Gpp(X)dXAQ® dXB = Y 6,5 dXAIXB = 3 (dXA)?
AB AB A

in coordinates X for U. Likewise the same tensor at points x of F(u) is

ds’ = 3 g,p(x)dx*® dx” =} fpdxdx® = ¥ (dx?)?
ab ab 2

For pull back under F we have

F*(ds2)[ g9 ]

XA’ gxXB
d ) ox® 9 ax® 9
=ds?|F, — , —— | = ds? ,
[ * oxA axB] [axA ax* = oxB 3xb]
_ o ax® o 9 8 | _ o Bxbg =Zaxa dx?
XA 5XB ax*  oxP oXA axB T & axA axB
This tensor
2 a
F*(ds?) = ﬁ__a_x_dXA dxB
. OXA §XB
AB
2
when applied to —— , —— reads off the scalar roduct of the deformed pair

0

F, _BXA » F _—BXB and is called, in elasticity the “‘right Cauchy - Green tensor”

C = F*(ds?)
One measure of the deformation taking place, is given by the Lagrange deformation
tensor
1 1 ox® ox®
= | F*(ds?) — ds?| = = -6 dXA B
2( (@) - 457 2§[BXA oXB AB] =

AB

When this deformation tensor vanishes at a point, the mapping is an infinitesimal
isometry , i.e., scalar products are preserved.
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Lecture 8. Exterior or Grassmann Algebra

Before the middle of the last century Grassmann introduced a new algebra whose
product operation gave a vast generalization of scalar and vector products applicable in

spaces of any dimension.

We shall primarily be concerned with taking products of covariant tensors.

(1) The Tensor Product. In the last lecture we defined the space ®° E* of covari-
ant p-tensors over the wvector space E (dim E = n); these are simply p-linear

functions (real valued for the present) defined on p-tuples of vectors taken from E.
If oPec®@E* and P1e@IE* we then define their tensor produet

oP @ e @TIE* by
P ® B VY ooy Vprg = P(Ve, oo, V) B Vpa1s -+ 5 Vpig) (8.1)

(we already talked about this product in the last lecture for the special case
p=1=gq). Grassmann discovered that there is much more geometrical
significance attached to tensors that are skew-symmetric. We shall go directly to
these.

(2) The Grassmann or Exterior Algebra. Let

be the vector space of alternating
(= skew symmetric = antisymmetric)

covariant p-tensors , i.e., tensors such that

(Ve Ve ey Vg ey Vp) = (Ve Vg ae ey Ve ey V)

The elements of APE* will be called exterior p- forms or simply p-forms. Note
that if oP € APE* and B%€ ASE*, then oP @ ALERPTIE* but oP® F* will

not be completely skew symmetric. Our goal will be to define a new product

aP A f2 such that the result will be a p+q form. This is easy to do in the special
case p=1=q

-(----’----i‘ﬂ-
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AdAfl=aQRF -0® al
. )

al A ﬂl(Vsz) — al(vl)ﬁl("z) = ﬂl(vl)al(vz)

Before doing this in general let us look more closely at p-forms.

By definition AE* = E* is just the space of 1-forms. It is convenient to
introduce APE* = IR, ie., O- forms are just elements of the coefficient field R .
A O-form field o® on a manifold is simply a real valued function.

Let of € APE*. Suppose ey, ..., e, is a basis for E. Then, by multilinear-
ity
P( ) = P : iy 3 iv\
oP(vy, ..., V)=« Zehvl,..., Zelpvp
l 1 Ip
i D ip\
=Y vi'oP|e, ..., Zeipvp = sas
Ip

iy

J

/

i, 1 i
E . Vilve? s - - A a(eil, e, eip) . (8.2)

The numbers o; i, = alej, ..., e ) are the components of «. By skew
SYmMMetry og, ... ... 5. .. = T Q... - SiCe o s alternating we see
that o is completely determined by the values oz(eil, % # @ g eip) where
i} <ip < *++ <i;. The number of distinct Cipeenss®iy With 1) < - -+ <y s

(g) ; We see that
dim APE* — [g]

and in particular dim A"E*¥* =1; any n formon E is determined by its value
on (ey,...,e). If p>n, dimAPE* =0, since a repeated e; will give
o7 (T YR SR e ) =0 by skew symmetry.

We now wish to define a product of exterior forms. First define the generalized
Kronecker symbol

1 if (i, ...,J;) is even permutation of (i - - - 1,)
5&‘. N 'i:’ =q-1 if (p,...,J;) is odd permutation of (i, -- i) |,

0 if (j,...,Jj;) is not a permutation of (i, ---ip)
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126 6 . . .ys .
(e.g., bz = -1, Oy =0, 6515 = 1, etc.). This § is the familiar permutation
symbol that occurs in the definition of determinant

. ] .. 'jn
det (A)= ¥ &' AL A% - AY

— 1,...,n A1 ple ... Al
== 2 6i1"'ln 1A2 A.n
mae i

We further define

We now define the exterior or Grassmann product

A: APE* X AYE* — — APHIE*

Let o® € AP, (%€ A%, Then we define oP A f% € AP*? by

ap A ﬂq(vil, e ey Vj : (8.3)

i)

k, -kl -1
= B I el B V)
k1<...<kp ) ’
h< - <y

For example if dimE =5 and e;,...,e5 is basis for E, then

k k!
o A ﬂl(es:92:e3) = ), 055" a(eklaekz)ﬂ(el)
ki<ke
!

= 655 afeg,es)Bles) + 655 feqses)B(es) + 53F aleg,es)f(es)

= oeg,e3)0(es) — afen,es)f(es) + ofesses)Bles)

One should easily check that a A B is indeed (p+q)-linear. Also since

gl ek

iy - dp---dg- - lppg iy -dg - dp “Iptq
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we see that a A § is again alternating. However aP A f4 5~ A4 oP . In fact

L---lk - -k
ﬂq/\ap(vil, P ,Vipﬂ)-: I<Z<l 6i11---isq-}-i,--p- . 'B(le"'vlq) Oé(Vkl . 'Vkp)
ki< - <k

= (-1)PUaP A v, - vy )

since (I, ..., lpky ="~ kp) = (kg -+ ky, i+ - - I) requires pq transpositions

aP A= (-1)P1 8% A oF

(8.4)

i.e., the Grassmann product is said to be “‘anti-commutative.” In particular for a
form of odd degree

a2p+1 A a2p+1 =0

’ Let us consider the vector space of all forms, all degrees, over E*
AE = (AE*=R)® (A'E* = E*) ® (A2E9)® - - - ® (APE*)

This is the “Grassmann” or “Exterior algebra’ over E*

dim A*E = (5] + (3) + -+ F(B) =2

We now introduce a simplifying notation for multi-indices. We shall write
I=(y...,1), I=0>,..., ig) » etc. the number of indices will be clear in

each context. We also will frequently want to order the indices

_I’=(11,...,1p) means i) <ip<,..., <ip

Instead of (vi,..:.,v;) we shall also write v;. Then our formula (8.3) becomes
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aP A fYvy) = Ig. 5L a(vi)B(vL)

-5

or , in components (8.5)

(@nBy=13 6§ ax B,
K1

i grg

where, as usual agx = oy ..., = ey, ..., €) -

The exterior product is easily seen to be distributive. We now show associa-
tivity. First a lemma (if you think this is bad, write it out without multi-indices)

Lemma. If I=(;--1,),J=0; " Jgr)  K=(ky* ko), L=(4--- 1)

Proof. I, K, L are all fixed. Since j; < --- < Jq4r there is at most one non-
vanishing term on the left hand side, namely when J is some permutation of KL.
Proof is then immediate.

Now we prove associativity. If M = (my,my, ..., my ), then the above

lemma says really

%) o 6% = o
J

Now look at the component [a A (8 A )]y, - = [a A (BAA). From (8.5)

© - Mpger
[ A (B A= 1‘:3 &% (B A );
=V &f o 3 6K B
Li KL

Y R (8.7)

)
LKL
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One can do a similar computation for products of a,njr number of forms. It is clear

that we shall get the same result for [{a: A B) A 4]y, Which proves associativity.
Note that the same computation gives

(@rBrnivm) = Y & a(v)Bvn(ve)

LEL

If we had taken the exterior product of r 1-forms o), gy, - - -, or)

a(l) A a(z) A we A a(r)(vl,...,vr) = . Z . 511,1_'_:;]; a(l)(Vil)---o‘(r)(Vi,)
13,1g,...,1p
8.8
= det, [ag(v)] (85)
In particular, for the dual basis o, ..., 0" to e}, ...,e,, we have
O'i1 A 0'i2 AT A ai’(ejl, ey e]'r) = 51111111- (8.9)

since this is certainly true if i} < -++ <i  andj; < --- < j;, from (8.8).

Problem 16. Show that if oP is any p-form, we have the expansion

o =3 afe))o’ = Z ofe, ..., eip)aril At AG®

—

(Hint: Check values of both sides on (ej, ..., ¢;).)
p

We shall then usually write

P=Nool= Y . . 0"A - n0"
N < < (8.10)
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and of course a; ...; are the “components” of o with respect to basis

ol,...,o".

Thus the most general 2-form in R3 is of the form

B= Y fudxi n dxl = By dx A dx® + fig dx! A dx® + Fog dx® A dx®
j 12 1 2
i<j -
= Pag dx? A dx® + By dx® A dx! + By dx! A dx®

(in this last expression we are using dx’A dx® = - dx® A dx! and fi3 = - f3)

We shall see in a moment why we prefer this last form.

e Problem 17. Show that in &2 (o! A ﬁ2)ijk = o;f;x + by + ;P , 1-e., one writes
down  afj and then adds all other terms after cyclically permuting i, j, k. Inves-

tigate ol A &1 in R™.

(3) Geometric meaning of forms. Let us look at the geometric meaning of exterior

forms in R® in the special case when coordinates x!,...,x" are Cartesian (i.e.,

we shall be using the Euclidean metric of R").

We have basis vectors for E = IR" given by -—(2—, 9s 55 4 , and dual basis
ox! ox™

dx!, ..., dx" for E*. We already know for the 1-forms that
dxi(v) =v' ,
i.e., dx' reads off the it? component of a vector v. Next

dx! A dxi(v,w) = dxi(v)dxi(w) - dxi(w)dx)(v)

v\ w!

v owi

i
!
I
i
.
!
I



67

= + area of parallelogram spanned by the projections n(v), n(w) of v and w

into the xxi plane, the + sign being used if and only if #v and nw determine
3

. ] o
the same orientation as does ~— , ——

x| ox

w

In this figure
dx! A dx?*(v,w)
reads off the negative of

2 the area of the parallelo-
X
gram spanned by v and
W .
4 g
X ™
Likewise

alin - dxry, ., V) = det(v)

= 3 the p dimensional volume of the parallelopiped

spanned by the projections of vy, ..., Vp into the
coordinate plane spanned by —-a-.—, ce ey 6. , the
ox" ox'"

+ sign being used only if these projected vectors

define the same orientation of ]Rp as does

0 0

ey —
ox™ ax'

(4) Special cases of the exterior product. Now let 7, ..., be any collection of

1 - forms and expand each in terms of the basis ¢!, . . ., o®

. n .
'l'l == Z .A.le'J
j=1
Then

P ML /\rn=ZAllesz-“Anjnoj‘/\ojz/\ e poP
]

== Z (Aljl e 'Anjn 51““]1:)0.1 AN A O'n
J
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AAPRA - A= (det A)olno®A -+ AG" . (8.11)

Proposition. The 1-forms 7%, ..., 7" are linearly dependent if and only if

PAPA s ATP=0

Proof. If
T =Y a7
i#r
then 1A *+* AT A *++ A will be a sum of terms each having a repeated 7.
From (8.4) each of these terms is 0. On the other hand if 7, ..., are
independent then we can complete them to a basis 7, ..., , @™ . . ™. Let
f;, ..., f, be the dual basis to these for E. From (17-8)

A e A, ..., )= +1
andso 7'A - AP H#£0. O

Computations and relation with vector analysis. For computations using
forms we may use the usual rules of algebra except the commutative law is replaced
by (8.4). In particular dx' A dx} = - dx/ Adx' and dx'A dx' = 0. Consider R?
as a manifold with any coordinate system x!',x%,x%. Let f(x) be a O-form, i.e.,
function, let

ol = a;dx! 4+ a,dx® + azdx® and B! = bydx! + bodx? + agdx®

2
I

cozdx? A dx3 + cgydx® A dx? + ¢podx! A dx?
= ¢,dx? A dx® + codx® A dx! + cydx! A dx®

w? = dx! A dx?% A dx®

We then have, for example o! A A
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— (aydx? + agdx® + a5dx®) A (bydx! + bydx? + bydx®) =

= apbdxiadx! 4 - 4 agbud®adx® 4+ v +aghyd®adx® 4+ -
= 0 4 -+ 4+ (aghg — agby)dx> A dx® + - - - |

(aghg — agby) dx? A dx® + (agb; ~ agbs)dx3 A dx! + (a;by — agh;)dx* A dx? .

Note that if x!,x%,x® are Cartesian coordinates this is similar to a result in vec-
tor analysis, namely put

a.l bl a2b3 - a3b2
A= |a2|,B= [b%]|,then A X B= |azb; — a;bs
313 b3 a,]_b2 - ale

but these last three components are the components of X x B only in Cartesian
coordinates! We shall discuss the precise rlation of forms and vector analysis later,
but we emphasize now that our expression for o! A f* holds in any coordinates.

Problem 18. Compute ol A+4? and a' A B An', where n is a 1-form. Inter-
pret in terms of vectors.
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Lecture 9. Exterior Differentiation

(1) The Exterior Differential d. Let M® be a differentiable manifold and let
APM® be the vector space of all differentiable p-forms on M® . In local coordinates
of € APM" is of the form

Oép = E AIdXI = E a4
I i< - - <ip

. ip(x)dxil A e A dx®

—

where a;= a(—a.—, c ey 8. ) are differentiable functions. Since these
ox" ox'"®
coefficients are functions APM is an infinite dimensional vector space over R .

By definition a O-form o

is merely a function on M and anticommutivity
(8.4) says in this case a® A f% = f9A o®. When one of the forms in a product is a

0-form we usually omit the /\ sign.

Theorem. There is a unique operator ( exterior differentiation )
d : APM — APHIM
satisfying
(1) d is additive, d(aP+AP) = daP+dpP _
(2) da® = the differential of the function o® (Lecture 5,§2).
(3) d(aP A BY) = daP A B2 + (-1)PoP A dBY
(4) d?aP? = d(daP) =0, all a

Proof. We shall define d first by using local coordinates, then we will show that
the result is independent of coordinates used. Let (x%,...,x") be local coordi-
nates.

StepI. If f is a O-form, define
df=df=y 2L g
X . ox!

This definition, we know, is independent of coordinates; its intrinsic definition is
df(v) = v(f) . Condition (2) has been satisfied.

@

..'...--‘



Step I . If a(x) is a function, define

d [a(x)dxil/\ ce e A dxY]
% :
iy i Oa . ; iy i
=daAdx'A - /\dx"=2—jdx AdxtA s Adx?
j _

Then we define d for any p-form by linearity
X

d Y a... ip(x)dxil A v Ad®
X< <y

= Y da,...;Adx'A - Adx?
MRS

Condition (1) is automatically satisfied. Consider condition
I=(ip...rip), J=10(p--.si

I

- )

d [Z adx! A 3] dexJ]
X J

I

dY Vap;dxlade! =3 3 d(agby) A dx! A dx!
X1 3 I J

—_— — —_ —

3 (dajby + adby) A dx! A dx!
J

I

—

!

Y dag A d xIAbydx? + 37 3T aydx! A (-1)Pdbj A dx!
J I J

—_ —

1

—

:

(since dbj A dx! = (-1)Pdx! A db; involves p interchanges)
= daP A A+ (-1)PoP A dBY, as desired

To verify condition (4), note that if f is a O-form, i.e., function

71

(3)-

Let
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Ax! ') ] Ix!ox
2 2
== o1 dx® A dx® + + f dx®*Adxf+4+ +++ =0 .
oxtox® ax3ox’

Then from (3) for any functions f and g

d (df A dg) = 0
X

and by induction
f df, s Adfy) =0 fqy,...,f, functi . 9.1
d (dfppy ndfigyn -+ 2 dffgy) W () fonetions (9.1)
Then for any p-form o

& ¥ g i dx'A.ad®=d Y daj_ 5 A dx™ A ... A dx®
X h<..<ip X ih<..<ip

=0

We have now defined an operator d in each coordinate system x, satisfying
o :

(1), (2), (8), 4). Let y =1y, ..., y" be a coordinate system that overlaps x and

let d be its associated operator. Then
y

d Y ... ®)dx"A -+ Adx® = (using (9.1))
y i1< - <ip

= Y da.. . ixy)a dx A - dyle
< - <ip y

L AAXTA e A dxP

|
A\
o
B

ioooi dXTA e A dxP
1 P
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showing that d .i_s well defined, independent of coordinates used. As to uniqueness,
if any operator d satisfies (1), (2), (3), (4), then

d 3 24;...ip X'Awondx?= % da; ;A dx" A ... A dx®
<. <p <. <lp

= d Z all<<lp Xml /\ ess /\ Xmp D
X <..<ip

(2) Examplesin R®. Let x,y, z be any coordinates for IR®. Then

of of of

If coordinates are Cartesian , coefficients are the same as the gradient vector of f.
If, in general coordinates

ol = a; dx + a, dy + a5 dz
then .

da! = da; A dx + day A dy + dag A dz

02,y - 0a, 4 Oa, q ] P
| Ty Y
Oa, : Oag 4 0ag P ] P
+ _5;—X+W y+—a'z—- ZJA y+...
833 83,2 aal 833
=|—-—]dyad — - ——1}dznd
[By 8z]y/\ Z+[Bz ox anex
832 aal d d
o ey | Y
a1
whose coefficients in Cartesian coordindates correspond to curl |a, | . Finally, for
ag

a 2-form (putting b; = B3, ete.) f% = bydy A dz + bydz A dx + bydx A dy
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d@® = db, Ady A dz + dby A dz A dx + dbg A dx A dy

[ ob, 8b2 8b3 ] dx ndy 1 d

== | ox &+ 8y Ady A dz
b,
whose coefficient in Cartesian coordinates corresponds to div |b,
by

In Cartesian coordinates d?f = 0 just corresponds to curl grad f = 0, while
21
d*(a') = 0 corresponds to div curl |a, | =0.
ag

3) A concise coordinate expression for d. Let of = opdx. Then
L
L

doP = E (dag) A dx¥. Now doyq, is the 1-form (dog); = Ojoq, . Also dx® is the

—)

p-form with (de)K = &F . Hence from (8.5)

(da) =3 (dog, ndxly = 3 [Z &% (8;01,) 58 ] ,
L L

i,K
- )

—

(da)y =Y 6 djox
ie., iK (9.2)

For example, if o = Y] aijdxi Adx! is a 2-form in R°
i<j

da= Y%, (8 o + Okay; + i0uq)dx! A dxd A dxk . (9.3)
i<j<k

i
i
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Lecture 10. Pull-Backs

In Lecture 7 we introduced the notion of pull-back of covariant tensors under a
map F:M" — V', Since exterior differential forms are skew symmetric covariant ten-
sors we may apply pull-back F* to forms. As we shall see the pull-back of a form is
again a form. We shall see that this pull-back operation is remarkable in that it com-
mutes both with exterior products and exterior differentiation

FXan f) = (F*a)A (F*8) = F*(da) = d(F*a)

There are no analogues of these results in vector analysis and that is one reason why
exterior calculus is so much more powerful than vector analysis !.

If F:M"—>V® and if f: VI >R is a function on V then the composition
foF :M" — R, (f-F)(x) = {(F(x)) defines the “pull-back’ of the O-form f

F¥(f) = f-F
o B, v L

f-F

Lemma. If v is a vector at x € M, then

-

v(f-F) = df(F,v)

(10.1)

Proof. Let x' be coordinates near x on M and let v% be coordinates near
f(x) on V. Then by the chain rule, since F is given by y = F(x),

vt F) = (f =y -6-‘9— (f(v(x)

5 v
of By ; Oy® of
21; %: oy* - § [ ; 3 ] dy*




76

3f=[zi

Lec.1,83) = F,v)*
(see Lec.1,§3) %‘( +V) 59" 12 3y

w@w

= df(F,v) .

We have defined the pull-back of a O-form by F*(f) =f-F. We define the pull-
back of a p > 0 form as in Lecture 7:

(F*aP) vy, . ..y V) = @P(Fyvy, . . ., Fuvy)

again we have F* : APV — APM for every F :M" — V', (Note the reversal of direc-
tion of arrows).

Let us now prove our basic properties.

e Problem 19. Show that F is an “algebra homomorphism,” i.e

bt

F*(of A f%) = (F*a) A (F*B)
(Hint: Just use (8.5).)

Now look at F*.daP for aP a p-form on V'. First look at the case when « is
a function (i.e., p =0) on V.

(F*df)=F*[Z-ii;—dy“]=(fromProblem 19)
Lo % J
e OF Yooy Of e Y
5[ e =2 X ow 5 2w
= of oy* - _§_an dx!
;[gaya (9}(i]dX Zi-':[axi( )]X

= d(f-F) = d(F*f)

Hence for 0- forms we do have
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F*ed = d-F* . (10.2)

Remark. It is somewhat amusing to prove this without using coordinates but

using our Lemma 10.1 directly.

Proposition. For forms of any degree

F*ed =d-F* . (10.3)
Proof.
deF* 3 a; ... jp(y)dyj1 A s Ady (from Problem 19)
1
=d Y (F*a, ... JF*dy") A -+ AFx(dy”) (from (10.2))
J .

=d 3 (F*aj,...; JAF*y) A -+ A d(Fry)
= zJ; (dF*a; ... ;) A dF*y) A -« - A d(F*yY)
= ; (F*da; ... ) AF¥(dy" A - -+ A F*dy')
=F* Y (day,...;)Ady"a -+ adyP

=F*od ¥ (a,... . )dy" A -+ ndy®
J

Note that in coordinates

. : it j . :
F* Y ady™ A - - /\dY]p=EaJ(Y(X))ZQyi— P S
J 1 ox'

J
— —

But
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dxaddEa cceoaddP= Y gL rdxA o adx®
h< - <b

(Note that we are merely putting the dx’s in increasing order; for each (i, ... ,ip)

there is only one nonzero term in the sum on the right.) Thus

Fta? = N a ((x))z{z L %ﬁ—:aﬁ}dx’m e onddh

lc-.

ax", ..., x7) .

Je

¥ agy() 3] det D0 a T by g
L

=), ~amL(x)dxl1 A eer A dxP
L ,

where

By, ..., y® _
By ) = 8 8y, () det a((fia,,,_,ﬁ)- (10.4)

For example, if F:g? — R% is a parameterized surface (with u,v coordinates in
R2, x,y,z coordinates in IR®) then for a 2-form @ on R% its pull-back to the R?
plane is

F*32 = F*(b, dy A dz + by dz A dx + by dx A dy) (10.5)

(by o F) 8Ey:z)) + (b F) ggz’,x)) + (bgeF) ggx,y; }du/\dv

For another example, if F :IR® - R®, with u,v,w coordinates in domain space

F*(dx A dy A dz) = %%- dundvadw . (10.6)

It usually is not worthwhile to use (10.4) in a computation. We did use it in exam-

~ ple (10.5) above, but it is easy to do the computation directly. For example
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F*(b,dy A dz) = (F*b,;) F*(dy A dz) = (b, - F) F*(dy) A F*(dz)

= (b1°F)

= (b1°F)

ﬂdu;l-—aldV]A —aidu+ﬂdv]
kau ov ) kau ov )

(8y 8z Oy 0z

\au v " By au]du/\dw ,ete.
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Lecture 11. Orientation and Pseudo-forms

(1) Orientation of a manifold. Let o= (e, ..,€y) and f=(fy, .. , f,) be
two bases of a vector space E; we can then write uniquely f=eA ,ie., fj= ejAji

for some nonsingular matrix A. If det A > O (resp. < 0) we say that e and
f have the same (resp. opposite) orientation . The collection of all bases of E
then naturally falls into two equivalence classes of bases. For example in 8% we
have the “right handed” bases and the “left handed” bases. To pick out one of the
two equivalence classes in E is to pick out an “orientation of E” or to “orient
E;” we do this merely by picking out one basis of E and declaring it “positively
oriented.” For example, in R% we may choose some left handed basis and declare
it positively oriented and any right handed basis would be “negatively’ oriented.
Except for our prejudices about right and left we can see that neither of the two
possible choices for orienting E is more natural than the other. Of course if a vec-
tor space E comes equipped with a special basis than you may wish to use this
basis for orienting E, but then again you may not.

Now consider a manifold M". If we wish we may orient each tangent space
M,* rather arbitrarily, but for many purposes it is important to do this. in a
“coherent” or ‘“‘continuous’ fashion. What do we mean by this? First note that if

Ug r Xy« - ., X2 is a coordinate patch on M® then we can orient each tangent

i)
ol o
We shall say that the entire manifold M® is orientable provided we can cover M®
by coordinates patches {u,} such that in each overlap u, N Ug the Jacobian
determinant

space M for x € u, by declaring

to be positively oriented.

oxg, ..., xp
‘ (ﬁl 4 ﬁn)>o
OXgy» -y X3

Note then that

says that the two orientations of M,', coming from u, and u g agree!

Proposition. The tangent bundle TM of any manifold is an orientable manifold.

(11.1) .

.

.\ x
g
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Proof. Let (4,x), (UX) be two coordinate patches in M. Then (x,v) and

(x,v) are local coordinates in TM and (see (6.1)).,

Ox Ok ox
g X Z 9
8F,7) _ dx Ov _ ox
v | |7, &
ox ov ox
1 -n 2
_ o, ..., X))
!, ..., xB)

Problem 20. Discuss orientability of T*M.

If M" is orientable and if C is a closed curve starting and ending at x, and if
we continuously transport a basis from x around C to x again then the final
basis at x must define the same orientation of M as the original; this is evident
from comparing the moving basis with the coordinate patch basis U, as C moves
through these patches (it is assumed that the patches satisfy (11.1). On the other
hand, if on traversing a closed path in a manifold M® the final orientation of M2

disagrees with the initial one , then M® cannot be orientable !

Certainly then the Mdbius band M52 is not orientable , since

transport around the middle circle reverses orientation.

= ‘muddle cinde !
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From Problem 5 (Lecture 2) we know that M6 C P%(R); consequently tran-
sport around the mid circle of MJ . reverses orientation in PXR), P%R) is not
orientable !

R2 is clearly orientable since it can be covered by a single coordinate patch.

M3 is a 2-dimensional submanifold of R% (provided we omit the edges) and it is
famous that Md: C g% is 1 - sided , i.e., there is no continuous, nonvanishing
normal vector field to M3 in R% . Most of the familiar surfaces in R® are 2-sided,
i.e., possess continuous nonvanishing normal vector fields. Is there a relation

between the notion of 1-sidedness and non-orientability?

If M®™! C % is a 2-sided submanifold of ®® then M is orientable! Proof.
Choose an orientation of ®*. Let N be a continuous nonvanishing normal to
M1 . We may orient each tangent space M.! as follows. The basis ey,...,en
of M2! will be declared positively oriented provided ey,...,e;_1,N is a positively
oriented basis of R,2. Then cover M®! with coordinate patches uq , XL, x 1,

0 0

Ty o
0%, 0%y

but permute a pair of coordinates if necessary to ensure that are

positively oriented. Such patches will orient M®71.

More generally, by exactly the same type of reasoning we have that if Mrlis a
2 - sided hypersurface of an orientable manifold W™ then M™1 is itself orientable !

O M e i

For example the embedded 2-sphere S* C &%, since it has no self-intersections,
is the boundary of both a bounded region of f% (the “inside’”) and an unbounded

“outside’ region.

The outward pointing normal N shows
us that this S2 C ®% is 2-sided, hence
S? is orientable.

It should be clear from our discus-
sions that a manifold is orientable pro-
vided we can continuously orient each
tangent space and this usually results
from having some unambiguous method
for assigning these orientations. S?
inherits an orientation from R3 via the
“outward normal.”” From Lecture 2,
section d we know that P%(IR) results

..a.";..._......-ﬁ_---‘-
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from S? by identifying points via the antipodal map r:g% — g%, r(x)= -x.
But it is clear that a positively oriented frame e;,e, at the north pole of S? is sent
into a negatively oriented frame rue;, r«e, at the south pole of S?. Both the

north and south poles of S? correspond to the same point x of P%(IR) . It is clear
then that if we have a curve C on S? from the north to the south pole and if we
transport a basis along C, then considered as a closed curve on P%(IR) (from x
to x) the orientation of PZ(R) gets reversed. This is another proof that P%(IR)

is non-orientable.

Problem 21. Discuss orientability of P®(IR). (Hint: Look at r:S™ — S® and

worry about n even, odd.)

1-sided, 2-sided. Note carefully that the orientability of a manifold M® is an
intrinsic property of a manifold.

Problem 22. Show that if F:M" — V2 is a diffeomorphism then M is orient-
able if and only if V is orientable.

On the other hand one can discuss 1- or 2-sidedness of a manifold M® only with

regard to the way M" is sitting in another W™*! (since it is a question of existence of

a continuous normal vector field).

,idmh,f\j 84

M6 is nonorientable, and in its usual embedding in ®3 it is (necessarily) 1-
sided. We can also consider the 3-manifold W3 = M6 X S!, the Cartesian pro-
duct of the Mdbius band and the unit circle (1-torus) (schematically, a weird solid

doughnut).

e

o

¥ .
X

§
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have drawn a continuous normal to M3 in M6 X S!. In this embedding M0 is
2

1
2 2 - sided surface in W3 = M2 X S!. Of course M3 is still non-orientable.

On the other hand note that S! is an orientable curve (1-manifold) (in particu-
lar 8! C R’ is 2-sided). However S!, considered as the middle circle on the

M&bius band S' C M0 is clearly 1 - sided (see first drawing, §1).

Pseudo-forms = twisted forms = forms of odd kind. The differential
forms considered in our previous lectures were independent of the notion of orienta-
bility; oP(vy, ..., Vp) is a number which has nothing to do with the orientation of
the particular tangent space in which vy, ..., v, live.

‘There is a different notion of exterior form which is involved with orientation.

Consider ®% with its usual Euclidean structure. The volume pseudo form is an

orientation dependent 3-form vol® such that
(i) given an orientation and a positively oriented o.n. frame e;, e, , e;
vol® (e),eq,83) =1
(and of course vol® (eye,e5) = — 1, ete.).

(ii) If we reverse the orientation of ®%, then for the same frame ej,eqeq we

have (it is of course now negatively oriented)

vol® (e;,e0e5) = 1

Let us denote an orientation of R® by o; its opposite orientation will be —o.

Then if x!,x?, x3 is a Cartesian coordinate system, the volume pseudo-form is
vol2 = o(x) dx! /\ dx? /\ dx®

where

+1 ¢ 2,9 9
_ axl ~ ox?  ox8
O(X) N +1 if 9 0 9 i tivel iented with tt
i , , is negatively oriented with respect to o
ox!  8x? " ax8 & v P

is positively oriented with respect to o

A pseudo form of degree p on a manifold M" assigns to each orientation o of

the tangent space M|" an exterior p- form ap in such a way that

af = —-apf
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i.e., reversing the orientation changes the form « to its negative !

(4) The Volume Pseudo n-form on a Riemannian Manifold Let M" be a

Riemannian manifold, let x, € M® and let x!,...,x" be a coordinate system

about x that is orthonormal at the point x;, i.e.,
< 0 0

s N\ oy T
ox!  ox!

with x, as origin and then taking a suitable linear change of coordinates, via

3w —— are o.n. at

axt’ 777 axn
>x° = §j . (This can be achieve by taking any coordinate system

Gram-Schmidt). In these coordinates, the volume pseudo n-form, at x,, is simply
(see Lecture 8, §3).

vol* = o(x)dx! A -+ A\ dx®

Now let yly% ...,y"® be any coordinate system near x,. From (8.11)

n oxy, ..., x% .
It = d . e dv?
vo o(x) B(yl, ) y' A N\ dy at  Xq
1 n
- ) [F R et e s

Now at %o, ds® = 6 dx"dx® = g;j(y)dy'dy’ , where (see (5.11))

o' ox° ox' o'
gi(Y) = —— —— 6y = — == (11.2)
oyt ay! oyt oyl
and so if we define
g(y) = det gii(y) (11.3)
we have
oxt oxf
g(y) = det g;j(y) = det e

-[ (5] (3)]-= (&) = (3)- [ (5)]
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Consequently
oxL, ..., xP) l — oA 11.4
3(}’17 sy y.u) g(y) ( )
and so
vol® = ofy) Vg(y) dy' \ - -+ A dy" (11.5)

Since x does not appear here, we see that this expression gives vol® at every
point of the coordinate system y.

Problem 23. Use problem 10 to write down vol® for 2 in spherical coordinates

r,0,¢.

-Ch-—-—v—i—u-—s—.—l——e‘_—



87

Lecture 12. Interior Products and Vector Analysis in R3

(1) Interior product (contraction). If X is a vector and of is a p-form we define
their interior product , or contraction to be the (p-1) form iya® =X _|of as

follows:

ixaP(Xo, X3y « « + , X)) = oP(X Xy, . ..
P 2

if a isa O-form
if a isa l-form
X,) if p>1

Proposition. ix: AP — AP is an anti - derivation , i.e.,

iX(aP A ﬂq) == (ionp) A ﬂq + (—1)pOlp A (ixﬂq)

Proof. Let us call X=X, . Then

ix(anpf) (X, ..., Xp+q) =aAfB XXy, ..
1J
- IZ].I 61...p+q a(Xil T Xip)ﬂ(le‘ )
Z 51 i2 1pjl ' jq (X X
= 24 %9... ... alAA, T
< T <iy 12 p+q ip
3 ,
iy iplip g
+ ; 51 ...... p+q a(Xil, .
j2< to <jq

<+ Xpig)

--qu)=IZJ ¥ IEJ

1€l 1€
.. Xip)ﬂ(le ‘o qu)

X)X -, X))
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R Ty T T

= 22  Y9... ... Ixa i, " ip 17t Mg

1< - - - <ip 2 (p+q) : :

1¢]
coon o aps P XA X
) Y% ... .. OAjs e oy ipl jo? * 0t DNy
1#j2< R <jq

= [(ixa) A B+ (1P an (xBIXy) - - - 5 Xp+q)

i, OMA s A0® and X = Y X,

* Problem 24. In components o = Y] a; ...
I

—

show

ixae = ), ‘ bie...ipalzl\ ~++ A0® where

big-' - ip = Z X]aji2 te ip (12.1)
J % ’

It should be clear that if X is a vector and 8 is a pseudo form then ixf is again
a pseudo form, and df is a pseudo form.

One should also keep in mind that if M® is orientable then one can choose a coordi-

Oy s xg) . . :
nate cover for which Py = > 0. Then if AP is a pseudo form, by restrict-
Xﬁ, v eey Xﬂ

ing ourselves to this “positive coordinate cover’” AP yields a true p-form. Thus, in an

orientable space one can always do without pseudo forms, but this is an unnatural
advantage and we shall always try to keep the distinction. This is especially important
in physics, as we shall see.

(2) Vector analysis. Now we can begin to identify vectors and forms in IR3®! In
vector analysis, vectors appear in line and surface integrals. In Cartesian coordi-
nates we have two appearances:

"
S
"
"
"
"
"
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(1) A & a; dx! + a, dx® + a; dx®, and

(i) A< a dx®adc®+ a,dx®Adx! + ag dx! A dx?.

These are the following in general coordinates:

(i) A+ the 1-form a =< ,A> , 1.e., the covariant version of the contravariant
vector A . Recall that

if A=ali+a2i+a3

—5 » then a; = Y g;j(u)a
Ou! Ou? ou® j

(i) A« the pseudo-2-form i, vol, .

To see what this says in curvilinear coordinates

iz 2 _8_ o(u) Vv g(u) dul N du2 N du3 = E a,j i P 0(11) ,/g(u) dul A du2 A du3
8w . i —BF

i

= o(u) Vg(u) )} g (du! A du® A du?)

i ad

Now use the fact (Prop., §1) that i 5 is an anti-derivation. Repeated use of this shows
Y

iy (dulndu?adu®) =i, (dul)adu?adud

B ad
—dulni s (du?)ade® + duladu?ai, (du®)
ad aw
=du! [ | au?rdu® - du? [ -2 ) dul ndu? + ad[-2_) qul r qu2
ou ou! ou!

= §' du® A du® - 62 dul A du® + 62 dul A du?, andso

iy vol, = o(u) Vg(u) (a' du® A du® + a% du® A du! + a3 du® A du?)

(12.2)
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Note the appearance of the factor vg(u) in general coordinates!

If we write isvol, = Y] aj; du' A du! then we see
i<j

ag3 = o(u) Vg al , ag; = o(u) Vg a2, a;p, = o(u) Vg a® . (12.3)
Conversely, given a 2-form ( not a pseudo-form)

ﬂ2 == Z b” dui A du’
i<j

we can associate to it a pseudo-vector B (meaning that the vector is orientation
dependent and becomes its negative when the orientation is reversed) again by

B = ig vol, | (12.4)

bag
= o(u , b2 = o(u = ou /
(u) —= 7 ( ) f ( ) \/—
Next, given a pair of vectors A,B, using identification (i) above we have

A B = o!(B) = iga!, etc. ' (12.5)

Note in Cartesian coordinates

ol A % = (a,dx +aydx®+a,dx®) A (b;dx? A dx3+bydx® A dxl4-badx! A dx?
1 2 3 1 2 3
= (a,b; + 25by + agh,)dx! A dx2 A dxB

so it should not be surprising that in general coordinates

al A ﬂz = (A_ ° B) VOlo (126)

For proof, note
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al A ,32 = ala ig"‘?lo = (iBVOIo) Aot (Why?)

ig(vol, A a') + vol, Aigfa')  (why?)

ig(a!)vol,  (why?)

= (A ' B)VOIO O

What about the X product of vectors? In Cartesian coordinates one gets immedi-
ately (see Lecture 8, §4)

alrfleA X B

al FAN ﬂl e iA X B VOlo (12.7)

This is true in any coordinate system since both sides are true 2-forms, (why?) and the
result is true in Cartesian coordinates.

In (12.7) the pseudo vector A X B is identified with a 2-form, however we can ask
for a pseudo-1-form (the covariant expression for A X B) instead. Note that the
official definition of A X B is as follows:

A X B is that unique pseudovector such that

(A X B):-C =vol, (AB,C), for all vectors C .

Dmp?.

Note then that the form -1 Aﬁ2 has the following property

(—iAJB 2)(-Q-) = - ﬂQ(A’g—) = (_ iB_ VOIO)(A{Q) = - VOlo(_B.’A_’_C_)
— vol,(ABC) = (A X B)- C

RV P4

and so

—ipf% is the covariant version of A X B (12.8)

Thus we have
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-1,/ a pseudo-1-form

A.XE‘_’{ al A Bt atrue 2-form

If ~' is the 1-form corresponding to vector C, note

ol A B A = (ip x g VOlo) A = (A X B)-Cvol, (why?)

Note that the identities of vector algebra are usually easily done via forms, the only

decision being whether to use 1-forms or 2-forms. For example
AX BXC) e —iyB )= - (SN + 8 ia(r)
~ -(A-B)C+BA-C)
ie.,
AXBXQ)=(@A-CB-(A-BC

So much for vector algebra , now for calculus .

We already know that if f is a function, then df is the covariant version of
grad f = i

. ) of
df = ( ,vf), vi) = U(y) —
(i), (V) =YW
From the simple calculations (Lecture 9, §2) we see
dat = igyy o vol, (12.9)

(note that both vol, and curl A= v X A are pseudo quantities), and

dg? = (div B) vol, (12.10)

Note that (12.10) actually defines the notion divB, the divergence of a vector, i.e.,

div B is uniquely defined by

d(ig vol,) = (div B) - vol, (12.11)
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(and so div B is a function, not a pseudo function!)

9 £ b2 0 +b3—a— , we know from (12.2
du! 8

u du® ou

To compute divB = div [b1

that

1

d(ig vol,) = d o(u) * (Vg(u) b! du® A du® + Vg(u) b? du® A du’ + Vg(u) b3 du! A du?)

= o(u){ (Vg bl) + (\/— b?) + (\f b3)} du! A du® A du?

—% { - (Vg b')} - o(u) Vg du! A du? A du®

= _8_ (Vg b)) L - vol,, andso
. ou!

g

\div B= T/% ; —a%(\/g b') (12.12)

It is traditional to define the Laplacian *f = Af by
Af = div (grad f) = div (Vf) (12.13)

From (12.12) we get in general coordinates

of

Af = —}g— ; ——(\/' o™ —) (12.14)

Again we can do vector identities: For example
div(AX B~ dlarf)=dalrpl-alAdf" < (curl A) - B - A - (curl B)

e Problem 25. Derive the following identities using exterior methods:

(i) grad (fg) =fgradg + ggradf, (i) div (fA) =fdivA + gradf- A

(i) curl (fA) = f curl B+ (grad f) X A, (iv) (A X B)«(C X D) =17
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Lecture 13. Integration of Forms Over Parameterized Subsets

Integration of a (true) p-form in ®P. A p-dimensional region u C ®° iS com-
pact provided it is closed (see Lecture 2, Appendix) and bounded.
Let U, be a compact oriented region in RP (the same region without orienta-

tion will be denoted by u or |u|). Let u!,...,uP be a coordinate system for
RP (or at least u). Recall that

+1 if %, . -56-— is positively oriented w.r.t. o
ut uP
W=\ 5 9
-1 if —, ..., — is negatively oriented w.r.t. o
ou! " AP
\

If oP is an exterior form of maximal degree p on we can write
o =a,... ,(u)duln -+ AduP =au)dulr -+ AduP

We then define

J o f a(u) dul A - -+ A duP = o(u) [...
U, |

u|f a(u) du! - - - duP (13.1)

0

where the last integral is the usual multiple Riemann integral (which is defined
independent of any notion of exterior form (there are no wedges “A”) and of any
orientation).

Clearly if we reverse the orientation o of U the integral will change sign

uf P = -L{ aP . (13.2)

Integration over parameterized subsets. We shall deﬁne_ a p- dimensional

(oriented) parameterized subset of a manifold M® to be a differentiable map

é:u——M"

of a compact (oriented) region u C /F into M".

»

’
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Familiar examples when M® = % are parameterized curves (p = 1) X = X(t)
and parameterized surfaces (p = 2), ¥ =X(u,v). In these cases, for example L
may be a closed interval [a,b] C ®' or perhaps a closed rectangle
[2,b] X [e,d] C R%.

We emphasize that ¢ need not be 1:1. Consequently, the
image subset #(u) may have, e.g., smaller dimension than p. In
the most important cases ¢ is 1:1.

We also emphasize that our parameterized subset of M™ consists of the pair
(#,u) , and not just the image @(u) C M".

Now given a p-dimensional oriented parameterized subset (¢,u,) of M", and
. given a (true) p-form o® on M, we define

of = [ ¢*oP
(®4,) U, (13.3)

the right hand integral having been defined in (13.1). In detail

[ o= [ ¢*oP = f¢*ap _a_ 2 laula e oadw
(o) U, au! ouP
o 0
== wf ¢*aP | —, ..., —} dul---duf . 13.4
R G

Note that this last Riemann integral can also be written

0 0
o(u)fli;.lfap[fﬁ* aul,...,lﬁ aup}du «o - duP . (13.4" )

For example, for a parameterized curve ¥ =%(t), a <t < b in R3, oriented
d

such that I on ®! defines the positive orientation, if ol =

ay(x)dx! + ag(x)dx? + ag(x)dx® is a 1-form on ®% then
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o= [ Vadx= [ ¢* (T ax)dx)
(¢,fa.b]) (6fab]) i [
b .
[ i |
= iXt — |dt A
{ [Z ai(x(t)) = J 2
X d
%}(: = CP*(‘A-x'
X(b)
/"- % = ¢[ab]
X (@
0 o 4L b
de

Usually the parameterized curve (¢,[a,b]) is abbreviated C (with an arrow in the
figure to indicate the orientation). This is the familiar rule for evaluating a line
integral over an oriented curve. Note that if we use the usual Riemannian (i.e.,
Euclidean) structure of ®% then we may identify the 1-form o! with a contravari-
ant vector A (see Lecture 5) and then we can write

b

} [g ai(x(t)]dt = (K,%’%’) dt

a i a

i.e., one simply integrates the scalar product of the vector A with the velocity vec-
ax

tor el Of course, if the coordinates are not Cartesian
- d% ; dx! dx!
A,—) = Y Alg. =2 — -
< dt > % 8ii T3 2]3 % Td

The lesson here is that one integrates covectors over curves, not vectors (remember

d dx
¢*Ti_t——q’;)

~/

o

IIIIIl-ﬁ----(Ch-\

(

- .
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2
o [Et"] a (13.5)

- - . - . - L3 .
If one insists on integrating (contravariant) vectors A over curves then one is going

w“——,c‘

o=

c

to need a Riemannian metric to change A to a covector; this is the meaning of the

familiar

b b
[ 7s;~dy=£<x,%§>dt=£al [d_x]dt=f ol

Integrals of forms require no Riemannian metric! Finally, note

By = Al E oo (1.2 ]

where A; = HX“ cos z)_(K,%) is the tangential component of A along the curve,

and ds = | %f— | dt is the element of arc length. If the curve has length L

L

o= { A ds (13.6)

as usual. However f al =

® Sy T

i
Y7 ay(x(t)) %— dt is much simpler !
i
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Next consider a parameterized oriented surface.

Q)
<

l

u? Nt

]
R

23
2u!
24
ut

22

x4

We suppose that coordinates u', u®? are chosen so that o(u)= + 1. Then if
B = b, (x)dx? A dx® + by(x)dx® A dx! + by(x)dx! A dx? is a 2-form on R® (ie.,
by = Byg, by = By, by = By)

[ 8= [] by dx®ndx®+ Dby dx® dx' + by dx’ A dx?

(o.L0) (oW
_ _‘9_(#"2)_ + by M;)_ 4+ by 20 2) duldu? (13.7)
N o(u’,u) a(u, ) ( au) ,

which is a rather complicated (but computationally simple) way of writing

(£ {) #=I1 ﬂQ[ 28 :’—‘;]duldu y (13.8)

If one insists on writing this in terms of vectors, as one does in textbooks we could
proceed as follows. Use the familiar Riemannian metric for ®%. From (12.4) (here )
o denotes orientation of R3)

p? = ig vol 3

for a unique pseudo -vector B,. Then : - _ \*V
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ffﬂ2 fflﬁ vol 3 [ii— ——B—X’—Jdu A du?
(6) (s oul * ou® |
= [[ vol@ [B gz gi—] dul A du? . (13.9)
(W) )

(It is clear that this answer is indépendent of the orientation o of ®% since both
vol? and ﬁo change sign under o — - 0.)

We shall only be concerned with regular parameterized surfaces, i.e.,

1

Pt Up — qu’(p) is of rank 2. Thus :}_{ and ;i are linearly independent.
u u

of N w111 give us a choice of o for R% by demanding

oﬁ’ﬂ_’ﬁ = 41
. ou! = du?

We then have a unique decomposition B = <§ , I_\T> N+ T where T is tangent to
o %

-——) = 0 and so, from (13.9)

the surface. But then vol® (T y —
dul * ou?

fre= g [Ny, 2 20

(o1 (o) u'  du

— [f (BR) vor {N .4 _5?_] dutde?

But

vol? [N - 3 ﬁ] duldu? = dS (13.10)
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is simply the area element on the surface @V = #(u), since

oxX ax ox
B (N » 71 55/ = T (area of the parallelogram spanned by -2— and
Ve ( Oul  Hu? ) ( P & . Y ou!

%} Hence we have the usual expression
u

JJ B =[[Byads
(8L v

(13.11)

where By is the normal component of B.

The integrals are independent of the Parameterization. It is evident from
(13.6) and (13.11) that the line and surface integrals are in fact independent of the
parameterization used in their evaluation; this is because, using our Riemannian
metrics, these integrals are expressible in terms of geometrical quantities (integra-
tion with respect to arc length, surface area). Let us look at the general situation.

Let (4,u) and (¥,1) be two parameterized oriented subsets of M ;
p:Uu—> M, 9: b— M2, where UCRP, UCRP 2
o
o MY\ v
¥ : S~

o

We assume that coordinates u in R° and v in RP are chosen so that

a1

—a-—, 5555 -ﬁ— is positively oriented for U and i—, cea, _8_ is positively
oul AuP avl ovP

oriented for U. We shall say that (¥,L) is a reparameterization of (é,u) provided
there is an orientation preserving diffeomorphism h : U— U such that

$=1-h

{

i

\ 2

N.
Ta
o
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Since h is orientation preserving, h is described by v = v(u) such that
oW, ..., vP)
d(ul, ..., uP)

>0

Then [ of = {,@b*ap = [f(v)dviA -+ AdvP= [ f(v)dvl---dv® But
(.1 v L=h(l)
Jacobi’s rule for change of variables in a multiple integral says

- f(v)dvl - - dvP
h(u)
v, ..., vP)

dul - - - duP
d(ul, ..., uP)

= [ 1v(w)

_ v, ..., vP)
= fuf(v(u» B, . o) du! A A duP

= fuh*(zp*a) = (see Problem 12)

= fu(¢°h)*a= | ¢*a
M)

Hence Jacobi’s rule insures us that

o= [ of
(B (o)

and so our integral is invariant under reparameterization.

Two final remarks. First, we have yet to define integrals of pseudo-forms. This
will be done in Lecture 16. Second, parameterized subsets of M®™ are rather special; for
example they are by definition covered by a s'ingle “coordinate system.” There are many
interesting objects (for example submanifolds) that cannot be parameterized by a single
parameterization. We shall discuss this in Lecture 14.

e Problem 26. We have seen that the “area form” for a parameterized surface in
y R3 is the pull-back ¢* of the 2-form

iN vol® = H-Tll_’ﬂ iTf vol3
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= oxX ox . . : . .
where ® = —— X —— is the (non-unit) normal. Using Cartestian coordinates
oul T ou? .
528 ,' _ o(x%x%) 0 A=3x!) o A(x1,x?) + 3}

Aulu?) ax!  B(ulu?) 8x®  A(ulu?) 8x®
x3

Show that in the case where (4,u) is
simply the graph of a function over the

1= ylx? = 2,

x1,x2 plane, 1ie., x
x5 = f(x},x?), then one recovers the

classical expression for area element for

a surface.

4

X

Problem 27. Let us say that a p-dimensional parameterized subset (¢4,u) of M"
is “irregular’ provided ¢, has rank < p at some point uy € U. Show that

¢*aP =0 at vy,

, C
;MI‘I@IIIIIIIEIIIIIII‘-I
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Lecture 14. Integration and Partitions of Unity

(1) Manifolds with boundary. In Lecture 13 we integrated (true) p-forms over
parameterized oriented subsets of a manifold M". In a sense these objects are very
special; by definition they are described by a single coordinate system ul,..., uP. We
wish to integrate over more complicated objects, mainly p-dimensional submanifolds of
M" (for instance we would like to take surface integrals over a 2-sphere in ®2). In ele-
mentary vector analysis (and also in “algebraic topology’’; this will be discussed later)
this is accomplished by breaking up the submanifold VP into a union of essentially
non-overlapping parameterized subsets, doing each integral as before, and then adding
the results.

Writing the 2-sphere as a union
of two parameterized subsets (a
northern and a southern hemi-
sphere).

We prefer to use at this stage, a different, very useful theoretical device, a “partition of
unity,” but first we shall discuss an extension of the notion of manifold to ‘“‘manifold
with boundary.” These will be our principal ‘*‘domains of integration.”

The closed 3-ball in 2 is not a 3-manifold, for while points in the interior, i.e., ¥

for which |®] < 1, do have neighborhoods diffeomorphic to open balls in ®2, points
on the boundary 2-sphere have neighborhoods that resemble half open balls.

m‘f@ﬂar'puv&i 3

. —MZ
half opew b0
opon S oA < 4
Ll < 4 wW3>o0
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Let us check thét a point on the boundary of this closed ball does have a neigh-
borhood described by a half open set where u® > 0 in 3-space with coordinates
~u',u?, u®. For simplicity suppose the point ¥, in question is on the lower
hemisphere x¢ + y& + 2z =1, 2y < 0 of the boundary 2-sphere. This hemi-

sphere can be described by
0=F(xyz2)=z+ VI-(x>+y%) =z + f(x,y)

Introduce new coordinates in R in a neighborhood of this point by

1

to

I

u X
u h 4
A

I

ud + f(x,y)

&

These do form a legitimate local coordinate system because (see Lecture 3, §(3))

100
) _ g 1o =150
) £, £ 1

X 7y

We then note that a “pill box” neighborhood of this point X, in the closed ball
is described in these new coordinates by z > - f(x.¥), ie., u® >0 together

with constraints on u!, u?. W2
2 !
2 9 2
(X-%p) +U-4) &5 P
i —
44.2

N e :;;} 1
x ; q"D. : r":/ ! *
P O T 2>~ feay)

+his "pill box" = P
1S a Mﬁ-&d\:’ ‘
of X, ws the

3 -4l ~ X

€ \ | -
EEEEmEEEEE e
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Very briefly speaking, an n-manifold with boundary M" has an “interior’” which is a
genuine n-manifold, together with a “boux}dary” or ‘“‘edge’. Points on the boundary do
not have neighborhoods diffeomorphic to open sets in R® but rather “half open’ sets in
‘@, described say by ()’ + -+ + (@) <€ and 0 S v < § . For more details,
see e.g. G-P, p. 57ff or A-M-R, p.406ff. One should note that the boundary, written oM
turns out always to be a true (n-1) manifold (without boundary) but it need not be con-
nected (i.e., it may consist of more than one piece).

\ A 2-manifold, i.e., surface,
M with boundary consisting
' A of two “circles’’.

Note also that if the boundary is empty, dM = ¢, then M is simply an n-manifold.

Orientability, one-sided-ness etc., are exactly as in the case of a manifold. An actu-
al M&bius band constructed from a strip of paper is a surface with boundary; if the edge
is omitted it is a surface.

*
.
'
Iy
N

Momufoed with o

(2) Partition of Unity. To integrate a p-form aP over a manifold VP (with or
without boundary), instead of breaking up VP into “non-overlapping’’ parameterized
subsets we will break up the form o into a sum of forms.

We shall almost entirely deal with manifolds VP that are covered by a finite
number of coordinate patches (we have to use “half” coordinate patches for boundary
points; we still call them coordinate patches). What we say can be generalized to the
general case (for details, see G-P, pp. 52ff or A-M-R, pp. 309ff).

Given a finite coordinate covering {UmXo}. @ =12,...,N, a partition of
unity will exhibit N real valued functions f,:V — & that are differentiable and have

the following properties. First define the support of a function, form, tensor, etc. to be
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the closure of the set of points at which the function , ..., is not zero. Thus support
of f consists of all points of VP where f 540 together with all limit points of this

" subset. (The problem here is that the subset where f £ 0 is automatically an open

subset). We demand

(i) f(x) >0 a=1,...,N,
(ii)  The support of f, is a closed subset C u,, in particular f (x) =0 for
X ¢ U, -
N
i) Y f,(x)=1, all xe VP,
a=1

Such partitions of unity always exist; they are constructed in the general case in the
above references. We shall illustrate the construction in the simplest possible case.
Suppose that VP = V! = [0,1] is the unit interval on ®!. This is a 1-manifold with
boundary (the boundary consists of two points, i.e., two 0-manifolds). e suppose that

[0,1] comes equipped with two coordinate patches, U {x|0<x< %} and
Uyt {x | % < x <1} which of course must overlap. We first construct two

differentiable functions g, , g, whose supports are in U, , Uy, respectively. We simply

draw their graphs (the analytical constructions of g; , g, would be in the references).

!
N o ;
9 2 |
04 ‘ ' 5
3 4
o z z
& U, - >

We have drawn g; and g, so that their supports are in U, and U, respectively, and
yet these functions mnever vanish simultaneously. We now define (since
g1(x) + go(x) > 0 everywhere)

1)) o g(x)
W= e T ihe®

yielding the required partition of unity, 1 = Z‘ f(x).
a=1
Point set topology allows one to go through an analogous construction in higher
dimensions with far more complicated coordinate patches.

N
&
_
_
_

G
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(3) Integration of forms over compact oriented submanifolds of M®. Let
M" be a manifold, perhaps with boundary, and let VP be an oriented submanifold
- (perhaps with boundary) of M®. We of course may think of VP as a manifold in its
own right; we then have the inclusion map

i: VP M2

where i(x) says think of the point x € VP as a point in M®. If ul, ..., uP are local
coordinates for VP and x!,...,x® those for M® theni:VP — M. is simply given
b}fxi=xi(u1,...,up), i=1,...,n.

Now let wP be a p-form on M. We may restrict this form to VP by taking the

pull-back i*wP. Note that this restriction is a very simple minded operation; the value
of i*wP on a p- tuple of vectors tangent to VP is exactly the same as the value of wP on

——mel Sy, Sy 22w oy ML

these vectors .

We now wish to define f wP ,. For this purpose we shall assume that V® is com -
@

pact . This notion can be explained in two equivalent ways in our situation.
(a) VP is compact provided from any covering of VP by open sets one can
extract a finite subcovering. '

(b) VP is compact provided any infinite sequence of points of VP has a “limit
point” in VP,

If VP is a submanifold of &* then VP is compact provided it is a bounded and closed
subset of R".

Now let {u,} be a finite covering of VP by coordinate charts that are positively
oriented for the orientation of VP given. Let {f,} be a partition of unity for this
coordinate cover. We then define

where (14.1)
wy =, " *w

i.e., we construct the forms w, = fe 1*w by simply multiplying by the appropriate par-
tition function f,. Since U, can be considered an oriented parameterized subset of
VP, the individual integrals
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[
are already defined (see (13.3)). The crucial fact that makes all this work of course is

2 Wa =Y, Fw = I 3 £, = %y
[+ 4 [+4 [s 4

It is not difficult to check that the resulting value for
VP

of the cover {y,} and the partition {f,} subordinate to this cover. See the references.

(4) Manifolds admit Riemannian metrics.

We give now an immediate applica-
tion of partitions of unity.

If M" is a submanifold of R", some N, then i

tM® = RN s the inclusion and
if we let ds?

N
be the usual Riemannian metric for &Y ds? = M (dy'h()2 » then the
k=1

pull-back or restriction i*ds?

will yield a Riemannian metric for M"® .
method for getting a Riemannian metric on g surface M?

by ¥° = f(y'y*) then

This is the usual
C ®3; if the surface is given

i*((dy1)2 + (dy2)2 + (dy3)2) — (dy1)2 4 (dy2)2 + {fyxdyl + fyzdy2}2
= [1 + (f_vl)2](dy1)2 + 2 fylfyzdyldy2 + [1 + (fy2)2](dy2)2

How do we get a metric if M=
Let

is not given as a submanifold of RN ?

{UaXe} be a coordinate cover for Me,

n s
dsg = 3" (dxJ)® but of course in Ug N Ug,

1=1

In u, we have a metric
ds?2 5 dsg, so these don’t fit together to

give a metric for M®. How about putting ds? = 3 ds?? This won't work because

ds? is only defined in Ug - It would give some highly discontinuous metric on M",

Let {f,} be a partition of unity. Then f,ds, can be defined to be differentiable every-

where because fo =0 outside of Uy ;5 put f,ds? =0 outside of Uy - Now define a
Riemannian metric on aj] of M® by

ds? = 3 f ds 2 (14.2)
a

This works, although it is arbitrary!

J &P isin fact independent
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Lecture 15. Stokes theorem for True Forms

(1) Orienting the boundary of an oriented manifold. Let M® be an oriented
manifold with non-empty boundary dM®; M is an (n~1)-dimensional manifold and we
state again, without proof, that dM does not have a boundary (we shall discuss a
“homological” version of this at a later time). Since the changes of coordinates in over-
lapping patches are differentiable the boundary really is a differentiable manifold. For
example the triangle is not a 2-manifold; its boundary is only piecewise differentiable

WM

2-manifold with not a manifold

boundary with boundary

Given the orientation on M" we can orient 8M as follows. Let €, ...,€, Span

the tangent space to M at x. Let N be a tangent vector to M" at x that is

transverse to OM to x and points out of M. Then we say ey * - - e, is positively
oriented &

for OM at x provided Nje,, ..., e, Is positively oriented with respect to the given
orientation for M. In the above figure we have indicated the positive orientation for
M? by V1,Ve ; then the indicated e, is positively oriented on M2 . In the right-hand
figure we indicate the orientations of the boundary curves by simply giving an arrow
(this works only in this dimension).

SRR IT oIl (2 IRt I TN

R L T T T T T

i
i
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(2) Stokes’ Theorem. Let VP C M" be a compact oriented submanifold with
boundary 8V in a manifold M?. Let wP~! be a continu-
ously differentiable p-1 form on M". Then

J dwPl = [ WPl (15.1)
A4 av

Proof. Let i: VP — M" be the inclusion map. Then since, (see 10.3),

J dwPl = J i*doP ! = [ di*wP!
Ve Ve Ve

and

f WPl = f i* Pl
av ov

We see that to prove (15.1) we may forget M™ altogether and merely prove (15.1) for
the form i*wP~! instead. In other words we need only prove

[ 4= ]
VP

av

for any continuously differentiable form A! on VP.

Introduce a partition of unity 1 = }; f, for a finite coordinate cover {i;,} of VP,
Then writing 8 =Y, 8,, 6, =10

Japrl= [d ¥ b=} [ 4B
e VP oa a U,

[#i=% ]
av

a dV

We see that we need only prove

[apft= [ gp? | (15.2)
I, av

for the form B, whose support lies in I, . There are two cases to consider.
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Case (i). v, is a full coordinate patch lying in the interior of VP (see Lecture 14).

Then, when everything is expressed in terms of this coordinate patch
P

f dB, = f ¢q 4B, = I d(¢;ﬁa)
U¢=¢aua ua ua

Now the support of @48, lies entirely in U, ; thus since $2B, = 0 outside of u, we
may replace the domain of integration U, in this ordinary multiple integral by all of
RP . If we call 2B, = ¥} |
. PN
2y ="F1=Y (1) ydula ccr Aduia cc e AdUP (15.3)

where a signifies that the term a is to be omitted, then

[ d(¢g B.) =J APt = ZJ (1) d(y dul A - - /\'Q A+ aduP)
U, - i b,

. o : A
_-_-Z(—l)“ll{—;-;-du‘/\dul/\ c+- aduia - - Adu?
- 2 "

o

A
= —dula - Ade? . 15.4
¥ (15.4)

We may assume that the coordinates patch U, is positively oriented with respect to

the given orientation of VP . Then

on; A
[d62B) =3 [ i dut+ - aw =% [ —+ dul -+ - dwP =0
ua iu,aul IRP aul

since
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o e’
'dup=fdul"fdu""dupf—du
RP du P! - —0 ou’

P
=fdu1°"du"" up( l_oo)

and ~; vanishes outside of U, . Of course we also have

fﬂa:o
av

Since in this case f, vanishes outside l,,andso f,=0 on dV. Thus case (i) is

finished, both sides of (15.2) vanishing.

Case (ii). U, is a coordinate patch that meets the boundary.
s

L - =4 M‘J b | MP-‘
gl
Y

We proceed exactly as in the first case, reaching (15.4).

Al

]}fdﬁa=l{d'yp‘1 Z}f———--du/\"'/\dup

T~

Now the only non-vanishing term here is the one with i = p since the other terms will

o0

oy .
involve f % du' which vanishes if i < p. On the other hand, for i = p we get

-0 Ou

) g
Jdﬁa_—.j-a-'ﬁ;-dul/\ e AduP = [ dul-- duP-lf e > duP

o ua u RP
= [ du' - duP(y,(00) - 7,(0))
R

= = f ’YP(ul, "5 5 up‘l,O)dul e oo duPt
R

(15.5)

)
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Now if we restrict ¢, :u, — V to the subset of u, where uP =0 we get a
(p-1)-dimensional coordinate patch for -9V, call it W, = ¢,luy N {W° = 0}) =

¢a(lia) ; see the figure above. Then we have, since support of 3, liesin W, ,

B =[5 = | ﬂa-l=r[¢:ﬂa-1
av w, Pallgo) 3
Pa

=I{’Yp’1=ufZ(—l)i"lvi(ul---up)dul/\ ceepaduta o A duP

(+4

But on Yy, u’ =0 andso duP = 0 and the only surviving term is

[ BFt = (-1t f fyp(ul, e, uPlo)dut A - e A duPt
av Y.

Now —9—, ey - is a positively oriented coordinate system for VP and - 2 is
ou! auP JuP

the outward pointing transversal to dV, consequently (see §1) i, iimg
oul duP1

orientation (-1)® on Y, (there is one minus sign for - 5—8—5 , and (p—1) minus signs
u

carries

to get a—a; in the last position). Consequently
u

[ B = (-1t ()P Uf fyp(ul, ce o, wPL0)du! - - - duPd

= - [ v, ..., u”10)du’ - - - duP?
R

Since this coincides with (15.5) case (ii) is proven.
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Lecture 16. Integration of Pseudo-forms. Maxwell’s Equations

(1) Integration of pseudo-forms. Inﬁegration of p-forms aP over parameterized
oriented subsets of any manifold M® was defined by pulling the form back to ®P

' 3 8
o = [ ¢*aP = o(u) [...[ (¢*aP) —, ..., —) dul - - - duP
(5,1) { f!ulf ( oul duP

(see (13.3), (13.4)). This has nothing to do with orientation of M". Suppose we try to
do the same for a pseudo - form wP . Suppose either that M" is non-orientable or else
that M® is orientable but we haven't picked one of the two orientations for M".
Then the pull - back ¢*wP makes no sense ; at each point @(u) € M™ there are two
choices for wP and we don’t know which to choose to pull-back! An orientation o of
U C RP does not (ordinarily) yield an orientation of M® near é(u) .

To pull-back a pseudo-form w via a map ¢:U — M we need to equip the map

orientation in some neighborhood of ¢(u) (de Rham calls such maps ‘“‘oriented maps”).

We shall not consider the most general situation, but rather concentrate on the

¢ with some extra structure so that an orientation o of u will give some sort of M"
most practical occurrence. Let ¢ : u— M® be a parameterized subset, WC ®° and

assume that ¢, hasrank p everywhere on U (thus ¢, :uy — Mgy is 1:1)

Aromsversal

aLcRr?

Suppose that one can find (n-p) continuous linearly independent vector fields defined

along #(u) and transverse (e.g. normal) to é(u). If we can do this we shall say that

|
} the parameterized ¢: u— M" is transversally oriented . Given such a map we can
l pull-back a pseudo-form «wP on M" to U, the answer being a pseudo-form ¢*w on-

u, as follows.
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Let ey, ...,e, define an orientation of U, at x € U. Then we define an orienta-

tion oy of My by declaring p
Ny oo s Nyps Olps - - -5 Ou8y (16.1)

to be positively oriented. With this orientation we have a specific choice of wg, - Then
Prw = qb*woﬁd . Note that if we reverse the orientation of u, say by interchanging e,
and e, , then automatically ¢*w would be sent into its negative. Thus if w is a
pseudo-form on M" then ¢*w is indeed a pseudo-form on U. Thus, in contrast with
true forms we deal with maps ¢ :|u| — M® of un -oriented U but require that o)
be transversally oriented.

For such a transversally oriented map and pseudo-form wP on M® we define the
integral as follows:

W= [ ¢tw, (16.2)
(@lud u,

and this last integral means the following. Choose any orientation o of |u| that you
wish. Then a specific oy is determined and

* \ . .
w a i PR SN
£¢ ™ oy e
] ;

is an integral of a specific form ¢*w, over an oriented U, and we know what this

integral is. Note that if we had chosen the opposite orientation - o, then we would
get — oy and

L{ P*w_,, = '1{ P*w,,

since we would be integrating the opposite form over a region with the opposite orienta-
tion.

For example, let ¢ : |u| - R? — R% be an unoriented parameterized surface in ®3

with a given transverse orientation ; e.g. we may be given a unit normal vector field N
tod(|u])=V.
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|l X W
wut u?
al Xz

x"

Suppose D is a (true) continuous vector field in R . We wish to compute

[] 8= ][ igvoly

v.N) (V,N)

where again o denotes orientation for ®3.

Choose arbitrarily an orientation for |u|, say, the one for which rwak 58—2 is
u u
positively oriented. Assume again that ¢, is 1:1 (i.e., V is a regularly parameterized
surface). Then N, :98}1_ ) picks out a specific orientation for ®%. As in the com-
u u

putation for (13.11)

(V.N)

/& =[[{
/

= f<1‘)’, >dS : (16.3)

The answer is the same as in (13.11) but note that the given data were different ! In

(13.11) one was given an oriented surface and pseudo -vector B. One then chose arbi -

trarily a unit normal N and proceeded to (13.11). In (16.3) one was given an un

-oriented surface and a given normal N , together with a true vector D. One then
chose arbitrarily an orientation for V and proceeded to (16.3).
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One important remark. Suppose one is given an n-dimensional manifold M".

If VP is a p-dimensional, compact submanifold with boundary VP in M® and if VP

is transversally oriented then one can again define, for each pseudo p-form wP

wP
V? with transverse orientation

again by using a partition of unity; the construction is essentially the same as in Lecture
14 and you should convince yourself of this. In particular if M® is itself a compact
manifold with boundary then it is automatically transverse oriented (there isn't any

transverse direction!). Consequently one can always integrate a pseudo -n form over

ular, if M" is a compact Riemannian manifold

the volume of M® = f vol®
Mn

always makes sense !

(2) Stokes’ theorem for pseudo-forms. Let VP C M® be a transversally oriented

compact submanifold-with-boundary of M®. Let wP! be a continuously differentiable
pseudo (p-1) form on M®. Then

J dwPt= [ wPl | (16.4)
N4 av

The proof is very much the same as for (15.1); you should convince yourself of this.
One should note two things. First, if at a point x € 8V, Nl, c ey Nn_p give the
transverse orientation for V then Nl, cee N)n_p , i will give the transverse orientation
for OV (here T is a tangent vector to V that points out of V). This describes the
transverse orientation for 4V in (16.4)!
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Second, if you are used to proving Stokes’ theorem by breaking V wup into “non-
overlapping” patches U, y Ug ... you are familiar with cancellations in f WP over
boundaries common to adjacent patches. This still happens with pseudo forms in spite
of the arbitrariness in picking orientations for u, and u g+ In our figure we have given

opposite orientations to U, and U for the evaluations of [ dw and ‘f dw . It looks
U, 5

like the common boundary integrals f w and f w would not cancel, but this is not
g oy

true since the w used in u, would be the negative of the w used in Ug! Saved!

(3) Electromagnetism and Maxwells equations. We shall work for.the present in
R3 but we shall not use an orientation for &3 (how could we communicate our notion
of right handed or left handed to some strange creature in a distant part of the
universe?)

We accept as basic the notion of ‘“‘charge” of a test particle. If a small particle
with charge e is moving in an electromagnetic field, the electric field vector E and the

magnetic field vector B are defined as follows. The force T on the particle due to the
fields, called the Lorentz force, is given by

T=¢E +v x B) (16.5)
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where ¥ is the velocity of the particle. Thus by knowing the charge e and by
measuring f when the particle is at rest, ¥ ==0, one gets E. Then by quickly
measuring the force on particles moving in three independent directions one can deter-
mine B (since E is already known). Thus (16.5) really just serves to define the vector
fields E and B. It is remarkable that the correct expression for the magnetic force,
ev X B was not known ’till Heaviside ( ~ 1890).

We shall consider (16.5) as a contravariant equation; f is a contravariant vector
and so e(ﬁ + 7 X §) is a contravariant vector. The charge e is a scalar, hence
E +7 X B is a vector. Then E must be a vector and ¥ X B is a vector. But velo-
city ¥ is certainly a vector, hence B must be a pseudo vector. B must change into its
negative if the orientation of space is reversed. We would like to get rid of this orienta-
tion dependence of B. We know that we can associate to this pseudo-vector B a true
2-form (see (12.4))

B% = iy vol® . (16.6)

Let us use Cartesian coordinates. We started out with

E=E1i+E2i+E3ﬁ_'

Jx Ay 0z
= 0 0 9
B=B! — +B?—— +B* —
ox + dy +B 0z
Then
82=DBldyadz+B?dzandx +B3dxady . (16.7)

Note then that we can write the covariant version of the Lorentz force law (16.5) as (see
(12.8))

fl = e(e - i,8%) (16.8)
where & is the electric field covector

Note that (16.8) is completely orientation independent !

We now state the laws satisfied by E and B , the Maxwell equations. The fields
E and B arein general time dependent E; = E;(x,y,z,t) . We define the time deriva-

tive of a form by just differentiating the coefficients. For example
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o2 oB! oB? oB3
o IR /-~ ——dzad ——dxad
3t o dy A dz + o z Adx + 5 x A dy

We shall call a compact manifold M2 with boundary M in R% a compact region
with boundary. Likewise we have a compact surface M?> with boundary (M? is a col-
lection of closed curves).

Law of no magnetic monopoles. Let M2 C 83 be a compact oriented domain
with boundary dM2. Then

[[et=0 . (16.10)
om®

Faraday’s Law. Let M2 be a compact oriented surface with boundary OM?
(with its induced orientation, see §2). Then

on?
[e=-[]5 - (16.11)

We shall now need to deal essentially with materials that are not affected by the
electromagnetic fields (“non-inductive” material, no polarization, etc.). For these
materials we shall consider the 2-form associated to E and the 1-form associated with
B , and traditionally we denote them by different letters. First we have the electric
pseudo 2-form, commonly called “displacement’’

82 =igvolP =E'dyndz +E?®dzadx + E3dx ndy . (16.12)

Next we have the magnetic pseudo 1-form; this is simply the covector associated with
the pseudo vector B

H= Bl dx + BQ dy + B3 dz . (16.13)

We also have two forms associated with charge. If p(x,y,z,t) is the charge density
(it is a scalar), then

pvold = pdxndyndz (16.14)

-'_(i- e TeE -4-_-_‘_-&-_-_-_-‘& [ ]
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is the charge pseudo 3-form (we omit the orientation symbol).

If we have charged particles (a “fluid’) with charge density p and velocity ¥
2 __ - 3 (vl 2 3
7 =1y vol® = p(v:dy Adz + v* dz A dx + v° dx A dy) (16.15)

is the current pseudo 2-form.

Gauss’ Law. If M2 is a compact ( un -oriented) region and if M2 is transver-

sally oriented by using the outward pointing normal, then
ff 82 = 4r fff p vol® (16.18)
aM? M3

measures the total charge in M2 .

Ampere-Maxwell Law. If M? is a compact (un-oriented) surface with given
transverse orientation, then

f:u1=47rfff+ff-‘2§ : (16.17)
a2 M? v Ot
(Ampere’s original law omitted f f -gt—ﬂ; Maxwell added this ‘“‘displacement
M2

current” term.).

(4) Maxwell’s equations in “differential form’’. Maxwell’s equations, as stated

above hold, as far as I know, in very general circumstances. They make mathematical

sense when the coefficients E!, B! of the forms are simply integrable functions! Let us
state briefly the classical meaning of these laws, and also express them in the special
. case when these coefficients are continuously differentiable and hence amenable to

Stokes’ theorem.

(i) No magnetic monopoles. For every compact oriented region M3
0= [[@8 = [[[de?= [[[ d(igvol®
oM M2 M3

Since this is true for every such M? it must be that dig vol® = 0. But (from
(12.10)), d(iy vol®) = div B vol®, and so
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[dR?=0,divE =0 | (16.10' )

(i) Faradays Law. For every compact oriented surface M?2

SIE SRR
YL I ¥
B
and so -
og? 8B g
el — _ 9% — . 22 16.11
d £n , curl B 5t _‘( 11" )

_ mavfng m43m+

says a changing magnetic field produces an
electric field. The line integral [ & is called - 3 chavge
the “‘emf” or “potential drop,” or “voltage.” o -ﬂ“

(iii) Gauss law; for every compact M3

Q = charge inside M3 = fff p vol® = 1 If 82
M3 47 M3

— 1 o __ 1 o T val3
= fl\{afdﬂ o [[[ divD vol

d8? = 47 p vol®, div D = 4mp

(iv). Ampere’s Law ( assume %f— = 0). For compact M? with normal N

477{4{]2=fﬁ1=ffdul

am? M2



di! = 4n?, curll H = 4n7

A current flowing through M? causes a mag-
netic field to “circulate about M2 . The

direction of B (i.e., £) depends on the orien-
tation of R% chosen.

(assumes —g—? = 0) (16.17" )
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Lecture 17. The Lie Derivative of a Vector Field

(1) The Lie bracket. Let X and Y be vector fields on M® and let ¢, be the
local flow generated by X (see Lecture 4). We shall compare the vector field Yy (at
points along an orbit ¢y(x) of X) with the result of “pushing” Y be means of the
differential (@), - '

£0,) 0 Vi

[

The “Lie derivative” or “Lie bracket” of Y with respect to X is defined to be the
vector field

Y¢tx - (¢t) *Yx

(ExY), = 11;1—13(1) : (17.1)
(¢—t)*Y¢,,x - YX
== ]
t_li% (¢t)* t
6. ) Y4y - Y
— lim ( t)* dx X (17.2)
t—0 t

We must show that the limit actually exists. For this we shall invoke a very useful ver-
sion of “Taylor expansion’ essentially due to Hadamard.

Let f be a continuously differentiable function defined near x.

Lemma. There is a continuouslyr differentiable function g(t,x) = g,(x) such that
go(x) = Xy(f) and
fody=1+1tg

| l‘L-__ T N BN N B W




125

e, f(x) = f(x) + t gt,x) .

Proof. Fix t aﬁd x. Define F(t,x) = (f- ¢)(x) and F(s) = F(st,x). Then
(- g% — 1(x) = F(t,%) - F(00)

1
— 1) -F0) = [ L F(s)as
o ds
1 d 1
- { = F(st,x)ds = f F(y(st,x)t ds
where F(I) denotes partial derivative with respect to the first variable. Hence if we
define
1
gy(x) = g(t:x) = [ F(y(st,x)ds
0
we see
(e $u)(x) - f(x) = t g(x)
Furthermore

1
go(x) = f F(l)(O,X)dS = F(l)(O,X)
0

F(t,x) - F(0,x)

= lim
t—0 t
. (fede)(x) - 1(x) .

We now can show that £4Y exists. Let f be of class C?, then

(ExY)d = lim + [YM (606 Y10 wév

= 111% ? [dex(f) - djiﬁ@’)* Ynx

= (see Lemma, Lecture 10)




lim % [Yulf) = Ys(t 60

= lim — [Yq&t,x(f) Y, {f + & gt}]

y RGN

= gigé T Youl) - Y500 - lim Y (e,) >
= X,(Y(1) - Yy{lim ) b.m & (t 81500
e ‘ -
— X,(Y(E)) - Yo(X(1) . = iLtU/f?‘th“’ (17.3)
£
Thus we have shown in fact that if one defines the commut;é?'( of g t)v}lo differential

operators X and Y by [X,Y]f = X (Yf) - Y,(Xf)) then

&xY = p(,Y]

(17.4)

e Problem 28. By expressing X, (Y(f)) - Y,(X(f)) in local coordinates show that

) =XY=yx 2 _vi &X (17.5)
= o o

Finally, note that definition (17.2) can be written in the form

d
SXYX = (H{ (¢—t)* Y¢t(x)]t=0

(17.6)
Note that the vector (¢_t), Yy, is always located at the point x!

(2) Invariant vector fields; Jacobi’s variational equation. In §1, the orbits Pix
i )

are the solutions of the differential equations % = X' and so we may write, using

Problem 28,

£ i —_— - J . . J ¢ *
( X )x j dt g Y P dt ]E ; Y (17 7)
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Note that the right hand side makes sense thm the vector field Y is not defined in a
neighborhood of x; Y need only be defined along the orbit of X through x. It is
clear from the definition (17.1) that £xY should make sense also in this situation; we
shall not hesitate to use (17.6) in this more general setting. It can be interpreted as fol-
lows. If Y is defined along the orbit ¢x, extend Y to a smooth vector field in a
neighborhood of x; call the resulting field Y. Then apply (17 1) to Y and note that
the answers, given by (17.6) depends only on Y along the orbit, not on the extension
Y used!

We shall say that a vector field Yy, defined along an orbit of the vector field X

113

is invariant under the flow ¢, or simply ‘‘invariant under X" provided
Y4x = (¢4)Yp - Thus

£XY=O, i.e., -—d—{—r——z_YJ

(17.8)

Jacobi’s equation of variation.

The reason for the name is as follows. Classically one considers two infinitesimally
“close orbits x(t) and y(t) = x(t) + &x(t) .
X

Yy Yyete)

Xy

XX(‘&)

Then & — X(x) and —(%l- (x+0x) = X(x+6x), since both are solution curves. Sub-

dt
tracting, 6 %i—c- = -51—(-)%_’-@ - —i% = -%— 0x , becomes

. . . i
-a%;— (6x) = X'(x+6x) - X'(x) = } %—XT (x)6x* 4+ higher order in 6x .
7 Ox
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If we throw away the higher powers of §x we get the linearized equations of variation

d i« X _;
dt&x—zaxj ox

i
a linear system of differential equations for the vector &x (with matrix %}—CJ- x(t)
X

along the given solution x = x(t) . Mathematicians prefer to consider Y = §x as a
tangent vector rather than an infinitesimal displacement 6x . This then is (17.8).

To actually exhibit a vector field Y that is invariant under the field X along a
solution curve ¢,x for X one would have to actually solve the system (17.8). Fre-

i
quently a knowledge of the matrix -Z—X}—(\{(t)) is sufficient for drawing important con-
: X

clusions about the behavior of nearby solutions (for example “linearized stability™).

~~ WARNING. The equation (17.8) has invariant meaning, independent of coord;-

! i
nates, since a{ xY is indeed a vector. However, the individual terms % and

- i
—ggj Y' do pot have such meaning since, e.g. % do not form the components of
X X

a tensor (recall Problem 15).
(8) The Flow Associated to 4 xY = [X,Y] . What is the flow generated [X,Y]? Let
(X)), #,(Y) be the flows generated by X and Y. We claim that the flow generated

by [X,Y] isin a sense the commutator of the flows $,(X) and #,(Y) .

Proposition. Let o(t) be the curve

o(t) = 6.4(Y) - 6.4(X) - gy(Y)- #(X)(0)
3=0_.(X)=)
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Then for any smooth function defined near 0 we have

lim f(o(\/f)t—f('a(O)) = [X,Y]o(f) -

t—0

Proof (Richard Faber). Look at a smooth function f restricted to the broken
curve portions (we let 0,1,2,34 be the vertices) Form f(4)-f(0) =
f(o(t)) - £(o(0)) = [f(4) - £(3)] + [{(3) - £(2)] + [{(2) - £(1)] + [f(1) - (0)] . By Taylor’s

theorem,

£(1) ~ 1(0) = 4 Xot) + £ Xo(X(1) + (3 0

Where —Q%g(—t)ﬂO as t — 0,

Also
(2) - (1) = 4 Y, (f) + 122- Y, (Y() + 0@3) .
Note
YL(Y(0) = Yo(Y() + t XY piao(Y (D) + 02)
therefore
12) - £1) = 6 Yo) + = Yox(e) + 0(3) - @
Similarly
13) - 12) = -6 %,(0) + £ X,(x(0) + 0(3) (i)
f(4) - £3) = -t Y5(f) + 322— Yo (Y(f)) + 0(3) . (iv)

Adding (i) + (ii) + (iil) + (iv) we get




f(4) - £(0) = s[X,(f) + Yy (f) - Xolf) — V(1)

+ P [Xo(X(E)) + Yo(Y(D)] + 0(3) .

But
Xo(f) = Xo(f) = Xo(f) - Xi(f) + X(F) - Xoff)
=t Y,(X(f)) + 0(2) + t Xo(X(f)) + 0(2)
= t Yo(X(f)) + t X,(X(D)) + 0(2) .
Also

Y5(f) - Yi(f) = Ya(f) - Yo(f) + Yolf) - Yy(f)

= —tXG(Y() + 02) + t Y,(Y(t)) + 0(2)
=~ b Xo(Y(E) + b Yo(Y(£)) + 0(2)

Thus

(by (v)) .

f(4) - 1(0) = t*[Xo(Y(£)) - Yo(X(D)] + 0(3)

and so

f(o(t)) - £(o(0))
2

t

If we denote the derivative for t — 0% by 4 then we can write

+

X,Y] = ?‘j— (V)

t=0

~~ WARNING. Many books (including Arnold’s book on mechanics) define the Lie
bracket [X,Y] to be the negative of ours. Also many books call [X,Y] the “Pois-
son bracket’’; we however, shall reserve the name Poisson bracket for a different

(but related) concept.

— X(Y() - Yo(X(F)) -

190 |
gi

I
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Lecture 18. Lie Derivatives of Exterior Forms

(1) Lie derivatives of forms. If X is a vector field (with local low ¢;) and f is a

function we shall define the Lie derivative of f with respect to X at x by

£xlf) = Xpff) = 5 f0m) |, = = (6D o (18.1)

t=0

(we have used Lecture 4, §1 and Lecture 10). This is just telling us how f changes
along the flow lines of X.

If oP is a p-form we define

d I . $oa
P — 2 * P — 18.2
dxa? = I (¢"a®) |i=o %1_1}(1) i (18.2)
We mean by this
d . d
(‘dE' ¢t a)t=0 (V17 v ey Vp) = Ht_ a((¢t)*V1, e ey (¢t)*Vp) |f)=0 (18.3)
TS (¢ @)(vy, - - 7Vp)]t_=0

In particular, if v, ..., v, are invariant under the flow ¢, generated by X,

Le., (@¢)uVx = Vyy then

(S0P -+ V) = = (v v ) |, (18.3 )

£xa measures the derivative of the value of a evaluated on a p-tuple of vector
fields that are invariant under.the flow generated by X. In particular, if
o® = vol® = Vg dx! A +-- Adx® is the volume form for a Riemannian metric on
M", and if X is a vector field on M™ then $£x vol® is the n- form that reads off
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the rate of change of volume of a parallelopiped spanned by n vectors that are
pushed forward by the flow ¢,. X

In other words £y vol® measures how volumes are changing under the flow ¢,
generated by X! One usually thinks of vol® as a given form; then &£x vol® is

describing a property of the flow generated by X, namely how this flow is distort-
ing volumes.

We need convenient methods of computing £xo. First note

S‘X(O‘p A ﬂq)(vh MR Vp—i—q) =-§—t [a A ﬁ((d’t)*vh R (¢t)*vp)]t=0

t=0

= -c% IZ I 51 p+a) “((¢t)*vl)ﬂ((¢t)*VJ)

— 5 5 o (@) fumo B0

+ Y g ol 3 A(00.1)
i3

t=0

and so £ is a derivation

Sx(oP A B9) = (ExaP) A B+ o A (Ex59) (18.4)
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Furthermore we have the important

EX"d =d-% / (18.5)

Proof. First verify for O-forms, i.e., functions f. If v — vy is a vector at
xeM

A = - ooy | =L g |,
= d%; V(1) fomp = % v(fo @) ,t=0 ==

(since v is a constant operator)

= (S 01| = v,X(0) = vyex(r) = dext)(vp)

t=0

... £X°d = d°£X

when applied to O-forms. When applied to p-forms

« Sxd Y agdx A ... p dx = £x Y dag A dx A .. p dxP = (by (18.4))
= ¥ Sxdap A dx A .. 4 dx® ). daja ,S:X(dxil) A A X" + .
= Y d{Sxa) A dx A ... A dx® + 2. dag A d(Exx) A .. A dx? +
= d (E (Exa)dx" A ... o dx® + 3 adSy(x) A ... A dx? + )
=d [Z (Exadx™ A ... A dx® + > afx(dx!) A . A dxP + ]

=d S‘XZ adx A ... A dx® | O
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A homomorphism A : AP — AP'T is

.

¢

a derivation if r is even and AaP A BY) = (AcP) A 1+ o A A(BY)

(e £x)
< an anti—derivation if r is odd and

A(aP A B = (AaP) A B+ (-1)Pa? A A(BY) ,

(e.g. d and iyx)

\

Suppose we know the values of a derivation or antiderivation on functions and on
d(functions). Then we see that we know its values on any p-forms oP, for

af =Y abl(x)dxil A oo A dx® If A and B are both either deviations or antiderivations, to
I

prove Ao® = BoP® for all forms o it is sufficient to verify this formula for functions o
and for d of functions !

¢ Problem 29.

8 derivation and A an antiderivation = #-A — A-0 is an antiderivation
A an antiderivation and B an antiderivation = A<B + B-A is a derivation

(2) Cartan’s formula.

Proposition (H. Cartan). | &x =ix-d + d-ix (18.6)

when operating on p-forms.

Proof. Both sides are derivations. On functions ix(f)=0 and
ixdf = X(f) = £x(f) and both sides of (18.6) agree on functions. On differentials of

functions

(ix-d + d-ix)(df) = dlxdf§= dex(f) = £x(df)

i

Thus both sides agree on functions and d(functions) and so agree on p-forms. [J

r .
B R R —
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A direct calculational proof of this formula would be very messy.

e Problem 30. If X and Y are vector fields, then when applied to forms

Sx iy —iyeSx =ixy - (18.7)

As an application of Problem 30 we have the following very useful formula for the
exterior derivative of a 1-form «.

Proposition. Let o be a l-form and let u,,v,, be vectors at a point x € M™.
Extend these vectors in any way to be smooth vector fields u and v near x. Then

da(ux’vx) — ux(o‘(v)) - Vx(a(u)) ——Voz([u,v]) * : (18'8)

Proof.
da(u,v) = (iyda)(v) = (£, - diya)(v)
= i5a - V(i)
= (uly ~ i))(@) ~ v(a(u)
= £,(0(v)) - e([v]) - v(au))
— u(a(v))- a([wv]) - v(a(w) . o

e Problem 31. Prove this proposition by writing both sides out in terms of coordi-

nates.

The following proposition says that one may differentiate the function

1

aj, ... ipull <o u;” by using a product type rule for Lie differentiation of everything in

sight. This is a ““Leibnitz rule”.

Proposition. For vector fields X, uy, ..., u, we have
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X(aP(uy, « + -5 up)) = Ex®)uy, -+« 5 1) + 3 oPluy, - -, [Kugeeuy)

(18.6

(this is easy to remember since [x,u;] = £x(u;))-

Proof. First for 1-forms
(Exa)(u) = iy€xa) = Sxiya - ix g0
= X(a(u)) - [X,u]) ,

as desired. By induction, assume true for (p-1)-forms. Then for of
&'.Xa(ul « v up) = iul(Sxa)(u2, . . ey up) == (j:Xiula — i[Xl,ul]a)(uQ .o up)

But iy @ is a (p-1)-form, by induction hypothesis then

Exlig@)(ng * +* 1) = X(G,@)(ug 1)) = 32 (o)« [Kougloomy)

I=
and so

Exa)(uy, - - -5 up) = X(ofuy, . - ., wp)) - A[Xyuylyuy - - up)

—ia(ul,...,[X,ur],...,up) . O

r=2

Finally, we have a formula that exhibits the fact that doP is independent of coor-

dinates, as follows. For vector fields ug, ..., u,

doP(ug, - - ., up) = ﬁ (1) wolug, « -+ 5 Ay - - - 5 1)
=0
(18.10)

+ 3 1) oP([upugugy < vy by e, g e, uy)
1<s

This formula generalizes the proposition (18.8) and can be proved by induction again.
Note that the left hand side depends only on the vectors at the given point, while the
right hand side seems to depend on the vector fields !




(3)
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Problem 32. Show that if a =Y adx' anduz= Y} o -5(?—].—, then
, X

1 i 92 du! i
o = Z Z (11 — + g —) dxi . (18.11)
- : ox! ox!

i i
This should be compared with (17.5).

Vector analysis again. Let vol® be a volume form for M® (Lecture 11, §4). If
X is a vector field on M" define the divergence of X (with respect to vol?) to be
the function div X such that

Exvol®* = div X - vol?

If welet uy,...,u,; be vector fields along an orbit of X that are invariant under
X, ua(t) = uy(dex) = (4)4uy (%), then (see (18.3' ))

d
(Exvol*)y(ug, . ., uy) = at vol® (uy(t), . . . , uy(t)) t==0

and so div X measures the logarithmic rate of change of volume along the flow
generated by X. In local coordinates

vol* = p(x)dx' A - -+ Adx®, p(x) >0

Lxvol™ = Lx(p dx! A ... A dxP)

n
= Ex(p)ax! A oA dx® + Y] pdxt A A Ex(dXT) A . A dXD

r=1
n
—-—)dx1 Ao AdX® + Y pdxt A v A AEE) A e A dXD

X r=1

(
= Enz (Xi ﬁ"l—)dx1 A AR+ p i dx' A o A IXF A Ll A XD
ax! r=1

(

] . n n
= )} X‘a—p.)dxl/\.../\dx“+pZdxl/\.../\zdes/\.../\dxn
L ==l ox! r=1 s=1 O%°



o 1 X
Z(X‘ )dX/\ /\dx +pEdX/\ A ——dx" A .. n dx"

i=1 ox' r=1 ox

0 oX*
= 3 (¢ 25+, =)

dx! Ao ndx® = Z —

par(pXr)pdx/\ A dx®
r=1

divX =

o %) (18.12)

[ }
[
LA

|~
M=

as in (12.12).

Note that Cartan’s formula (18.6) shows that our definition 6f div X coincides with
that given in (12.11), since

) ——

S'X VOIn = ixd VO].n -+ diX VOln - d iX VOln

Let us use our formalism to complete our form-description of vector analysis in R3
started in Lecture 12.

Consider for example curl (A X B)
curl (A X B) « d(ige?) |
= dx0? - igda?
= $50? - igd(ix vol®)
= dgo? ~ ig - div A vol®

= Sﬁoﬂ —divA ig vol3
Now use the result of Problem 30.

£50? = Lgix vol® = izdy vol® + i[E,K] vol3
= divB iA’ vol® + i[B,K] vol3

« (div B)A + [B,A]




curl® X B) = (div B)A + [B,A] - (div AB.

anal IS books the term .\!BA [E’,A is. Wntten dlfferently We can. Wnte

(DBA)‘ (D B)

sense to i:ai:e the gradlent vA of a vector* In curv;lmear coordmates nez-
‘ "bhexr dlﬁerence', =
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Lecture 19. Differentiation of Integrals. The Divergence Theorem

(1) Time independent case. Let o be a p-form, C, a p dimensional submani-
fold (perhaps with boundary d¢,) of a manifold MP. We shall consider a ‘“‘varia-
tion” of C, arising as follows. We suppose that there is a flow ¢, : M® — M®,
i.e., a 1-parameter “group” of diffeomorphisms defined in a neighborhood of Cp for
small times t.

Let ¥, = (—c%;- qStx)b__:o be the resulting velocity field. We are interested in the
time variation of the integral
I(t)= [ « fap—gmap
Cy(t) +S
Differentiating

' (1) = lim Tlf [[(t+h) - I(t)]
111 %1_ ({ $ihnoP — (':{, ¢y P ]

= lim —111_ [ ¢ (¢n 0P - aP) J

Co
= lim —}— f (dp'aP — aP) = {: lim — ($y P — aP)
d
: — [ oP = [g.of '
ie., db (1) ey | | (19.1)

!

By -@'
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and in particular

d -
el oP — oP
(el ] =d=

Using Cartan’s formula (18.6) we may continue

= [ o= [ s,0f= [ idoP +dia = [ igdo? + [ iaP (19.2)
- e Cilt) Ci(t) cy(t) 8o l4)

Tl = e [ i

dt ) Cxt) aGy(t) (19.3)

(2) The Divergence Theorem. In particular, if Cp(t) = Cy(t) = U is a compact
region (with boundary OU") on a Riemannian M®, and if o® = vol® is the

volume n-form, then
S vol' = [ g_vol® = [ (div ¥)vol® (19.4)
. V Un

is just the usual geometrical interpretation of the divergence of ¥. On the other
hand, letting N be the unit outward pointing normal to AU

»C the 'l:amgevxﬂéﬂ
part ef V)

Jegvolr= [ i vol*= [ i(v'N)N+v vol®
o oum aur V"’ ’

= [ <V,N> igvol* + [ i, voI*
au® sur 7
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But if Ty, ..., T,y is an o.n. basis for tangent vectors to U at x, we have ‘_!
ivaoln(Tl, o, Ty )=0 l
and
ig voIX(Ty, .o, Tog) =£1 , l
ie., igvol® isthe (n-1) volume form for U I
iy vol® = vol ;!
l i (19.5) '
Consequently
[ Sgvol* = [ (%.N) volgy!
ot aur
and we have the familiar version of the divergence theorem
[ divvvol* = [ <V,N> vol &t
v ou* (19.6)
N outward unit normal to dU™

allowing us to compute a “flux”’ (a boundary integral) in terms of a volume integral
of div¥.

We emphasize that (19.6) is true even if M®
is not orientable, because both vol® and
volf;! are pseudo forms. ¥ is assumed to

be a true vector.

(3) The time dependent case.. A time dependent function f(t,x), or vector

(t,x),..., on a manifold M® can (and should) be thought of as a function, or vec-
tor ,..., on the product manifold ® X M®, with t a coordinate for the real line
R

@I
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If on M" we wish to solve the differential equations

i :
%XE- = v!(t,x)
4(0) = xd (19.7)

we may proceed as follows. Use x° for coordinate in R, then x°x!,..x" are local
coordinates in R X M" and we may consider the differential equations

.
dx°

dt
i .
< %}—;— = vi(x’x%,..x") i=1,.n . (19.8)

xX’@) =0, x(0)=x;

\

In other words we look at the new vector field on g X M®

0 L a d
X=—+ vix0®) — = — + Yt X
0x° igl (%) ox! ot (8%)
Then the (local) flow (1 parameter group of diffeomorphisms of

RX M), ¥ : 8 X M* = ® X M® generated by the vector field X yields the
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solution curves to (19.8). Since % =1 it is clear that if we let M®(s) be the section
of ® X M" where x® = s then this flow operates so that

Py : MY(s) — MP(s+t)
By projecting down to M® we get solutions to the original system (19.7).

Suppose now that « is time dependent p-form on M2®

a= 3 oa lp(t,x)dx A e A dxP
i<...<ip

(note that there are no dt terms). Again we consider it as a p-form on R X M® (hav-
ing no dt terms). Suppose we have a time dependent ‘“‘fow” of fluid in MP", it has a
time dependent velocity field V(tX) on M". A p dimensional submanifold
C, =Cp(0) at time O is pushed by the fluid to a submanifold cp(t) after t seconds
and we again wish to compute

4

& oy

We pass to R X MP, construct the vector field X = % + 7V and get the resulting

flow 4, all as above

& X

V(w

(t)
e —ar =¥

We then have

oP = £ aP
dt Cp{t) Cft) *
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I_;et us write d for exterior differentiation in MP", and d for exterior differentiation in
R X M". Thus for forms on f X M" .

0A; i .
da=d), al-dxl= by rr dt A dx +aoz,1.e.,
I 1 .

0

=dtn—+d . 19.9
d At (19.9)
Then &y = iyd + dig =1, JA+di
3_t+ 3t+v
IX_1d+d1V+1ad+d13 . -(19.10)
8t at

We are going to apply €x. to a = Y a(t,x)dx!, no dt terms. Hence i5a =0 and

Bt
last term in (19.10) vanishes. We are left with
sxo=li(@+dn )+ (@+an)i, +i, (D4 din L))
ot ot s ot
. . . Oa
= (i,doa + dije) + 1(;;.,t (dt A -ét—)

+ivdt/\—(%—(a)+dt/\ (ipe) +ig do
Bt

Again i 8 do =0 since da hasno dt term. Also we are going to be integrating over

ED
Cp(t) which lies in the section of constant t, hence dt=0 there and so
flvdt/\%%[——o—fdt/\i(lva) Thus
Oo
f Iya = f iﬁa+&va+1a dt A =—
cp(t) Cult) Bt g
Now
i dt/\—a—-zaldxl=ia E—I Z—a—?idxI
— e
ot

We conclude
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d da | . .
T . — + ido + dia) . '
dt @) C;,{t) ( o ¥ v ) (19.11)

(Note that 1V_3 + Elv is s1mply the Lie derivative with respect to the vector field ¥

“frozen’ at time t.)

e Problem 33. Let A and B be time dependent vector fields on R3 and let
p(t,X) “be smooth. Show that we have

%é dr= [ l: -V X curlA+grad(Tf’ A)]
d rr=

<E(j32fB ds = {:f [—a—--k(dlvB)V—curl(Tf’XB)jl
%fé]pdV:fcfsf ':%E—-f—dw(ﬁ‘)}dv

(4) Euler’s equations for a perfect fluid If you are not familiar with Euler’s equa-
tions for a perfect fluid (or the elements of continuum mechanics in general) may I
suggest the treatment given on pages 64-68 of [E]. Euler’s equations are (in the
case where the external body forces are derivable from a potential, b = p grad ¢)

Oa | 5 %a 8 1 Op
+ v == - =

At oxF x*  p ox®

Here v, and v® are the covariant and contravariant components of the (time
dependent) fluid velocity vector ¥, p is the density and p is the pressure. Let

(19.12)

v = v,dx®

be the velocity covector.

e Problem 34. Assume that p is functionally related to the density p, i.e., there
is an *“‘equation of state” p = p(p), and so dp A dp = O.

(i) Show that Euler’s equations can be written

v v [P |
g—t +£(v) =3["—2ﬂ— +¢- %] : 2
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(i) Conclude Lord Kelvin’s theorem: If c(t) is a closed curve that follows the

motion of the fluid then the circulation ¢ v is constant in time.

<l

6(0) &)
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Lecture 20. A Problem Set on Hamiltonian Mechanics

-

(1) Time-independent Hamiltonians. Let M® be the configuration space of a
dynamical system; M has local coordinates ql,...,q®. The phase space is the

cotangent bundle T*M, with local coordinates

n-+1

= — 2n __
= (q, X =DP1s.. X =

Pn

On T*M there is the Poincar€ 1- form A with local coordinate expression

n .
A=) p;dq

i=1

and the resulting Poincare” 2- form

w==d\ = ¥ dp; A d¢!
i

~— Warning. Many books call the negative of this form w.

Definition. A 2-form @ on an even dimensional manifold M?2® is called symplectic

(and M*™ is then a symplectic manifold) provided dw = 0 and the
linear transformation (M), — (M,22)* taking tangent vectors to M?2B

at x to cotangent vectors there given by -

is nonsingular (i.e., 1-1). From Problem 24 (Lecture 12) (ixw ); = X @ K-

Problem M.1. Show that w is a symplectic form on T*M®. (To show 1:1 you

need only check what happens to a basis —, ..., i , -a—, ce, —§— for
dq! O~ Op, dpy
tangent vectors.) :
Problem M.2. Show that
Wwr=wA - Aw==+nldg'A -+ Ad®Aadp A - Adp,

-'(----‘---ﬁﬂ_-
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w" is called the (symplectic) volume form for phase space T*M®. Usually we shall for-
get the factor and use
dg*A -+ Adg®Aadp A - Adp, .
as volume form.

Let L ==1L(q,q,t) be a Lagrangian function on the tangent bundle TM. Recall
(Lecture 9) that one has a map: TM — T*M given by

b= oL
i 861‘
- . . oL d JL , . ; .
Lagrange’s equations -(-9—1- Ty g—l- =0 on TM translaté to Hamilton’s equations
q q
on T*M
dd _ OoH
dt 8pl
< 20.1
d _ om 20)
dt dq

where the Hamiltonian function is defined by

H(Cbp,t) = E piéli - L(q,c'l,t)
i

(It is assumed in this definition that we can solve p= %LT for ¢ in terms of p and

q.)
We shall assume in this section (1) that H is actually independent of time t
H= H(q’p)
Then from (20.1) we can define the time independent vector field
x=nx 2 txn 2
P ¢ op;

dgt 8 dp; 9
=X Py dtl 3p;
i q Pi

_y 00 0 _oH 8
i Opi 8¢ B¢ O

(20.2)
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called the Hamiltonian vector field . Since X 1is time independent it defines a flow
¢y : T*M? — T*M" called the Hamiltonian flow .

e Problem M.3. Show that Hamilton’s equations are equivalent to

iyw= -dH

Problem M.4. Show that if X is Hamiltonian then

£X(U=O
and )
SXwn=O

The equation £y w"™ = 0 shows that volumes in phase space are invariant under the
Hamiltonian flow . This is Liouville’s theorem!

Note that under an autonomous (i.e., time independent) Hamiltonian flow, H is a
“constant of the motion” '

% = X(H) = ixdH = ix{-ixw) = 0
dH _ oH dq' , oH dpi
Look now at the “level sets’ of H in T*M=™

(This is just a fancy way of saying

=0 from (20.1).)

Vg™l = {x € T*M® | H(q,p) = constant E}

If dH0 on V#*! (and we shall assume this is true for the constant E in ques-

tion) then VE®! is a (2n-1)-dimensional submanifold of phase space, called the

hypersurface of constant energy E : Vg*!

N BN el

B T

$

IVII---
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e Problem M.5. Show that for almost all real E, dH 540 on Vg~

»

Since dH = 0 along the integral curves of the Hamiltonian X, we conclude that X

dt
is tangent to V@~ L.

We already know that Syw = % ¢y*'w | 4—p = 0. Now note that for all small t

ey pw—dy"w ¢ w-w
* —_—1 ] —_ & qe
& #w)=lm — P i
_d_ ¢ *w —— ¢ * S
gt YT oy xw (20.3)
and consequently
Pfw = w (20.4)

holds for all small t for a Hamiltonian flow ¢,.

hun-..“.nn.nnn .
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Definition A differentiable map F : T*M — T*M that preserves the symplectic form
Fro=w, ie., F*wp(y) = wy

is called a canonical map.

From (20.3) we see that ¢, is canonical. We say that the Hamiltonian vector field
generates a 1- parameter group of canonical transformation .

We have seen that X is tangent to VF?H‘1 and consequently the integral curves
that start on V#*! remain on Vg"l. Consequently '

¢t .V, E2n—-1 V. E?n—l

We know that ¢, preserves Liouville volume w® on T*M®; we now show that there
is a (20-1) form 7v on each V£*! that is also invariant under 4.

Since dH 54 0 on VE*! by assumption on E, we claim that we can find locally,
near x € Vg*1 a (20-1) form o%! in T*M® such that

Wt = dH A o*1

(20.5)

Proof. Since dH #.0 we know —Z_HT £ O' for some i. For simplicity assume
X

that B_I-{_ £ 0. Introduce then a change of coordinates

Jq
v'=H,¥’=¢,...,y"=¢,y"" ' =p,...,y72=p,
Then

dH A dg® A ... Adg® Adpy A oo A dp, = 'ggqul A e Adg® A dpg Ae.. A dpy
q

show that this is an admissible change of coordinates. Put then

dg®A -+ Adg*adpy A -+ Adp,
daq
aq!

Note that the choice for 0?®! is far from being unique. However, we claim

o1 —

(206) -

@.4
<

¢

-




153

e Problem M.6. Let i:Vg*! — T*M" be the inclusion map. Then the restric-
tion (see Lecture 14, §(3))

201 — jx520-1 (20.7)

of o to Vﬁn‘l

is a well defined form on VEzn‘l, independent of the choice made

in (20.5). (Hint: let 0,0’ be two choices satisfying (20.5); then show
i*o = i*¢’ by evaluating

dHA (o -0 )

on a 2n-tuple of vectors (N,T,,...,Ty;) where N is transverse to VgZ*! and
\ Tamy Ty are tangent to vgr-,

We now claim that %! = i*6®™! is invariant under ¢, : Vg>! — V@&l First

note that since H is invariant under ¢, i.e., (¢,"H))(x) = (H-¢,)(x) = H(x), then so
is dH :

¢, dH = d(¢,*H) = dH
Next, ¢*w = w implies ¢;*(w") = w®. Hence

wn = ¢t*wn . ¢t*(dH A 0.211—1) = dH A ¢t*0'2n—1
But w® = dH A 62!, and from Problem M.6, Bidy; we conclude that

i*¢pfo =i*c =1

We claim that i*¢"0 = ¢;*7. To see this, evaluate on a (2n-1) tuple of vectors
(Tgy..., Top) tangent to Vg1

(i*@¢*0)(TgyeresTon) = B¢ (1, Tgpeenriy Top)
= 64'0(Tosee,Ton) = ()4 Tas-rs(¢t)u Tn)
= (since (¢;).T, is again tangent to VZ21)
= 0(1( B Tasereia(b1)s Ton)

= i*U((th)*T‘Q,-"7(¢t)*T2D)
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= T((¢t)* T2, ---1(¢t)*T2n)
= ¢t*T(T2a---7T2n)

and so i*@*oc = ¢,*r and we do have

Sfr=r1

(20.8)

We now write down a specific (but rather arbitrary) expression for 72%1 that is
used in books on statistical mechanics.

Let ds® be any Riemannian metric on T*M, in a coordinate patch, for which w®
is the volume form vol?2, (Usually T*M does not come equipped with a Riemmanian
metric; however locally we can always write in a coordinate patch (a,p)

ds" = (da'f + - + (AR + (dp)? + -+ - + (dpy)?
and then
vol®®* — \/gdqlp --- AdqiAdpyA - - Adpy

will do since g =1.) In any metric grad H = VH is normal to Vg£%l, Thys
vH/| vH| is a unit normal to VE™ L Then the (2n-1) volume form for VgZo-1 (see
the discussion leading to (19.5)) is
volg™l =i _y vol2®
|vH
However, although dH is invariant under ¢,, vH is not » since the rather arbitrary
metric is not invariant under ¢,. We claim

voly? 2n-1

T = m— =i vH VOl211

is an invariant (2n-1) form for Vg1,
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Problem M.7. Show that this 7 is invariant by showing that if i TyyeeesTon

Z:1k
are orthonormal, then
5 vH o
dHAd VH2 V012n (TV—I-II ) T2, e ey T2n) — +1
I vHI
and consequently dHA1 o vol®® = £ vol® as needed.
| vHP
(2) Time dependent Hamiltonians. When H = H(q,p,t) we consider H as a
function on the “extended phase space” T*M™ X R. Hamilton’s equations are still
d¢ _oH doi _ oH |
dt Bpl ’ dt aql
i dp:
but note now that ?1}3 = ZI:l (313, gII;Il dIt);l + %Ij e BaI;I’ and so H is no
longer a constant of the motion.
Define the new Hamiltonian vector field on T*M X g by
X 0 O 0 + 2 (20.10)
op; aq! aq! ap; ot
and so X?*+1 = 1, where x2°+1 = ¢,
Define a new Poincaré 1 form on T*M X g by
A=Y pdd-Hd
= dq' — % .
El S (20.11)
and
n .
Q=dA = dp; A dg' — dH A dt
;:‘1 FEE S (20.12)
where now of course df = _Bf._'l_ dq' + o dp; + ot dt, etec.
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* Problem M.8. Show that Hamilton’s equations and 124 = are equivalent

SR
dt 8t )

to

ixﬂ =0

Let ¢y : T*M® X R — T*M® X R be the Hamiltonian flow generated by the new
Hamiltonian vector field (20.10).

e Problem M.9. Show £0=0 if X is Hamiltonian.

Braves m

%>+

¢ Problem M.10. Let ¢ be a closed curve in T*M X R. Show that

$ pdd ~-Hdt =¢ p; dgi — H dt
c #C” (20.13)

Hint: Look at the 2-manifold with boundary swept out by ¢ under ¢, and consider 0
evaluated on a pair of vectors tangent to this surface.
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Definition. Let C be a (not closed) curve in, T*M X ®. Then the Action S associ-
ated with C is the integral

S=[A={p dd~-Hdt
{: fcpl q

We shall compute the ‘‘first variation of action” under variations of C, demanding

that the variations of q and t (but not p) vanish at the endpoints of C. Let J be a
vector field on T*M X R whose flow 1, generates such a variation. Then we know

555[-}]1&] =[ 54 t

e Problem M.11. Show .

%

Suppose now that the first variation vanishes, §S = 0 for all such variations, i.e.,
for all such J.

Problem M.12. Show that if 6S'=0 for
all such variation vector fields J then the
tangent vector T to C must satisfy

il =0
and so ¢* must be a solution to
Hamilton’s equations. This is Hamilton's

Principle of Stationary Action,

You may use the “fundamental lemma of the calculus of variations’; if f is continuous

: *Use time t as parameter for C.

-



I o

and if .

b -
f f(e)n(t)dt =0

for all continuous # for a which 7(a) = n(b) =0, then f(t) = 0.

158
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Lecture 21. Volterra’s Theorem

(1) Stokes’ theorem again. We shall accept (for a proof, see [A,M,R], p.418 ff.) the
fact that Stokes’ theorem (15.1)

[ 4t = [ g2t
VP

av

holds, in fact, if VP is merely a compact oriented p-manifold with piecewise
smooth boundary 8V. Thus we can apply Stokes’ theorem to triangles, cubes, etc.
Of course for something like a cube the theorem can be proved directly; this is the

proof given in most calculus books when p = 3.
(2) Closed forms and exact forms. A form /P is closed provided d@¢ = 0. Thus

(1) d® =0 = A is a constant function.
(i) dft=0 = (b;-9;b;)=0.

A form BP is exact provided FP = daP! for some (p-1)-form . Certainly exact

forms are closed ,

P = doP! = dFf = d?oP 1 =0

e Problem 35. Show that the product of two closed forms is closed and that the

product of a closed and an exact form is exact.
Are, conversely, closed forms exact? We shall need the useful and simple

Proposition. (i) If A° = doP! is exact and if VP is a compact oriented

manifold without boundary, then

fﬁp=fdozp'1= f aPl=0
Ve VP FVP=0
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(ii) If AP is closed and the piecewise smooth VP is the boundary of a
compact oriented WP*! gWPHl — VP  then

fﬁp= f P = f dP =0
VP

gwr WoH

Example. Let M2=g2-0 be the plane with the origin deleted and let
[ —X—dg’ié(-ii B is a smooth form on R% -0 and one easily checks that dA! = 0.
Xty
In fact we all know that

f'="de” = dtanl (L)

It -looks like B! is exact, but this is not clear since 0 is not a differentiable single
valued function on all of R% — 0. In fact if we let V! be the unit circle

() = (soe)

»

then V! is a compact oriented 1-manifold without boundary and

1 __ X dy"y dx — “dg” = 92 0
%1 6 C‘\‘}l X2+y2 gﬁ a %

and from our proposition we conclude that B! is closed but not exact ! Note that V!
is not a boundary, because we have had to delete the origin from the unit disc.

Theorem. Let M® be a manifold baving the property that every closed

oriented piecewise smooth curve V1 on M" is the boundary of a compact

oriented 2- dimensional submanifold W?2 ( we then say that “M® has 1st
Betti number = 0”). Then every closed 1- form B! on M® is exact .
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Proof. The proof is the same as is given in calculus books. We wish to exhibit a

function f on M® such that A! = df, i.e., b; = g—)—(fl— in terms of local coordinates.

Let a be any given point of M®™. Define the function f : M®* — IR by
fx)= [ A
Cr

where CX is any piecewise smooth curve from a to x. First note that f(x) is in fact

independent of the path CX chosen, for if @, is another such path then ¢X- @ is

a closed N
ﬁx X
@
G Ag*
a
[/
oriented curve starting and ending at a. Since M" has 1st Betti number =0 we
know there is some compact oriented surface W? such that W2 = CX - G. Hence
[B-[= [ =] f=]dt=0 (21.)
I s C& ¢ aw* wi

as desired.

We can now compute df, knowing that f(x) is well defined independent of the
path joining a to x. Let the point x lie in a coordinate patch and have coordinates

x4,...,x"

1 i ny _ 1 n
_8_f__ — lm f(x!,eeesx4h,..,x") = f(x,...,X")
oxt h—0 h

To compute f(xl,...,xi-}-h,...,xn) we need a path joining a to the point with coordinates
(Xl,...,xi-l-h,...,xn). For this path we choose CF followed by the straight line in the coor-

dinate system joining (x!,...x") to (x!,...,x+h,...,x%); call this last path Cy.
X
.—_—*—-—.

1
N Cy: xj(.t) =x jF#i

X . :
%. x(t) =« +th
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Then

pr

£(x1yene Xy XB (%, xX2) _ [ 8- ,31]
h h [cff-i-Cn Cx )

o=

1
,31 — ,31
CrCh-CF h é

= (,! Y by dxl = —l—fbi dx!  (no sum)
n hch .

=)

b;(x!,...,x*+th,...,x*)hdt

I
o] =
Ogﬁ -

1
= [ by(x},...,x'+th,....x")dt = bi(x},....x'+7h,....x")
0

where 0 < 7 < 1. Clearly then

of . i
e 111% bi(x},eees X!+ 7h,.en,xR) = by(xl,...,x7)

For future purposes (the next lecture) we shall restate this theorem. The essential
ingredient was the statement (21.1). Using the fact that CX*— &S is a closed curve we

may say

Corollary. If M® is any manifold, if A is a closed 1-form whose integrals over
every closed curve C vanishes

[ B =0 allclosed C
C

then B! is exact.
If B! = df, we say that “@ is derivable from a (scalar) potential f.”

Example. There are closed curves ¢ and ¢ on the 2-dimensional torus T2
that do not bound oriented surfaces;
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"?/\
21T
< 'T‘@I
T R B
= >

we should not expect that every closed £ is exact. In fact [ “df” = 2r = [ “d¢”
C @

shows that neither *“d#” nor “d¢” is exact.

. We need to consider closed forms AP of higher degree. We shall state (but not

prove) a very general theorem in the next lecture. Here we shall prove a weaker result,

but it will be accompanied by an explicit formula.

(38) The converse of the Poincar€ lemma. The statement that exact forms are
closed

d(daP ) = 2Pl =0

is usually called the Poincaré lemma. It should be appreciated that Poincare util-
ized this result before the machinery of exterior calculus had been developed!

We claim that there is a partial converse of the Poincaré lemma, namely
every closed p-form, p > 0, is locally exact. That is, if dA° = 0 in a neighbor-
hood U of a point x on a manifold M", then there is some perhaps smaller
neighborhood U of x and a (p-1)}-form oP! defined on U’ such that
B =daP!on U'. To prove this result it is sufficient to prove it for Euclidean
space R"; this is because x € M" always has a small neighborhood U” that is
diffeomorphic to an open ball V. C R" under a coordinate map ¢.
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Since o:U" -V is a diffeomorphism, ¢ exists and
BP = (¢ ¢71)*P = (¢71)*(¢*P). Then if AP is closed on MP, ¢*f is closed on
v C R™ If we have the converse of Poincaré¢ on V. C R® then ¢*P = doP! shows
B = (¢ *doP™ = d[(61)*aPY as desired. We need only prove the theorem in RP.
Before doing this we need some preliminaries.

We are working in Euclidean space. Let uC IR® be open, let I = [0,1], and

form the “cylinder” I X u C IR»H
n+l

A<yl

htu—=IXu x - (1)
o:U—=IX u; x = (0x)

IXu={tx)|t€l, xeu}

We have the maps

Let B°*! bea (p+1) formon I X U. B has the form

P = dt A Y ay(t,x)dx! + 37 by(t,x)dx?
I J

where I =1, .. and J=j,,..

) ip * jp+1'
Note that j*@PT! = 3 bj(1,x)dx’ just says put t = 1, while
J

—
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*ﬂpﬂ E b J(O,X)dx Just saysput t =20

These are both forms on u C IR™
Define an operator (for all p > 0)

K:(p+1) formson I X U — p forms on u

by
K(bj(t,x)dx’) =0
(21.2)
) 1
K(ag(t,x)dt A dxt) = | [ a(t,x)dt |dx!
0
and extend by linearity to all forms. We then have the
Homotopy Formula
Kdﬂ s dKﬁ — jl*ﬂ —jo*ﬁ fOI' each Note tha,t bOth Sides are (21.3)
#+1 on I X u. (p+1) formson  u.

Proof. Case (1) *! is a monomial of the form bj(t,x)dx’. Then KB =0 and

db; )
dg = e dt A dx’ + terms not involving dt

therefore

1
Kdg=|[ "( )dt dx! = by(1,x)dx’ — b;(0,x)dx’
0

— J1*ﬂ - jo*ﬂ

Case (2) AP™! = ay(t,x)dt A dx!, then j;*8 = 0 = '@ since in both cases we are to
put dt = 0. Further

1

KB = | [ a(t,x)dt {dx! is independent of t
0
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and, therefore

L Bay(t,x)

K=Y | [ —— dt [dx* n dx'
k |o Ox
while
aal(t,x)
df= -3 ——— = dt A dx¥ A dx!
I % pw
and -
1
aal(t,x)
Kdf = — ——dt | adsfadd .
p ‘? ;{ oxk O

Definition. A region U C M" is said to be deformable to a point xy € u (or con-
tractible) if there is a differentiable map

8:I XU ——u

such that :

8(0x) =x XEU
{s(l,x) = X,

(We can then define a I1-parameter family of maps #.: uU— U by

8y(x) = 8(t,x); then §; = identity map while §, is the constant map

U — Xo.)

Note that we then have
uSeIxu—2.u =01
and 8; = 8- jy= identity and & = 8-j;= constant map.
Theorem (Volterra). Let U C IR™ be deformable to a point of u. Let AP*1

be a (p+1) form on U that is closed, d3=0. Then = a p-form A on u
such that doP? = BP*!, i.e., B is exact on Uu.

Proof. 8, = identity => 8= identity. 8, constantumap => 8" = 0 (8" says put
X = X, i.e., dx! = 0). Then
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B =830 - 816 = (8-5o)B - (8+11)*8

= jo ®*F - j'8*8 = — dK(8*f) - Kd(8*5)
= — dK(8*8) - K&*dg = — dK(8*8)

| BP+" = d(-K8*p) | (21.4)

an explicit formula for ﬁ?{,ﬁ - K8*g. = 4P 0o

Let now AP = ¥ by(y)dy! be a closed form in R®, written in Cartesian coordi-
I

e d

nates. Consider the deformation 8: 1 X R" — R® given by

y=(1-t)x), ie, y'= (1t}

e Problem 36. Show that (21.4) gives then ° = doP™! where

1

n .

oPt =3 adx?, ay(x) = [ 71 Y bj(tx)dt
J 0 =1 -

—

and write this out in vector notation in the case of ®S.

(4) Finding potentials without Volterra’s formula. In some simple situations
one may exhibit potentials with very little work.

Example. Consider the electric field E due to a charge q at the origin.
Coulomb’s law gives, in spherical coordinates

-9 9
E r2 or

Using, as usual, the metric ds? = dr? + r%(d6? + sin®f d¢?) we see that the covector
associated to E is
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The function — X is called the scalar potential. The 2-form associated to E is

r

82 = iE vol®

and since d§% = 4mp vol® (Gauss’ law) we see that d§2 =0, 2 is closed, for r > 0
since charge density p vanishes outside the origin. Now the region (R3-origin) is not
contractible, but if we consider any ball not containing 0 we knpw that we can find a
potential G' there so that dG! = 8% Rather than use Volterra’s formula we shall just

write it down. Obviously we should use spherical coordinates, center at origin. Then
vol® = r?sin 0 dr A df A d¢ and so

82 =i r2sin fdradfadg = qsin 6 dd A dé

a9 9
2 ar

Thus, e.g. % = d(-qcos 6 d¢); G' = - qcos f dé is a choice for potentiall Note that
the spherical coordinate system behaves badly at =0 and 6 =, i.e., along the

entire z axis. Hence G! is a well defined potential everywhere except along the entire
z axis. Note that we can also write

8% = d{q(1 - cos §)d¢}

Since 1-cos § =0 when 4 = 0, this expression
G = q(1 - cos §)d¢
is actually a well defined potential everywhere except on the negative z axis.

We get the same result when we consider the magnetic field 82 due to a magnetic
monopole at the origin, of strength u. Then 82 = d{p(1 - cos 6)d¢} and the vector
potential has again a “Dirac string” of singularities along the negative z axis.

e Problem 37. Ampere’s law (16.16) for current j in an infinite wire dlong

z axis certainly is satisfied by magnetic field

*? . ¥ = 2j dg

Exhibit a vector potential G!, 82 = dG! as we did

above (in appropriate coordinates).
-l >
H
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Lecture 22. Topology, deRham, and Electromagnetism

deRham’s Theorem. Consider a current (of magnitude j(t)) flowing in wire
loop ¢ in R%. While the magnetic field may. not be differentiable inside (and on the
- surface of) the wire, it is a differentiable vector field outside the wire, i.e., in RE - C (we

use the right handed orientation of R% to pick out ]_':’;)

... Ceutractible
> ST star-shaped
| B [ iU o
4 O et e R €
g™
divechon of %
cwinowts

This, of course, is highly idealized; the wire is “really’”’ a 3-dimensional solid torus, but
this has no effect on the problem we shall consider. Since divB = 0, we know that
locally B = curl A for some local “vector potential” A. For example, if X, €r®-C,
then there is a star shaped neighborhood U, of x, lying in R% -, and the converse

of Poincaré’s lemma (i.e., Volterra’s theorem of Lecture 21) assures us that such an A

exists in U, . Note, however, that the entire complement RS —C of the wire is not star

shaped; any “ttempt to contract R3 —~C to a single point is bound to bring some points
of %3 —C into contact with C. The converse to the Poincar€ lemma will not allow us
to find a single A for all of )% -C.

+ deRham’s theorem (1931), will , however, allow us to, theoretically, find such an Al

Before discussing this we should mention that there is a rather general integral for-
mula exhibiting A in terms of the current j. This is given in most texts; a readable
treatment is in, e.g. H. B. Phillips old book **Vector Analysis.”” We shall discuss such

?

‘things next quarter when we describe the “Hodge decomposition.” We are concerned
here with the general principle involved; for example, the above mentioned integral for-
mula is specifically for Euclidean space and the singularities of the current must be han-

dled carefully. Our goal is a principle that makes sense in any space.
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Definition. A p- chain WP on M® is a finite, formal, linear combination (with
real coefficients) of compact, oriented , -p-dimensional submanifolds (with piecewise

smooth boundaries)

WP = 2 3 V(?) a € R
1
As usual we define
JoPt= [ oP=3 3 [P
we by avV i vl

Definition. The boundary 8WP of a p-chain is the (p-1) chain

OWP = 37 a; OV}
Definition. A p-chain WP with empty boundary

WP = 0

is called a p- cycle.

We have used many times the fact that 3(6V(5) = 0; consequently every boun-
dary OWP is a cycle, 3(OWP) = 0. We already know that if F is exact and VP isa
p-cycle, then [ =0 (see Proposition, Lecture 21).

A\’ .

DeRham’s First Theorem. Let BP be a closed p-form, df? = 0,
on a manifold M"®. Then /P is exact, AP = doPl, provided its

integral over every p- c¢ycle vanishes

J =0
VP

The integral of B over VP is called the period of # on VP; thus f is exact if its

periods on all p-cycles vanish.

n
o~
é

’

el
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For example, in our electrical case, 2 = iy vol® has dA? =0 in R%-C. Let V2

be any 2-cycle of )% -, i.e., basically, any closed, oriented surface that does not touch
the wire C. We need to show that the period of 52 on V2 vanishes

[[B-dS=[]#—0
V2 V2
But Faraday’s law (16.11) states that (for the fixed surface V?)
d 2 dp?
—_ — — e 22.1
dt {,{ 4 {,gf ot 3 _ (22:1)
where € is the electric 1-form. But 8V? = 0 since V2 is a cycle, hence

[f B is constant in time
V2

But if we shut off the current in C the field B will vanish, hence the constant must be
Zero. O

It should be mentioned that even when C is a planar circular loop in ®3 it is not
easy to exhibit the potential A (Morse and Feshback exhibit one, but it is a horror.)

Recall (Proposition, Lecture 21) that if the p-cycle VP bounds , i.e., VP = gWp+!
then, of course, § has vanishing period on VP if d8 =0

[ p= [ ap=0

anH'l WD+1

deRham’s first theorem makes it clear that an important role is i)layed by those p-cycles
on M" that do not bound. Consider again our loop C in R3, but consider a general
closed 2-form ~%, dy* =0 on ®%-C, not necessarily the magnetic 2-form. Since we
cannot invoke Faraday’s law we need to look explicitly at the periods of ~2. It seems
clear that the only 2-cycles we need consider are those that in a sense surround C; all
the other will bound in R3% — ¢ and, of course, will be of no interest.

5 brece of VZ

V

<1
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For instance, a toroidal tube V2 around C will not bound in ®3 —¢ (of course it does
bound in R3, but A* is only defined in 83 —¢). T've oriented V? by using the right
hand orientation of ®% and exhibiting a normal Ny to V. Then if V? is a second,
larger toroid surrounding C, it seems clear that V2 -V? is the boundary of the 3-
dimensional region W3 between V and V2

V2 - V2 = W8

Here I have oriented W?® using the right hand orientation. I have put a minus sign

before V2 because the outward pointing normal to W3 is Nz, ‘on VZand - Ny on
V! Then

o= [ = [ FP=[+F-]

aW? Viove \a V2

<
b _

— V2 bounds in g2 - C, a closed +* will have the same periods on V? as it does

on Vz!

Definition. Two p-cycles are homologous if they differ by a boundary
VP~ VP means VP — VP = WP+l

Thus to check the periods of 4° we only need look at the period on each representative

of a “ homology class”. Thus once we know [ ~? we needn’t look at f ~% nor at
V2 \'a

f ~2, where V? isa sphere that encloses C
s

because S — V2 is again the boundary of the W® between S? and V2!

We see then that ~? is exact if and only if f ~* = 0, and this of course depends
V2

on the specific form ~2.
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For a second example, consider again the same current loop C in R3, but this
time consider the magnetic covector ¥!,.a l-form. For a constant current in C no
fields will change in time and so the Ampere-Maxwell (16.16) reduces to Ampere’s law

dy! = 47
and so the 1-form M is closed, d# = 0, outside the wire, i.e., in R® -C.

If it makes you nervous to have a 2-form j?> confined to the 1-dimensional wire
it would be better to thicken the wire G to a 3-dimensional tube & :

A\ gy

Then the 2-form 32 = iy vol3, where J is some vector field, the “current’ vector, that

runs along the tube and vanishes outside this tube. To say that the magnitude of the
current in the 1-dimensional wire ¢ is 7 is to say that

fz{!jz=£!7'd§=j

where X2 is the 2-dimensional surface giving a cross-section of the 3-dimensional wire

C:B, whose normal is in the direction of the current flow (recall that ¥ and #* are
pseudo forms, Lecture 16).

Of course Ampere’s law states that dj2 =0, and so divJ = 0. Then f f 2=y
2’ 2
for any cross-section X! (why?).
For any 2-dimensional surface V? with transverse orientation I_\T, we have, since J
vanishes outside the wire,
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[#=[]T-NdS=j- [(number of times wire crosses V? in
ve V2

direction N) — (number of times it ' (22.2)
crosses in direction — N)).

We have oriented the wire in the direction of the given current. The algebraic number
of times the oriented curve C pierces the transversally oriented surface V2 is called

the “intersection number” of € with V2. In our picture [[ ;2= j.
v2

Now d¥' = 0 outside C; does H have a scalar potential H = d¢? Locally, of
course, it does. However, for a curve V! that loops once around G,

we have %l B=d4r[[2=14nj £ 0,.. % has no global (single valued) scalar poten-
=

tial in R%3-C. If V! is a closed curve that loops about C twice in the same direction
then 951 ¥ = 87 since a surface %2 that spans V! will be pierced twice by the wire
v

~ n
(algebraically). This is a reflection of the fact that V! ~ 2V, i.e., V! is homologous
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to the curve V! traversed twice. It seems rather evident that any closed curve in
RS -C is homologous to some multiple of our indicated V1, and this is proven in
courses in ‘“‘algebraic topology.”

Finally, we should note that deRham’s first theorem is s global existence theorem

for certain partial differential equations on manifolds. For example, given a skew sym-
metric covariant tensor on M®

b;;(x)
one can ask if there is a covariant vector

2(x)
that satisfies the system of partial differential equations

Biaj - 8ja,i = bl]
A necessary condition is, since then da! = 42, clearly d@? = 0, i.e.,
aibjk + Bkbij + ijki = O

deRham says this condition is also sufficient provided

T X by(x)dx' A dxd
'V2

vanishes for every 2-cycle V2.
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Lecture 23. Topological Aspects of Maxwell’s Equations

Problem 38. In showing the existence of a global vector potential A for the cir-
cuit in Lecture 22 we assumed that the circuit was fixed in space. Show that we
may draw the same conclusion even when the circuit is moving. (Hint: You will
have to look at 2-cycles V2 that move with the circuit.)

Compact spaces. Einstein’s general relativity shows that 3-dimensional space V3
is usually not Euclidean R2 but must be curved (we shall discuss such matters
next quarter). It might be curved so much, in fact, that it is no longer even topo-
logically R2. One of Einstein’s candidates for V@ is in fact a cosmological model
with V3 = S2, the 3-sphere. This in fact is a space with finite volume. Another
model has V3 a 3-dimensional torus V3 = T% = S! x S! X S!. This example is
also popular in quantum mechanics when one deals with a large box with periodic
boundary conditions. We shall not deal with relativity at present but we shall
entertain ourselves with the possibility that space V2 is perhaps some manifold
differing from #%. In this paragraph we shall consider a general compact 3-
dimensional Riemannian manifold V3 without b_oundary, briefly a closed manifold.

Maxwell’s equations, as expressed in Lecture 16 make perfectly good sense in this
situation, when written in terms of differential forms.

Our first result is a classic fact, as simple as it is disturbing.
Proposition. The total charge in a closed V3 is zero!

Proof.

4amQ = [pvolP= [d&®= [ &#=0
Ve Ve aVE=0

Note that since 82 is a pseudo-form, V2 needn’t be orientable.

A picture proof is just as simple. Let V.3, be a small region containing charge

q and having S? as bounding surface. Then, if N is outward pointing normal

fﬁ-NvolSQ=fﬁ2=4w [ pvol® =4mq
s? s?

3
Vinside

N
N
_
a
i
L,
.
-
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But since V2 is compact , the region V2,4, outside of S% is also compact,

with the same boundary surface S2, but with opposite normal.

Le, [ pvolP= - [ pvol’

outside inside
It is interesting to contemplate a thought experiment. Place a charge + q
at the North Pole of an otherwise uncharged 3-sphere V3 = §3

Note then that by looking at the resulting D field (by symmetry) a negative
charge — q will appear ( a ‘‘ ghost” charge ) at the South Pole !
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Let’s write down the field D on $® due to such a charge q.

e Problem 39. Let S® C R* be the unit 3-sphere in R% Introduce coordinates
a,8,é on S% where 6, ¢ are the usual spherical coordinates on the 2-sphere
S*(a). Since the “meridian” curves where 6 = const., ¢ = const. are orthogonal

' to the 2-spheres S*(a) where a = const., we have metric

ds? = do? + sin®o(d#? + sin?0d¢?)

D will clearly have the form D = D(«) 59_ Write down 8% = iy vold. What
o

form must the function D(a) have in order that d82 =0 for « 5= 0, n? Finish

the determination of D(a) by computing [ &% (note; essentially no integration
' %)

is needed if you know the area of the unit sphere). Write down (via the metric) the
electric covector €! and verify that de! = 0 and exhibit the scalar potential for

el. Put @ =0. You have just verified Maxwell’s equations !

Another thought experiment. Put charge + q at the North Pole of the real pro-
jective 3-space P3(IR). Recall this space is simply S® with antipodal points identified.
Now + q appears at the South Pole because the South Pole represents the same point
as the North Pole. One gets the following picture (I've drawn it on the 3-sphere but I
am careful that everything is the same at antipodal points).

e emenendeeeesnn s ol

s m’
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%
Now D cannot vanish as one approaches the ‘‘equatorial” P?(R) (why?). We see that
D has a jump discontinuity on the equator. Thus there must be a surface charge distri-

buted on the equator! If you place a charge at the North Pole of P3(R), a surface
charge will appear on the entire equatorial P?(IR)!

(2) Magnetic fields in a wormhole topology. A large class of 3-manifolds can be
obtained by taking the Cartesian product (Lecture 2, §2) of a 1-manifold (say an
interval I = {-7 < o < +m} or a l-sphere (circle) and a 2-manifold (surface).
For visualization we draw the surface as a curve. We are mainly interested in the
case when the surface V2 is closed , i.e., compact without boundary. '
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In the second case, when V2= T? is a torus, then M3= S! X T2 =
81 x S! x S! is simply a 3-torus. Note that the ‘“‘meridian” circle intersects the
V2 exactly once.

The first type M2 =1 X V2 is a very general type of “cylinder.” If we flare
out the ends we get some sort of ‘“wormhole” (this is not a technical definition; any
I X V2 can be considered a wormhole).

We can attach a wormhole to any other 3-manifold 1’\\/_[-5, an especially useful case
is when the wormhole is I X S?%, in Whlch case it is called a “handle.” (To attach
a handle, remove two 3-balls from M3 leaving a pair of boundary 2-spheres; now
sew these two spheres to the ends of the handle)

Note that perhaps the wormhole was born during the big bang and it might even
have been born with a magnetic field fluxing through it.

o 'd(' N N W W W ._i S B B O R L’lﬂl L]



181

In this case we can have f g2 £ 0. This doesn't violate our proposition on mag-
V2

netic fields in Lecture 22 since the field B cannot be “‘turned off.” In fact

Faraday’s law says that this field B is doomed to flux across the closed surface V2

forever ! Also, since the period of 82 on V2 does not vanish, there is no global

vector potential A such that curl A = B.

Thought Problem (not to be handed in). The 3-torus is the usual box in R3

with identifications on opposite faces (Lecture 2, §2¢).

f4B /_\Tz
¢

prariim—

{ T3

1N
v

® e e

UV
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We have drawn a solenoid. It has no ends due to the identifications. A current
running through this coil will produce a magnetic field that seems to have a net
flux through the closed torus surface T2 But the current can be turned off.
Explain!

Currents in a wormhole topology. Run a constant current through a loop of
wire in ®2. There then results a time-independent electromagnetic field and this
can be maintained “forever” (the wire might be a superconducting loop or else it
could be an ordinary wire with replaceable batteries). I-find it surprising that you
can’t do this in more complicated spaces!

Let us say that a current j in a wire can be * maintained” for all t > 0 if, for
some € > 0, |j(t)| > e. Likewise, a current flux through a surface V2 can be
“maintained” if

/7

V2

>e>0, all t>0

Proposition. Let V? be a closed, transversally oriented surface in an M3. Then no

current flux through V2 can be maintained; a time dependent electromagnetic field will

result and the electric field D will blow up as t — oo.

Proof. By reversing the normal to V2, if necessary, we may assume that

JA< -e<o0
VQ

Ampere-Maxwell then gives

08
EARE A

ﬁ“ﬁ
II
™
Il
o

and so (since V? is fixed in space)

fs=f@= —4r-[ £ > 4me for  t >0
v e O e
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and so

[ 8> constant + 4mef > 0 as  t— oo .
V2

Thus we cannot maintain a current loop as below!

We have shown that if one attempts to construct such a current flux then a time vary-

ing electric field D is created. Bill Thompson pointed out to me that this gives the
physical explanation for the impossibility of maintaining the current

Now let us look at a simple example when M2 = S! X S2. Then V? is a 2-sphere
and the wire loop pierces S2, say, at the North Pole N. Careful ; this S? does not
bound any region in M® and the wire pierces S? at just this one point! This is a little
hard to draw, convincingly; I will give two imperfect pictures.

Wihe.
-

T2
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In the second diagram I have made S? 2-dimensional but it appears to have an edge; it
doesn’t. .

We will get a magnetic field H on M2 that will be tangent to each S? and it
will encircle the North Pole there.

S

Does this picture really work? Let’s compute. It should be clear that in coordinates
a,f,¢ for St x S?
30

SZ

-'-Wa'I'IIIII'Ie'I'l

(here 6, ¢, are the usual coordinates for S%) that in fact (compare Problem 33)

¥l=25d¢

e Problem 40. It is immediate that for this ¥!' that d#! =0 and [ y'= 4nj
Vl

when V! is any cirele of latitude on S2%(a). The metric on S! X S can be
1 chosen to be (this is called the product metric on S! X S?) b
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ds? = do? + d6? + sin?g d¢?
Write down B ngatﬁ and 82 and show dg%2 = 0.

It is immediate that since H also automatically encircles the South Pole that there
is a current of magnitude j piercing the S? at the South Pole with intersection
number the negative of that of the wire at the North Pole. Since we are assuming that
the only true current is in the wire, this ‘“‘ghost current” can only be a Maxwell

displacement current
-

3

;’bﬁ
i ot

Thus if one has a true current hit S% at the North Pole , automatically a displacement

current appears, hitting S? at the South Pole !

e Thought Problem. Consider the case M? = S! X P}IR) (This is a bit more
subtle since the projective plane P}(IR) is not orientable. Remember that H must
be a pseudo-vector.) '

A final remark. When M3 is a closed, manifold our proposition has a nicer
statement.

Theorem. If M? is closed, then a current loop in M2 can be

maintained if and only if the loop C bounds a real 2-chain in M3

C = W2
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Thus a current can be maintained in ¢ but not in@.

Partial sketch of proof. Suppose loop@ does not bound. The first great theorem in
algebraic topology, by its inventor, Poincare dualit , asserts that if @ does not bound
then one can find a closed, transversally oriented surface V2 that has intersection

number =1 with@ Then our previous proposition shows that a current cannot be
maintained.

Suppose on the other hand that the current loop C does bound. Using potential
theory (to be discussed next quarter) it is not difficult to show that one can construct a
j? confined to a ““wire loop” and one can find time independent fields ¥ and §=0
that will satisfy Maxwell’s equations (with charge den51ty = 0). This will correspond

to a superconducting loop.

~~ Warning. We assume that the current loop is the only true current in M?3.

GL'
-r.‘-‘-‘l'-’-*.ﬁ‘*.f.i-b-ﬂnn-*- .

q
i
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Lecture 24. Brouwer Degree and Kronecker Index

(1) The Brouwer degree of a map. "Let ¢:M® — V® be a mapping of closed
N oriented n-manifolds. Let A® = ~} be any n-form on V such that

[r=1
'V'n

(of course if [ 4" 5% 0 we may always normalize it so). The ( Brouwer ) degree of
Vn
¢ is defined to be

deg (¢) = [ ¢* W . (24.1)
Mn
Note that we may also write deg (¢) = f ~"; this number tells us in some sense
$(M")

(see below) how many times (algebraically) M® gets wrapped around V® by 4.

Note that deg (¢) is independent of the form ~} chosen ; for is 4 is another
such, then ‘

d(5R - AP) = 457 - dyP = 0
and 4% -~ ~" has zero period on V%

JAr-1"=0
Vn

But it seems cléar (and is true) that the only nontrivial n-cycles on a closed oriented
manifold V® are multiples of V® itself. Hence A —~® is a closed n-form on V® and
all its periods vanish; by de Rham'’s first theorem (Lecture 22)

42— 4 = do™?

for some (n-1) form « on VE. Then

IM=0

[o*n - [ ¢*F = [ ¢*da= [dg*a= [ ¢*a=0 . 0
M M M M |
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Theorem. Let y € V® be a regular value of ¢ (see Lecture 3). (Recall
that Sard’s theorem says that the regular values are dense in V®). For each
X € ¢ (y), ¢, Mgt = Vg is 1:1. Put
sign ¢, (x) =+ 1

where the + sign is used onmly if ¢, : My — V' is orientation preserving.
Then

deg (¢) = E;{ | sign ¢,(x) (24.2)
xe¢(y

Proof. Because y is regular there are only a finite number of x € ¢7}(y). We can
see this as follows. By compactness of M®, if ¢7'(y) were infinite we could find a
sequence {X,} C ¢ (y) that converged to some x,, € M®. But ¢y) is a closed
subset of M", (the inverse image of a closed set under a continuous map, is closed), and
SO Xo Is also regular. Since 4, :M; — V; is 1:1 ¢ is a diffeomorphism of some
neighborhood U, of x, by the inverse function theorem, Lecture 3, §(3). But
X — X, means x; € Uy, for all i sufficiently large, i > R. But then xg and x,, are
both in Uy, and ¢(xg) = ¢é(x,,) = y. This contradicts ¢ being 1:1 on Ug.

.i.i.‘.il’."l“".‘[-‘-"-'.‘i-

g
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Let E‘n---’ﬁk be disjoint neighborhoods of x;;,...,x; and such that ¢ is a diffeomorphism

on each 4. Put =
by = ¢( u)n - n #( uy)

Then ¢~ uy) = a disjoint uwnion UYU; U Uy U ... U U where u, Cl; and
¢ :U; — Uy is a diffeomorphism.

Let ~ be any n-form on V® whose support lies in Uy (i.e., 7 =0 outside [ )
and such that

[P=[P=1

Ve 4
Then
k
deg(¢) = [ ¢*v" = [ ¢*" = anfﬁ*’f’
M? Ul i=1 U
k k
=3 [ F=Y sme) [

=1 ¢Q4) i=1 by

because orientation of ¢{u;) is (sign 4,(x;)) - (orientation of Uy)- But [ 4 =1. 0O
¥

y

AY

From (24.2) it is clear that deg (¢) is an integer !

Example. Let V! = inner circle, M! = outer closed curve, and é:M! = V! radial
projection. We have indicated orientations.

\\.[.1

!
|
I

We have indicated three values y ,3{,33 ( }3 is not a regular value). We see
o deg (¢) = 1. Note that we (theoretically) could compute deg(¢) from original
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definition; ! = 51; “d6” is an appropriate form on V. Then, letting, say s = arc

_ . length parameter for M!

%ds

O ey

*_1_“ 2 ____1__ *“ ’7=_1_
M[,¢ (271' dﬂ) 2 NjI'IqS S 2

= # of times radial +projection of M! wraps around unit circle

¢ Problem 41. Using any definition, show that the antipodal ﬁlap st o
X — -X on the n-sphere S® C g™ has degree (-1*+1.  (Hint:

try n=1,
n == 2 first.)

(2) Kronecker index of a vector field. Let M" be a closed (i.e., compact and
without boundary) submanifold of R*!. M® is the boundary of a compact region
u C R MP = u, and an orientation of g°+! (assumed given) together with
the normal N to MP® that points out of U defines an orientation of M% uis
then a compact oriented manifold with boundary M. Let ¥ be a unit vector field
defined along M" (it need not be tangent to M). It then defines a map

v:M" — the unit sphere S* C R™! by x € M® — ¥(x) € S®

) -
N

V(X)

Mm

We define the (Kronecker) index of 7 on M® to be the integer

index of ¥ on MP = degv: M® — S0 = _1_ [ v* vold
n M
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where A, = [ vold is the “area” of S". Of course we could use any n-form on 3
st -
~(with [ = 1) instead.
S

If ¥ is any nonvanishing vector field on M® we can define its Kronecker index
trivially by

‘ index of ¥ = index of i

|7l

Examples in the plane, M! = circle

e Problem 42. Show that if ¥ can be extended to a smooth unit vector field on all
of u, v:u— S then

index of ¥ on M®* =0

Thus none of the four examples just given can be extended to be nonvanishing vector
fields on the unit disc 4?2 C R2. '

e Problem 43. Suppose that the unit vector field ¥ on M® can be extended to a
smooth unit field on all of U except for a finite number of points P, , Pg,...,Py.
Excise a small ball B, centered about each P,. Then ¥ has an index on M"
and on each of the spheres 0B, (normal pointing out of B,). Show that

k
index of ¥ on M" = %] index of ¥ on (4B,)

a=]

We then say, “index of ¥ on M" = sum of indices of ¥ inside M®™.”
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Problem 44. Let ul,...,u® be coordinates for M® in a patch.
. . 7]

(i) Whyis v, — = —?

(i) Show that the contribution to index ¥ in this patch is

—-=fvol"1 (V

FOREERE - Add® . (24.4)

This expression is for a unit V. For nonvanishing ¥, show contribution is

L [ volniql(v al"."’ © Adut | (24.5)

An H 7 "n+1

Note: (24.4) is a general formula for computing the degree of any map from a
compact M® to the unit sphere in R*! '

v:M" Qo C R11+1

(24.5) has as corollary a famous formula of Kronecker (this was his motivation
for introducing the notion of index). From Problem 41,

Corollary (Kronecker). Let (n+1) functions fi,...,f,,;, be defined on M® and its
interior U™ C {2*! with no common zeros on M®, Then if

at, a1,
e S
_ D+l du du
O#I(flz'*'"""fnz-;-l) 2 : dula -+ Adu?
ol £ afn+1 afu+1
el T T

fl(xl,...,xn+1) = Oyeeefp1(X1sesXp41) = O must have a common solution in Tl

(When we write an integral [ --- du'A --- A du® we mean that this is the
Mm*

contribution from the given coordinate patch ul,...,un).

Note the important immediate fact

Propos1t10n If V; is a smooth family of nonvanishing vector fields on M® with
Vo =7V and ¥, = W, then since the index is an integer varying continuously Wlth

Vy we see
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index ¥ = index W

e Problem 45. Let ¥ be a unit vector field on M® = S* that never points_ to
the center O. Show that index of ¥ = index of the unit outward normal

' N = + 1. Corollary . If ¥ is tangent to S® then index = 1.
N
Y
(3) Gauss looping integral. Let C,: S! — @3, o = 1,2, be a pair of non-intersecting

smooth closed curves in R3
Cy ,?='1’2(¢) 0< ¢ <27

Consider the abstract torus T2 = S! X S! with coordinates 6, ¢, and the map

£: T2 - 82

defined by

£(0,6) = T’2(‘?)—?1(9) _ T2 — T2

. ﬂ@(@‘?lw) ﬂ “7"12 " T19
@

1
TZ
x
n e - )‘—[:?_

The Gauss looping (or linking ) number of C; and C, is the integer
- £k(c, ,C,) = degree £: T2 — 2
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-

e Problem 46. Show that £k(@;,C,) can be given by Gauss’ integral

& 1 -
k(e ,Co) = | [ — (Fje X dBy) | - OF
G |G T2

€

1 dry dr}
= X —2 dg) | - =L 4g
o éf‘ !1 12 (?12 rry ) T

Now let W2 be any orientable surface in R whose boundary is C;. Choose the
orientation of W? so that W2 = C,. For a given orientation of 82 this picks out a
preferred unit normal N to W2 It is a fact that Cy can always be moved slightly so
that C, intersects W? transversally. We then can consider the intersection number
W2 ° C, of the oriented curve ¢, and the transversally oriented surface W?2 (see dis-
cussion following (22.2)).

e Problem 47. Show that
ke, ,Co) = W2 © C,
(Hint: A current of I =1 in C, gives rise to a magnetic field at T, given by
Tie X dfy
Hﬁ)l) =g 3

1 Tia

see e.g. Feynman’s lectures, vol. II, pp. 14-10).

This “shows” that £k(C,,C,) really does tell how many times (algebra-
ically) ¢, loops around C,.

~~ Warning. Two wires can have linking number 0 and yet be physically “insepar-
able.” For example

\—

C, and C, are inseparable, yet have £k(c; , ¢p) = 0.

L]
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Lecture 25. The Frobenius Integrability Theorem

: (1) Planes in R%. Given a smooth vector field, one can always find a smooth family of
N integral curves, i.e., curves that are always tangent to the vector field (see Lecture
4). Given a smooth family of 2-planes in R3, A,, can one always find a smooth
family of “integral surfaces’, i.e., surfaces everywhere tangent to the planes? Sup-

pose that we could. LetC;X = X(t) be a

parametrized curve that is transverse to the family of supposed.integral surfaces
(we can certainly find such a curve locally ). Then locally we can define a function
f(x,y,z) whose level surfaces are surfaces of the family; namely, the level surface
where f(x,y,2z) = t; consists of the integral surface that is pierced by the transver-
sal curve ¢ at parameter value t = t;. But then gradf must be normal to the

integral surface, and so we must have, for some function \(x,y,z)

Agrad f = N
where N is a normal vector field to the surfaces. In Cartesian coordinates the
covector corresponding to N is

v=Ngdx! =\ df

But then we would have

dv=d\ndf = (dlog \) A v

and so we have recovered Euler’s integrability condition

vAdv=0, 1ie, N-culN=0 . (25.1)
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This condition, given entirely in terms of the normals N to the planes A, must be

satisfied if A, is to admit a family of integral surfaces.

For example, consider the planes A, normal to the vectors

0 1e) 0
N=y g X5t %

Then v =y dx-xdy + dz and so
vAdv= —-2dxAandyndzs£0 ;

the vectors N are not normal to any family of surfaces !

Classically the plane orthogonal to the vector N above would be written

v=ydx-xdy+dz=0

meaning that at each point (%,y0,2;) Wwe look at all vectors

A=A"— + A — + ——Z suc hat

0 = (&) = y,Al —x,AZ + A3 |

clearly a two dimensional plane at (xq,50,29) (all vectors orthogonal to N). The
collection of all such planes, at all (x,y,z) € R® is called a distribution of planes (not
to be confused with the generalized functions also called distributions).

Definition. A k dimensional distribution A, on M® assigns in a smooth
fashion to each x € M" a k-dimensional subspace Ay(x) C M of the tangent space
to M" at x. An integral manifold of Ay is a k-dimensional submanifold V¥ of M®
whose tangent space VX = Ay (x) at each x € VE. The distribution Ay is completely
integrable if locally there are coordinates x!,...,xKy!, ..., y*¥ for M" such that

the “‘coordinates slices”

yl = const. = ¢, ..., yo¥ = 0k

are integral manifolds of A,.
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Fundamental question; when is A, completely integrable?

(2) Distributions and Vector Fields. Suppose that Ak is completely integrable,
" with integral manifolds defined by the slices y! =cl,...,y" ¥ =% Let X
and Y be a pair of vector fields that are tangent to the distribution, X € Ay,

Y € Ay. Then since a_al— IEEY EXBT span the distribution A, we have
X )

d aYB 8XB a
x=px 2t vy 5 XY = ooyt )

and so [X,Y] € Ay also. We conclude

Proposition. If vector fields X and Y are in the completely integrable distribu-
tion, X € Ay, Y € Ay, then so is their Lie (commutator) bracket, [X,Y] € A,.

We can then write, briefly that if A, is completely integrable
A,A]l C A

It will turn out that this condition is also sufficient for the distribution to be completely
integrable (see §4).

(8) Distributions and Pfaffians (1-forms). Let 6 be a nonzero Pfaffian (i.e., 1-form)
at x € M". The annihilator or null space of § at x is the (n—1)-dimensional sub-
space of M defined by {X € M;* | (X) = 0}. Classically one writes § = 0 for
this subspace. If 6;,...,0, are r= n-k independent 1-forms in an open subset
of M%, 6, A +++ Al 50, then at each point the intersection of their null spaces
forms an n-r = k dimensional distribution A,. Thus

XeAg ifandonlyif ;(X)= -+ =6,(X)=0

Let X;,...,X; besmooth vector flelds that locally span the distribution A,.



Definition. A distribution A; is in involution , or involutive if

[A,A] C© A

If Ay is involutive then we must have, for o = 1,...,r, from (18.8)

daa(XA:XB) = XA(aa(XB)) - XB(ea(XA) - 9&([XA’XB])
= X4(0) -Xp(0) -0 =0

Thus if A is in involution then df, = O when restricted to Al

Conversely, suppose df, =0 when restricted to A, a=1,..

[XaXg] € A, andso [A,A] C A. We now give several rewordings of this.

199

.,r. Then
0= dﬂa(XA,XB) = XA(O) - XB(O) - 0a([XA,XB]), o = 1, e eey shows that

Theorem. The following conditions are equivalent:
(1) A is closed under brackets, i.e., [A,A] C A.
(2) df,, restricted to A, = 0.

(3) There are 1-forms X,z such that (25.2)
diy = 3 Mg A b5
B
(4) d0,AnQ=0,a0=1,...,r, where
Q=0,A0pn -+ A0,
Proof. We have already proved (1) <= (2). Now (3) = (2) because
d04(XaXp) = 3 Nog A 85 (XpXp)
B
= 2/33 Aop(Xa)05(XB) — Nop(Xp)0s(Xs) = O
Conversely, suppose that df, =0 when restrict to A, a=1,...,r. Complete
0y, -« ., 0 locally to give a basis for 1-forms 6y, . . ., 4, Oryyy -« -y 0y Let e, ..., e,

be a dual basis for vector fields. Then

f0u(e) =0 for a=1,...,r and i=r41,...,n

.IICI..--‘---'-gh-
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and hence e, ,...,.e, span the distribution A;. Now expand df, in terms of the basis
01, .., 0, -

T -
d@a = E >\a,3 A Gﬁ s E [.l:al] 9i A 01 . (25.3)
f=1 r<i<j

for some coefficients A,z and o', Thenfor r < i< j

0= daa(ei:ej) = uaij )

and so df, = )] A\,5A 05 This shows that (2) = (3).
8

It is immediate that (3) => (4). Assume (4). From (25.3)

0=dl, A Q=Y ul0n6r0Q
r<i<j

= 3 uGAGAG A AG,
r<i<j

But the 6’s are all independent, hence uaij =0 for r<i<j and so
dfy = Y] Xag A 05 and (4) = (3). O

Remarks. We have seen that a k-dimensional distribution Ay can locally be
described by either exhibiting k linearly independent vector fields

) SO, <}

that span Ay at each point, or by exhibiting r = n~k linearly independent 1-forms

01y« vy Opx

whose common null space is A,. The system is involutive if either

[A,Ay] C Ay

~or df, = Y A\yg 1 0 for some 1-forms A,s. In this case we write

df, =0 modd
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We have seen in the Proposition of §2 that if Ay is completely integrable then Ay is

in involution. We now sketch the converse.

(4) The Frobenius Theorem. Let A, be any smooth distribution of k-planes in M"
and let (locally) {X,},A=12,...,k be k smooth vector fields that span Ay in
some open set U of MP. Let ¢, be the (local) flow generated by the vector field X,.
Given x € U we construct a k-dimensional submanifold of M® passing through x as

follows.

Let DY C RX be a small disc about the origin of R¥ (with coordinates
tyy » « o ). Define '

® : Dk M2

by

2 B B B . Lh

Oty - - -5 tx) = Pilty) © Pra(tis) © -0 o d1(t1)(®)

This is well defined if |t; |2+ <+ + |t |? is small enough.

.

“PZ&Z) ° ) x™

N

=<
2

It should be clear that for the differential of ® at t; =0,...,t, =0

i 1Ry —— MP

&4

d
atA) =X, at x= &(0)

.
oy




4yg

e Problem #F Verify this.

Definition. A smooth map F: WK — M® of manifolds is an immersion and
F(W¥X) is an immersed submanifold of M" provided

Fu: Wy —— Mg

is 1:1 (i.e., ker Fx = 0) at each p € WK, .
In our case ®x is 1:1 at O € R¥ and consequently @« is 1:1 in some neighbor-

hood of g% Thus the map ®: Dk - M® defines an immersed submanifold
®(D¥) € M" provided DX is small enough. This holds for any distribution, involu-

tive or not.

It is also clear from P,

Frosie X, at x = ®(0) that the tangent space to this
A

submanifold at x is A(x). We do not know that A is everywhere tangent to ®(DX);
if it were <I>(Dk) would be an integral manifold of the distribution!

Frobenius Theorem. If the distribution Ay is in involu-
tion

[A,A] C A
then each such immersed disc ®(D¥) is an integral manifold

of A and this distribution is completely integrable.

Proof Sketch. The essential point is to show that if A is involutive,
[A,A] C A, then A is tangent to ®(DX). We know, without any hypothesis, that
this is true at ®(0) = x. From the definition of &

B(E) =oylty) = * - $1(b)X)

we see that &, takes the tangent vector —é(—z—— at t into the vector
A

D) e e galtath) - o b))
h=0

= dilbi)s o o Baja(tar)xXa(dalta) < - 0 o S1(t1)x)]




203

(you should convince yourself of this by using the 2-dimensional picture preceding Prob-
lem 47). But this simply says that the- tangent space to ®(DX) at <I>(17) can be
obtained from the tangent space to ®(D¥) at ®(0), i.e., Ay(x), by pushing it along by
the flows. Thus this tangent space is simply

Selbide o w0 o Bilty)s (A(x))

Thus we need _ég_lx show that each flow ¢,(t,) sends the distribution Ay into itself !
This follows from [A,A] 'C A in the following manner.

Let Y € A(y). We must show ¢5(t)«Y € A(¢ga(t)y). Let the distribution be
defined by the Pfaffians 6, =0,...,0, =0. We know ,Y)=0, a=1,...,r.
Let Y, = ¢,(t)«Y. By construction then (see 17.8) [X,,Y] =2y (Y) =0 along the
orbit ¢a(t)y. Consider the real valued functions

f.(t) = 0,(Y,) = vfly a=1,...,r
Then
fo (t) = Xa(iy ) = £x,iv,0, = (see Problem 27)
= iY;sXA(aa) = iY,(iXAdoa + diXAea)

= ly,ix,df, since ix,0, = 0,(X,) =0

Now since A is in involution we have from (25.2) part (3)
fa (8) = iv.{ix, T Xap A 05} = iy, {Z N\5(Xa)05}
= T Aap(Xa)0p(Ye) = E Nop(Xa)f4(t)

Thus the functions f,(t) satisfy the linear system

fo (8) = %] Map(Xa) £4(t)

f2(0) = 64(Y) =0

By uniqueness fo(t) =0 and so 0,(Y,) =0, ie., Y, € A for all t. We have shown
Palbalely = Dy 1y s desired.

“

g
1



204

To show complete integrability we must introduce coordinates for which these discs

are “slices” yl =e¢l, ..., y*¥

= ¢®X, The procedure is very much like that followed
in §1 where we introduced a ‘“‘coordinate’” f by considering a curve ¢ transverse to
‘the integral manifolds. Here we must introduce a transverse (n-k)-manifold W2, We

shall not go into the details.
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Lecture 26. Integrability and Constraints

(1) Foliations and the maximal leaves. We know that if the distribution Ay on

M"® is “involutive”, [A,A] C A, then the distribution is “completely integrable”,

i.e., in the neighborhood of any point of M® one can introduce coordinates
|

x4 ..., x5 ¥y, ..., 7K so that each coordinate “‘slice”

yl=cl, ..., y" K =ck

| is a k-dimensional integral manifold of A. The integral manifold through a given
\ point (X , ¥o) of course also exists outside of the given coordinate system

and it might even return to the coordinate patch. If so it will either appear as the
same slice or a different one.

Example. In our usual model of the torus T? as a rectangle in the plane (this time
with sides of length 1) with periodic identifications

N4 :

4
.................. f-1
/ °
rae
consider the distribution A; defined by § = d¢ — kdf, k constant. The integral man-
ifolds in this case are the curves (straight lines in the rectangle) 3—? =k, i.e., straight

I . T
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lines of slope k. If k= L is a rational number (we have illustrated above the case

q - .
k = %—) then the slice through 6 =0, ¢ =0 1is a closed curve winding q times

around the torus in the 4 direction and p times in the ¢ direction. On the other
band if k is irrational it is clear that the integral curve leaving § =0, ¢ = 0 will
never return to this point but (it turns out) will lie dense on the torus. The integral
curve will leave and

R Unatimal

re-enter each slicing coordinate system (x,y) an infinite number of times.

If a distribution A, C M® is involutive the integral manifolds define a ‘“folia-
tion” of M® and each connected integral manifold is called a “leaf” of the foliation. A
leaf that is not i)roperly contained in another leaf is called a “maximal leaf”’. It seems
clear from the above example with k irrational that the maximal leaf through (0,0) is
not an embedded submanifold; this is because the part of a maximal leaf that lies in any
coordinate patch on T2 will consist of an infinite number of “parallel” segments.
There is no chance that we can describe all these segments by a single equation
y = f(x), see Lecture 3, §2. However, each “piece” of the leaf does look like a submani-
fold. Recall the notion of an immersed submanifold from Lecture 25, §(4) If
F:Vk M! isa smooth map of a manifold V¥ into M", then F is an immersion if
F,: VX — Mgy is 1:1, and F(VX) is an immersed submanifold.

Here we illustrate two immersions of R! into ®? that do not yield embedded sub-
manifolds. The first fails because F is not 1:1. The second does have an F that is
1:1 but it still fajls to be an embedding because the point F(0) is the limit of points
F(t) fort — oo '

*
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As we have seen in the case of T? a maximal leaf need not be an embedded sub-
- manifold. Chevalley, however, has proven

Propos.ition. The maximal leaf through a point p of a foliated manifold M® is
an immersed submanifold; i.e., there is some manifold VX and a 1:1 immersion
F:Vk o M® that realizes the maximal leaf through p.

(2) Systems of Mayer-Lie. Classically the Frobenius theory arose out of the study
of partial differential equations. An important system of partial differential equa-
tions is the system of Mayer-Lie; we are to solve the system

dyP =1,...,
;%:fﬂ@m ﬂi=mer (26.1)

where bA(x,y) is a given matrix of functions and where we demand initial condi-

tions

Y= v% when xl=xi

' . . . . d2yP d2yP .
By equating mixed partial derivatives ——— == ——— we immediately get the
axiox! ox'ox! ,
necessary integrability conditions
o%b8  97bF, r [ 6b4 b4, ”
- 1+ b ~ b4 | =0 . (26.2)
ax! ox! a=1 \ oy° oy*®

We wish to show that (26.2) is also sufficient for a solution to exist. We restate our
problem.

Let x!,...,x* be coordinates in R¥, y!,...,y" coordinates in R’. Then
in M® =gE X R° we consider the distribution A, defined by the Pfaffians
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5= dy”? - Z bA(x,y)dx! = 0, B=1,...,r . (26.3)
1

e Problem 49. Verify that 6;,..., 6, are independent.

Now the Frobenius integrability condition (25.2) (3)
dgﬂ = >\ﬁ’7 A 9,7

is simply the algebraic statement that dfs= 0 after we put 6, =0,...,6, =0
(that’s why we say d€ﬁ = O0mod 4, ...,0,). Butin our case

dfg= —-d Z‘ bAi(x,y)dx! = - 37 dbf A dx
: i . i

o 9bl

ob ) ) . )
= - - dx’/\dx‘+§:——-—’—d°‘/\dx‘
2 REr g oy

Now to put 8, = 0 is to say dy® = ) b% dx¥, and so

de )y O i n e Y O o 4ol n dd
= - - XA - — i N
g i ox oy oy*
[ obh  abh, C
= - Z (W + 5va bOtJ dx! A dx!
1,j,a Yy

and so dfg=0mod 0; * - - 6, is simply the statement that the coefficients of dxi A dx!,
made skew symmetric in (i,j), must vanish. This is exactly the naive condition (26.2).
Hence the distribution defined by (26.3) is completely integrable on R X R°.

Qn.
(5149

. Yo g e /

. maxunmal ,Qea.¥ Mo (Xo,Yo)

(RR (X Xk)

X
©




209

Let VX be the maximal leaf through (X0, Yo)- One can see easily‘from (26.3) that the

- . ) | d :
distribution is never ‘“‘vertical”, i.e., no donzero vector of the form ) ab -5—-5 ever lies
' y
in the distribution. It seems clear from our picture (and it is not difficult to prove) that
this implies that the leaf through (x4 , Yo) can be written in the form y?f = y#(x) and

for these functionss we have 05=0 when restricted to the leaf, hence
dy? = ¥ bA(x,y)dx’. Then

as desired. [

(3) Holonomic and nonholonomic constraints. Consider a mechanical system
with configuration space M® and local coordinates qt, . .., q® It may be that the
system is constrained to lie on a submanifold of M®. For example, a particle mov-
ing in M® = R% may be constrained to move only on the unit sphere. In this case
we have a single constraining equation F(x,y,2) = x2 + y2 + 22 = 1. If we write
this constraint in differential form

dF =0=xdx+ydy + z dz

we are assured that if the particle starts on F = 1 it will remain there if its coor-
dinates obey the differential constraint. We have reduced the number of degrees of

freedom from 3 to 2. In general we can consider on M® imposing r constraints
of the form

dF1=0,...,dFr=0

the system then being constrained to the submanifold V™' defined by
Fi=c¢p...,F;= ¢ (we are assuming that dF; AdF, A - -+ A dF, # 0).

More generally we can consider constraints of the form
01=O,.--’9r=0 (26-4)

where each fg= Y ag(q)dd’ is a Pfaffian and again we assume
Oynbon -+ NG #£0O.

- - ' - |
'
v B

.

\




210

Definition. If the distribution (26.4)) is completely integrable we say that the con-
straints are integrable or holonomic . If not the constraints are not integrable or non-
holonomic . _

Of course if the constraints are holonomic, we know from Frobenius’ theorem that
we can introduce new local coordinates x!,...,x¥,yl,...,y" such that the con-
straints are now expressed as dy! =0, ..., dy" = 0 and the system is ( locally ) con-
strained to the submanifolds y! = ¢!, ...,y = ¢ and the system really only has r

degrees of freedom. Non-holonomic constraints are more puzzling.

Consider the classic example of a vertical disc rolling on a horizontal plane
“without slipping’’.

Z

To completely describe the configuration of the disc we engrave a frame e; , e, of vec-
tors in the disc and consider the point on the rim at the end of e; as a distinguished
point. The disc is then completely described by

(x,y,%,8)

where (x,y) are the coordinates of the center of the disc, ¢ is the angle that e
makes with the vertical (positive rotations go from e; to e;) and % is the angle that
the plane of the disc makes with the x axis. (The line of intersection of this disc-plane
and the xy plane is directed as follows; an increase of the angle ¢ will roll the disc in

the positive direction along this line.)

It is then clear that the configuration space of this disc is simply

Mt =gp? X S! X St =@? X T?
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The condition that the disc roll without slipping is expressed by looking at the motion
of the center of the disc. It is .

dx d¢ dy _ . . dé
T TR el LR

As it stands this is a condition in TM. We can write it as a pair of constraint equa-~
tionson M by

6y =dx-cospdé =0
§p=dy -sinypdp =0 - | (26.5)

It would seem that the system really has only 2 degrees of freedom, and this would be
the case if the constraints were holonomic. However

df, =sinyp darde
dfy = —cosyp dip A do

and so df; A (6, A 6;) = sin 9 dyp A dé A dx A dy 5% 0. From (25.2), part (4) we see that
these constraints are non-holonomic . We claim that this mechanical system still has, in
some sense, 4 degrees of freedom.

Recall that in the case of integrable constraints we have leaves VX on which the
system point must remain. If we move a small distance in a direction which violates the

constraints, i.e., in a direction whose tangent vector is not annihilated by the Pfaffians
Oy, ..., 0, :

then we automatically end at a point q 'on a different leaf. There is no way that one

can move from p to q, obeying the constraints and remaining in the slicing coordinate

-@'----3----%-
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system (whose existence is assured by Frobenius). It is possible that the endpoint q’
lies on the same maximal leaf as p, but to go from p to q' while obeying the con-
straints requires a ‘““long’’ path, i.e., one leaving the coordinate patch. This is the mean-
ing of the statement that in a holonomic system one has locally only k = n —r degrees
of freedom; we must stay on the (n—r) dimensional slice, locally.

This is not the case in our non-holonomic dise! Consider the disc in an initial state,
at the origin and lined up along the x-axis. Now violate the constraints by sliding the
disc in the

X

y direction an arbitrarily small distance. If the systems were holonomic we could not
obey the constraints and roll the disc along a small path from the initial to the final
configuration. But we can! We have indicated a path in the figure. You should con-
vince yourself that you can obey the constraints and end up at a final state that differs
from the initial state by an increment of only one coordinate. In our example above
Ay was the only change; a change in % is easy since dx = dy = d¢ = 0 satisfies the
constraints (this is simply revolving the disc about its vertical axis). Thus, although the
two constraints limit us “infinitesimally”’ to two degrees of freedom, we see that actually
all neighboring states in a four dimensional region are ‘“‘accessible’ while obeying the
constraints. In the general case of r nonholonomic constraints in an M® there will be
a set of states of dimension > (n-r) neighboring a given state that will be accessible
via short paths obeying the constraints. The dimension is given by “Chow’s Theorem’’
(see e.g. )- We shall discuss a very important special case for thermodynamics in the
next lecture.
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Lecture 28. Poincare’s Theorem: A Preview of Characteristic Classes

In this lecture we shall consider vector fields on surfaces; all that we shall discuss

can be generalized to n-manifolds.

(1) The sum of the indices of a vector field. Let ¥ be a tangent vector field on a
surface M? and let z € M? be an isolated zero of ¥; thus ¥(z) = 0 but ¥ does

not vanish elsewhere in some neighborhood of z. As in §(2) of Lecture 24 we can

define the (Kronecker) index j.(z) of ¥ at the zero z as follows.

Introduce some Riemannian metric on M? (see e.g. (14.2)).

(x,y) = (x',x?) be some coordinate system with origin at z. Let
$'={kxy) | ¥*+y*=¢%}

Then if ¢ > 0 is small enough, St is diffeomori)hic to a circle whose interior con-
tains z = (0,0) as only zero of ¥. Let

o) = (2, )

be the angle from the vector e to the vector ¥, where — , 0"
- ox gx "~ oy
positive orientation in the patch. Here cos § = <9/6x,v>
lo/04 M
4

defines a

1
\ Sy

We then let Sg'  be a fixed unit circle in some R%, parameterized by an angle 4.

Then the vector field ¥ gives rise to a map

Sl _V_) Sol

(3) — 853) = L(=7)
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and we define the (Kronecker) index j(z) by
jp(z) = Brouwer degree of v:S! — S . (28.1)
Of course,
1
i = 4 .
jv(2) = QSSI dé(x,y) (28.2)

where df(x,y) = v*df is the pullback of df on Sy.

We have made a lot of rather arbitrary choices (Riemannian metric, ¢ > 0)
but jy(z) is independent of the choices since it is an integer and rather clearly is
continuous as a function of metric, €, etc.).

Note that if the circle S! contains no zero of ¥ inside we can still consider
the integral and it vanishes

1
Er- %l dﬂ(x,y) =20

This is because we may let ¢ shrink down to O if ¥ never vanishes inside, but as
we have just sald, the integral is really independent of e. In other words, if the

vector field does not vanish at z then the Kronecker index of ¥ at z automatically
vanishes!

Note also that we could have defined jo(z) using a piecewise smooth circle,

for example the boundary of a triangle, A2, instead of the smooth Sl: such
curves are limits of smooth circles over which the integrals (28.2) are constant.

\'4
v:dA% — 8¢

Poincar€’s Theorem. Let ¥ be a (tangent) vector field to
a closed (= compact, without boundary) M? and suppose
that ¥V has but a finite number of zeros z, ..., zy. Then
the integer

x(M?) = f} Jolz:) (28.3)
1=1

is in fact independent of the vector field ¥; it is a topological
invariant of the surface M2 called the Euler- Poincare
characteristic of M?2.
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For example we indicate two vector fields ¥ and W on the 2-sphere

-

M! = S2, each having index sum = 2. ¥ is the

¢

jv\(znz 1= I (20

jv(z.ﬂ =1= jw(zz)

velocity field of a rotation, while W represents the velocity field of molasses oozing
over S? under the influence of gravity.

We have an easy, famous corollary:

Corollary. Every vector field on S? has
at least one zero (‘‘you can’t comb the hair

on a ball so that it is continuous and lies
flat on the ball.”)

For a vector field that never vanishes has index sum = 0.

Proof. We shall prove the theorem for an orientable M2. Later on we show how
to remove this slight restriction. The proof we give is due to Heinz Hopf who proved

the n dimensional version of this theorem (the ‘‘Poincaré-Hopf”’ theorem).

Let ¥ and W be a pair of vector fields on M2, each having a finite number of

zeros z. Some zero of ¥V may coincide with a zero of W.
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It is a fact that M? can be “triangulated,” i.e.,

covered by “triangles” that are either disjoint or have a single common edge or have a
single common vertex. While this result is not easy to prove it is usually very easy to
exhibit such triangulations for a specific M?2.

By subdividing triangles

and by moving them around slightly we may assume that the triangles are so small that
each of them lies in a coordinate patch and no triangle will have a zero of ¥ or ¥ on
an edge or a vertex, and each triangle will contain at most one zero (of the fields ¥ or
W) in its interior. Now with each triangle A, of the triangulation we associate

integers (using the coordinates (x,¥,))

. 1
Jv(Aa) = g 3C£A dgv'

. 1
Jw(Aa) = % (;g dew
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o

where ﬂv(xa,ya) = 1}_( o

V), etc. We have seen above that if A, contains a zero of
a

¥, then j (A,)is the Kronecker index of ¥ at this zero, while if A, contains no zero

of ¥ then j(A,) = 0, etc. Thus we can write

E jv(z) = ? jv(Aa)

z€zeros of v

S gle) = 5 in(Ad) 28]

z€zeros of W

and so the difference of index sums is
gy A
X) - xuM) = 3 3 { $ dfxava) - § cww(x,y)} L (289)

Now while 6(x,,¥,) and 8,(x,.y,) depend strongly on the coordinate patch used, i.e.,

on A,

dav(XwYa) - CWW(XQ,YQ) =d J-(W;V))

is in fact independent of the patch used; it is simply the differential of the angle from #
to ¥ and is determined completely by the Riemannian metric on M2

_1<wI>
| sl At =1
Thus
O - 32 = 2= 5 ¢ dL(W@Y) . (28.6)

2T A A,

a

Now since M? is assumed. orientable we may assume that the coordinate patch

overlaps satisfy
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6 (X ﬁ,y ﬂ)
0(%Xas¥ o)

and thus the triangles can be oriented compatibly

Then
EgSAadz)_(W’,V) =0

because each common edge will be traversed twice in opposite directions! We have now
shown that

Xv(M2) =3 Xw(Mz) = X(Mz)
is in fact independent of the field +.
Note that if F : M? — V2 is a diffeomorphism, then given a vector fleld ¥ on M2
we get another one F,(¥) on V2 and it is rather clear that if z € M? is a zero of ¥

of Kronecker index j then F(z) will be a zero on V2 of F,(¥) of Kronecker index j

also. Thus if F is a diffeomorphism then

x(M?) = x(V?)

(2) x(M) and the Stiefel vector field. To find x(M) we need only define a vector
field ¥ on M for which we can compute Y Jy- For this purpose we look at the
“Stiefel vector field” (Stiefel was a student of Hopf).

Consider a fixed triangulation of the surface M?2. Imagine the surface to be
the surface of a planet. Consider a mountain range constructed as follows. Subdi-
vide each triangle by introducing a “barycenter’” on each edge and a “barycenter’”
for the face. '

N E BT EE EEERE S T EE B R B
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L]

Now construct a mountain peak of height 2 at each original vertex, a mountain
pass of height 1 at each edge barycenter and a pit of height 0 at each face
barycenter.

FpE R N SN =

-~

This defines a function f on the surface, the altitude function. It has a maximum
at each vertex, a minimum at each face barycenter and a saddle (minimax) at each
edge barycenter. The gradient vector field v/ f is a vector field on M2 of the fol-
lowing type (we have included the gradient lines):

e

aa OO O ... .




The vector field 57 f has a zero at each vertex

< peak

with Kroncecker index j (peak) = + 1. It has a zero at each edge barycenter

PR

—~— X —— pass

A

with Kronecker index — 1. It has a zero at each face barycenter
~< X > pit

:

with Kronecker inder + 1. If we are careful there will be no other zeros. This is

the Stiefel vector field. Its index sum is

X(M?) = (# pits) - (# passes) + (# peaks)
= (# vertices) — (# edges) + (# faces)’

# vertices — # edges + # faces

(28.7)

is called the Euler number or Euler characteristic of the triangulation. Poincare’s

theorem shows us that this number is actually independent of the triangulation
used; it depends only on the surface M2. This was Euler’s discovery.
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The Euler number of the 2-sphere is easily computed because S? can be tri-
angulated as the surface of a tetrahedron

(use central projection). In this case vertices — edges + faces =4 -6 + 4 = 2,
agreeing with our examples following (28.3).

Of course one needn’t use the specific Stiefel field. For example, for a surface
of genus g consider the following picture.

ceee semae MAY

MAMANEN,

, Saddles

9 “Retos => 2q Saddles

If we look at the function h on such an M? defined by giving the height above a
horizontal plane, we see that there is one minimum, where 7 h has index <+ 1,

one maximum, where 7 h has index + 1, and 2g saddles where ¥/ h has index
— 1. Thus the surface of genus g has Euler characteristic

X(Mngnus g =2-2g
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For example, the torus has genus 1, x(T?) = 0. It is then possible that the torus l
has a vector field with no zeros, and indeed it does. \'/

N T

(8) Concluding remarks. It is difficult for me to restrain my admiration for
Poincare’s theorem. In future lectures we shall see the connection with the cele-
brated Gauss-Bonnet theorem, involving the area integral of the curvature of the
surface. Curvature occurs in physics not only in general relativity but also in the
generalized concept of field strength. Index sums entered physics with Dirac’s work
on magnetic monopoles of the 1930’s. It has reappeared recently, in generalized
form, as instanton number in Yang-Mills fields. The general situation is involved
with the Chern ( characteristic ) classes of a complex vector bundle. We shall dis-
cuss all of these things.

‘!
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