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IrT
referenc.esCforuecforcalcu1uspevspectiue
Nicholson Intro to PlasmaTheory 1983

Ford Uhlenbeck Lectures in statistical Mecha

digi al version of lecture notes

Course of Study
Vector Calculus

hiouville Equation ref Fsu
BBG KY Hierarchy TLE MagenCluster

Expansion
Vlasov Equation Collision less Boltzmann

Equation

Fluid Equations moment of distribution
equations

M HD quasi neutrality and other
approximations

Master Equation transition kernel
two stateBoltzmann Equation ref Ffl

Fokker Planck Equationsmall step transitions
Exterior Calculus ref original research of these

repeat line of dew ate on us'fightnotes

exterior calculus for coordinate fue es
C 1

 

http://tiny.cc/ford_uhlenbeck

http://tiny.cc/plasma_physics_nicholson

http://tiny.cc/kinetics_lecture_notes






































































































































versions of equations
pull back coordinate free versions to
vector equivalents

LessontI Liouui1leE9ItIfrefNcig.h4.2
XI Position pantuclei ismeasuredvelocity particle i is measured

Ii t Positions occupied by particle i as fact o t

TI Ctl velocities occupied by part.cl i as fact

6 No dimensional phase space
density of systems NLKiso Ino Eno t

8 Ii IiltB SEE IiltB
Now take dN

It by using chain rule

8 Ii II a D DIII Fix data II et

Ya SEE II aD dIIaz.EE 8 ri TI I
to get

INE t Iiit Tha II SCI IT Idiot I
i Ivi II six I 81 ITI 0

Using a Pca b b 8Ca b to replace TI by Ti and
II by Ei

and using the definition of N

dft E.vi.FXNE.oi.INT






































































































































Liouville Equation
combined with Lorentz force equation for 2 and
Maxwell equations for B and E
Note that convective time derivative is

Itt III Thin Een
So that the Liouville Equation a be simply
written as

Now put the equation into conservative form
by using the identity TT.cat TsoEataT.b
so that

5 NEI Ei Ntn
aiddete dat

NE _Ei Fein NFoitE
becauseEnrico Eo bm tExBI

0So Liouville Equation as

Ft ExCNoiI EoilNoiOL
Now let's write this equation in terms of the

probability density fwotx.io Ino Eno t such that
probability that the system is at Tx 7 Infierno
is fw.it dxdo such that ffno.FIidxidon I

dfe vi 5xifwo qvioo7oifno

Liouville Equation for probability density
Rl N h






































































































































LessonHe2 BBGKYHiera.ch REILY

integrate Liouville equation over dxj.dz
Define the reduced probability distributions

fnext I Tin in t Vn Indixid fno

normalized so that

No Fns dxi.dv.HN

also note that
f n fdntn dvnt.fm

For simplicity of derivation adopt a

Coulomb model where lone species
Tilt ij

no self forcewhere
a ij mbfx7q.is i TiIfaii o

is the acceleration of particle I due to
the coulomb field of particle j

Liouvilleequation now becomes

dfwj I.io Ia.fno EEaij.TIoi.nfoNo o

We now integrate this equation ITdntido.ie
n11Let's start by deriving the equation to foot

by integrating this equation over fdInodrino
obtaining

g If E p






































































































































fdntn.donodfffo fdxnodono.SE ioTTiiofNo

fdntnodon.EE aii.Eof.no o

For term we can move 212T outside the
integral so that

usingdefinition of fNo 7

It fdntwodowof.no y NoFffno 1
Term is also easy For the first No 1 terms
the opearctou vi Fix is independent of the integrity
so that it can be moved outside of the
integration and the definition of fWo i used
The last term with a No is

dEwodTwo Vxwotxwo VzwodzwoVzwotzwolfwo.nl
No 100

e JdOwody.nod2No NofNo lxµo oo

2 Simi lie terms
o

because f No vanishes on the boundary
1 has No to TT f µ Iy No E

i 1
Term is much harder Start by splitting
the double sum

IE E gio gij f8n.it ginotgwowo
So now

I
after dEnointegration

Y no Ei to fno tfdxnodvnoEano Evwofnoanoheb1ie
no

fdxjdfp Eaigno.EEtwo 1 AH w fno






































































































































I fdxnodvno.EE Yo E Sooo two
Leaves us with mutiplying by Vom l

Hat't ii ix two Iii Ei EE.fm
27 nodfn.ae wo.tToiWNofwo o

Now proceed to derive the equation for fNo 2
by SdatnoydVno 1
Term yields Vdzfwo 2 Again term

yields one term that vanishes upon integrators
le wi g a sum from 1 to Wo z

11 77 TIE f no 2
i 1

Splitting the double su in term as
before

11 22 iii TIE fNo ztfdxno.idvm.IEai.noni.To.fws
O

fdnt.no dv i Noy's no ifno
OANTONINO Tfw f No 1 0

For term we have

y No II'Sdxioo.idvno.idxuodtno ai.no vofNo no
term

y No i7EifdxwodVwo i.wooeTTvn.fdkwoedEno ifnot 0

exchange No No 1 as varibles of integration and
use the Syne H z of fwounder tht inte change
to give µ 2






































































































































I g e

Vino fdntno i.dono.iai.no i Io fdntnodonofng

Efdxwo idonaai.no E f Y foot

which is the same as the second team of
term
This now gives combining 20,30 and and
dividing by V

ftfwo.atEVioTTxn.fwo zt aijoEo fNo 2

1 fdntwoydvnoyai.wo s.TV fwon 0

By induction

aiEi h IE

i a a ew
pB Y Hierarchy
define the functional collisional operator

of ntt particle n

with the first CE I NOTTEfd8n d n aI na Ti
n particles i

One gets the simple form of the
BBGKY Hierarchy

t CEfn

Bogo in boo Born Green Kirkwood Yoon






































































































































note that fdoffilx.io t 1
f CI t.tjdx.dz is the probability that
a particle finds itself in the region of
phase space between Z and
I dnt Z 1dB f is also the ensemble
averaged number of particles per unit XT
d nd T

f2154,8 2,82 t is the ensemble aversed
number of particles per unit of Tl n VT and
VT fz is also proportional to theprobability that

particle I finds itself at it and particle 2 findsitself at ExtEa

Lessou3I Closure the Mayer Cluster
Expansion and the Ideas
of BogoI inbox

MayerCluster Expa InThis is the road to weakcorrelation
17241

1 Vlasov Equation C fz CEfifd If Egg
Za Boltzmann Equation CCfs O

nb3 1732 12b Master Equation III to3 Vlasov Fokker Planck Eguctiondees
small step size transport of

fµ µ
Bougoliak

ref N ich ch 4.3 App B Fsu Ch II 3 6
Ch VI 3 6






































































































































Che VI 36

IdeasofBogo libou
First note that the rate of evolution of the
left hand side of the f egret on

Df
Tf C f z distanceof

dynamic e rate thermal velocity closest approach

is D II b where I kpTmM and b
e
T

while the rate of evolution of the
right hand side is dD1dt r ribs

n E b 2
Now note the definitions collision rate

plasma parameter g I 3 where Xo YE
correlation parameter ME q

a where aE itn
and wp fHn4I

nb3 g2 T 3221 underpdgeanssmea

µ SO
wp p3h

954 Dirt D IIb nobs d dtr upon'Eb

r is sina.iue.si LKam
rate r to Ii Then

X F evolves at the
collision rate dridts

continuing fz relaxes at the collision rate toFattenfc evolves at the correlation rate dzrldtzlrz nobccds.netrand so on Also f2 If a functional of I Lt
MayerclusterExpansion with no other tdepeda.ae
A linear graph theory approach to this
pentabative expansion in M analogous to
Feynman Digrans






































































































































f 1 f I 2 particle
correlationfunction

fall 2 If 1 f 2 GCI 2
f311,23 f If 2 f 3 tf 1 g 12,3

f 2 g 3,7 tf 3 g 1,2
HC1,33
3 particle
correlation factionin graphs

I f
Ed
t f Itb z f fat giz

too Qaot9aet.E.tof9 t.It.I
I tbgztbzz b.z fbizbz3 biabbbrsbz.snbizb23h31

expansion of bij f fzfz tf 823icj 2
fzgist f3912Note ag

p p fnbsjbhf.sn172 hits
E4je.ae that Bougolinbox

Vlasov Equation Collision less
Boltzmann Equeter

start with n l BBG KY equation
0 def it tltoi.FI f N

fdxidoaz.EE fixes
512,02DNow assume that plasma is weakly correlated

underdense so that fall 2 If 1 f 2
Note that we are explicitly making the Mazencluster expansion
This gives
0 2 8 vi Fix f nofdxidoaizfcnI.EE t

Iof UT it
d l f






































































































































Now identify
ensemble averaged acceleration experienced by petuleI
by all other particles

a cx jtj nofdxsdoiaizfcxa.ir t
Then Batter Ifor

can be slower dtfitEioTTx.fst oTIo.f D Ers IT
piggeane II noctis OG
needed refection l Equation Vbsawp.scnuts

17312 57312

Boltzmann and Master Equations to be shown
in next
section

For the derivation of the Botzmann Master
and Fokker Planck equations we will switch gears
and turn our attention to the problem of
3 body recombination in guiding center plasmas
that are strongly magnetized such that reek b
In such a plasma the perpendicular electro
motion is an aadiabatic invariant The parallel
motion has a charaterietic frequency of Vel b's WE
where the electron bounces back and forth along
a magnetic field line It then more slowlyExB drifts in the planet to the magnetic field
Such atoms a e called Geddy Cette Atoms
ref Glinsky 0 Neil Phys Fluids B 91

Also use
Landau8Lifshitz
Physical kinetics
Ch I Secs 2 3
For definition of
Boltzmann Equetion

http://www.qitech.biz/papers_refereed/phys_plasma_3_body_91.pdf






































































































































energy scale UBT length scale b e4koTe
velocity scale Ve kpTemeM time scale blue

E3zN

Ii E.int Ii EE Iizi3 osvz

oExThe Ei TL Dm D

Liouville's Equation Texts drift
where DwCF v Tn Vingt E N electron
distribution function normalized such that
I f di do din dun Dn

where D BI particle 0 is the ion Olio Inti
and dig for i j l N

The S electron distribution function is

fs Jdrfdog dridow
where V is the plasma volume
Now the 1st and second order equations are

n Cubes

Ft 41 4 ftp.yreggzxei gqobrradgiEHra

nb3fdF.doz If r xE z.IT fz

o
v Fei II IExEiolio Ei fz

E 2 Lado In t xE dir CE TIFF
nbfsfdrjdosqfdfztfo.ir FxTTi0ii7iIfsclosure

expand in density of gas not weakness of correlationnb3 Tl






































































































































two small parameters reelb KI and nb3Lc1
We lose deBge shielding in his expansion but it
is unimportant at the close portale distance of
separation
Make the chore of variable from 0 E

Ei fo 12 t olioCti pi i 2
which is the Z binding energy of the electrons

Now the equations take the simple fans
dffftv.dz nb3fdFzdvzdLQzI oidfi LEq12e

daff o toif fz 110 ridge Kade fz o

Eq 2
Now further using the ideas of Bougal ibou
f evolves to be independent of Z to the

form f f la e j t Sf Zi pi E t

where 8 f II or nbs at the rate IIb
The LHS of Eq 1 dominates for early time
so that

t
v d

z o At a late time

It evolves at a rate nEb2 IbCnb3 defense

by the RHS We derive theequatio to the
euol t.vn of I by substituting f It off
into Eq 1 and keep the terms of nb3
order

IIato nb3fdridodff.io e

we now integrate over a closed orbit
of particle I dZu

2 I






































































































































Jolie dfz

TO
QM o

de
dfIatfoede.dlfzfI nb3fe.dZifdridoazTae

W
TCp E period of oscitory notion of pa t.de I

data fqnbsfe.dz.fdnido.dz fz Eq3
note that for E so particle 1 is a bond and

f Ca E e D farce EYE
Eq 2 has terms of the sa e order Elb when
written in unsealed variables fr will relax to
become a fu etional of fi tht is fzEf
After the relaxation has occurred dfz12 tn OCnby
Dropping d feldt and operating on the remaining
terns with fedo

Yfdtzdozyodmofqdfqfdrzdoifo.attoidJzdfz
yo

Sdk
foed fdahdo.de u.adq od

aez fzwhere particle 1 is assumed to be bound E 70
Do fdZz integral on the LHS givig
cl fdrzidVzVzffzL2 z too fzCzz ooJ

fqfoe.dz drEtozdO fz ntb3RHSofEq 3
Consider Vz o so f z 2 2 00 is incident
particle 2 on bowel particle 1 so

f z 2 2 00 I Lei 4 I Pz Zz
Eq 2 implies face E pre EI f zl S y fr Ezwhere Ei ez P E ez Ez du izthe collision so that

so that fzCZEtooJ fTcpysiJfTC z.s






































































































































FIIE.EIIESgriftzhinfEIiiionarisfieeneitia
where 12h1 is needed to make valid for LO and the RHS

is referred to as the Boltzmann collision operton Expanding
ithfdeidpideiclpip.IS Ef E f Sled Pzf SCEl Eef then regrospin

form of FSU differential cross section
df M nb3fdPdrividdiffer's ftp f T ftp.Dfpff7
where dr dede dP doz dth deidei dP dpidejdr dP'd17
nd m ddIr qd fade102186 fiddle E f Sled fee S Ei Ea

Kla Ei Puerta Eised Ei Alternativelythe familiar Boltzmann form

dfffI nb3fdr di di RST 171171,17 ftp.sfcril fcmfln
form of 28L Physical

Now continue onto the Master Equation we
kinetics'd

rewrote He Botznann equities as

dfIt nbstfe.DZ fdFzd0zlVzlfthCe f hCEz

E ii fie t ii Ii
using conservator of energy E Ez sited a I ftp.CEI zpefs
In the post collision state particle 2 is free
so that SECO and files E fthCs In the precollision
state particle 1 particle 2 or both particle 1 a I 2
are free So we define E max Csi Ez and let
be the corresponding p or G the other

pentacle is free a dis guenteed to have a tle ul
distribution So
a finest nb37FI fdtInd FfiffuyggIffnyId






































































































































define the forward transition rate

V Ca E If E nbsptfe.clzqfpzdezdOzd0zloilfthlEz
x 8 E E Zi Pi E PzOz Ez
x Sff ft Zi fr Ei PzOz Ezwhere plus is evolution forward in time frominitial State Q Pi E PzOz Ea where particle

1 is initially boundCepoandOz is near ed relative
to 0 a d Z specifies the initial plese of the
bowl Z motion

And the backward transition rate

K CPi E If E I nbsptfe.clzqfpzdezdOzd0zloi1fthlEz
x 8 E E 2 I Pi E PzOz Ez
x S f P IZ figs PzOz Ezwhere the minus indicates evol too backwardin time from an initial state CQ Pi Ei z Oz ez

The factor a E a I p refer to the elec.tv were
the largest energy in the pre collision state
By fine reversal synett z

k Ce E 19,5 k Ce 415,5
Kla 915,51

So now we write
tI fdedefence tile elf.IT jIEIfff
Define

Nlp E nb32iTpTCe E Ilp E

where nb32ITp Tcp E is the density of Stites
for dede






































































































































and WthCp.EJEnb32iTpTC

EJfthCE1SotLat2WCp.eI
zfdpdEWthCe.E k p Elp E

wwiE www 3
By using time reversal synett z andLiouville's Thus on tht 7hr5 equation must
co serve particle numbers for arbitrary
choice w Ce E one gets detailed
bd

wth Cp e leep Ete E
Wth CF EI KLF EI p E

Finally

m
is

where
up elf E nb3ptfe.cl fPzdPzdOzdoi1VzIfyhCEz

x I I E Ei Pi Ei P2 Oz Ea
x 8 f p Zn f yL yP2 Oz Ea

transition rate kernel of scale nib
collision rate Ip nb's






































































































































Now to the Fokker Planck collision operator
Assure electron I is bound Epo at a

radius p 4 a d electron 2 is incident
from infinity Ezco at a relatively large
radius PzZpd 1 We will solve Eq 2

perterbatively through an expansion in Yez for fz
that is through the weakness of interaction
10,2 and Ozo We will also simplify theanalysis
by assa no tht electro I is bowl deeply
enough that the oscilatory notion is

simple harmonic The reselt for f z will
be substituted into Eq 3 Pictorially

Eiht i
Pz's I

Rewrite Eq 3 as

Leo L d FEO
where
has LetterEzt.si oifzzle
K 3 o Ee G at fEzIIo

Look for Sol too of for

where
f 2 fj fzd

fE Iacp e e 21pA






































































































































f4 deterred by
Kolff I fzco

note L
t order orbits

fY lt L ft

twice od't ERF
I 3 II

where the 0th order orbits are
E Ct Ei Vz Ct 3 02 Zz Ct Zz 10kt tj
Z Ct A cos wilt 4 Ct's 4 1 Wct A

where Wfa 12 41 pi E and wir Ile
Substitutes thus into Eq 3 fo fz yields

Titta Ie BE A date

Wea nbsp.FI fdrifdo.f.oFet 243 lka0z7JBnb3Tif dz fdrzfoooodozfootdt f veto
To evaluate A daffy

J Riz
Iz czE pu f kk Rocked sinute

A nb3t of d fofdtzfpjtezdezfjdvz.todt'lET adkk






































































































































oloodgge Kolka Kolqpz Ca Wip sin 4

go ziti
t il sin w Ct t It sink 2 zsinfqzztqo.lt AD

interdsa nb3T ca.w.PEyfodojze ui12f5dEpdEo.RoLG
use
asguototoe.ae
cPgjsgIIfEggYhe

3 nb3T ca w j2 e d
2W El 113

a d saddle
point

It also can be shown that B A see ref so

t.dfIE fe.CAdfIDFokkenPlaIEquetio
note that this approximation is
fundamentally violated for this problem
sp is always large when it is not
01 because there must be a part.de
interchange for it to change Furtlemere

A is very sensitive to Pee
when

Pd 1 and SE is large Also
note that A 00 as pd oo since

s will be an adiabatic invariant
Finanelly note that if ftp.gqj e EIffh
then d 512 t 0

Since DE rue and Spr 1 the FP approximate
can not be made and HE Elp E needs to








































































































































be estimated by a Monte Carlo method First
note the ordering of timescales

collision time

do
blot

correlatiffe

Now for the ti e evolution of wisp E t to

steady state
E O ETo

I
nwt

E I E to

11 of collisions cha je Ef S p
flux throoh
bottleneck Ads

0.07040 f gµ
too

n2Vb5 Is 00






































































































































and the deep weep gt W Est

te

NihI7Lessont fluat.IEuid

Start with the Vlasov Equation for species S

dtfslxioitj v.TIxfstbmscE EXBI.EEfs 0
remember that collisions are

Use normalization neglected notice e
i f w Wp

ns.CE.tl fdvfslxiot no beawp
gg312and the definition

Is tnsfdvofscx.tt
Operate on the Vlasov Equation with IDF
dens
fdtv.TT fs TTx.fdvEfs TxoCnsTIs

fo






































































































































Thtfs Tix Tfs fsEq.jo
0

dtnsjgysy.ITn goua.whe
eE Ex

Operate on the Vlasov Equation with f DEE
ftfduufs fdovo.TTrefs oomf fdir E Et EJ x of

DtCnsIs
fdv EE.TT fs TIpo fdElEEfs TIp.fns5oI

Fix ETFs
Lg 1dBgfs 1

Ffs Is fdEgfs
cos1ms Ens

by
integration
by parts

ftmssfdEE xBJ.TTvfs_Am0gsefdEvTIo.Eo f

9 f de xD fs mots n s sxD
9 Msc

bagintegrtin
by parts

Therefore
auns hm iE I






































































































































Note that like the BBG KY hierarchy
where there is a coupling to the next
order distribution the fluid equation are
co pled to the next order velocity
moment The 0th order involves 287
The 1st order involes ET 82 and soon

The hierarchy of equations needs to
be closed In general the equation
for the time derivative of CEES is

called the energy equation
What we are doing is approximating
the velocity distribution with a moment
expansion storder moment

I n.jo order moment

q

jg
no et

Here are some ways of closing the equations
and obtaining Liv
1 Cold plas ma

f sCE E t Nsc 8 t 818 Is
thus LET tnsfdvnsvvsc.ir Is

Is Vs2 Isotropic velocity distribution
LEE VICKIE Ts Ms252
now the second term in momentum






































































































































equation takes the form
T1 Lns LTE 1 17 ChswsstIFIPs1ms

where Ps MsMs Uf _Ust
3 DriftingMaxwelliaucEEIsis mP nfI

Now
F Cnsc 87 I CnsIs Is tug 4ps

I Is nsVT Else InsistttmFB
The force equation now becomes

I
dtlmsnsvsJ H.IS Msnsvs Vs F Lmsusts

TDs q ns Et xD
subtract continuity equation multiplied by Tlsf ro LHS

msnsdtysmsnscvs.TKs Tps qsnsCE Vs x
momentumequation w drifting

T kn
we now also need an expression for
the pressure ps EOS along with other

ps nsTs possible assumption For instance
EOS if isothermal slow

IPs Tilnsts ns.TT YTsT1ns TsT1ns
or adiabatic fest
TIPS _I Cns Ts nsFTstT5ns HsTs7n

ratio of specific heats Vs42 1 D ID where
D number of dimensions which she e

in increased temperature






































































































































To complete the system define
eha sedensityzpcx.tl qsnscnt.tl
to urreAdesilz Fcx tJ sEqsnsCx tJTIsCxTt
and use M 11s Equations

F Ein tf Http
I Blix Ako
Tx ELE AS LodzB
Tibet t FtESTE

hessou5T MHI ref Nicholson28.1

What we wish to do is find a form of the
fluid equations which would be valid if
res nobs that is for low frequency

In this case we need to start with the
collisional one Equation
A fst E ExfstEmg Et ExB fs Efs

using the Ideas of Bogolinebox and the feet
that his small so that fs f s Note
that this in not the Vlasov Fokker Plank
Equetoo because we have not made the
diffusive small stepapproximation In

general Cffs is a Boltzmann collision
operator
We now proceed as we did in the derivation
of the fluid equations and make the moment
expansion






































































































































For the 0th order equation we get when we

operate on the collisional Vlasov equation with Jdrf
dens I Bns HEED

Since the charge d e to collisions is mostly in velocity

ftp.Tsns O as before for continuity eq_
Next operating on the collisional Vlasov equation
with Sdtv and assuring a drifting maxwellian
we get for the mo an equation

msnsdtvstmsnslvs.TKs 7Ps qsnsCExEVsxB K
where Is msf DEE Cfs change in no atm
of species s due to collissio so
we now assume that we have a two fluid
model where the fluids on io s e d electrons
that rs s _Ei e3
we now proceed to Me Eng fluid motel
also known as the magnetohydrodynamics
equations Define the

mass density Pm Me he mini mine
charge density Pe Gene Gini

centerof mass velocity IT pts mini Thi t mene e

current density F qinivi efe.nete
total pressure P E Pet Pi
w e now wish have four equationsmcsscoser u.ch ecouseroc tiooymomevtum

and generalized 0 Kew for the four
un knows pm Pe I and F

Multiply ion continuity by mi and the electron
continuity equation by me and add together to get

dem
at y.com j O M asscon e tEI






































































































































Next multiply the icon continuity equation by q
and the electron continuity equation by Bea I

add together to get
dff t7F change co gta

Add together the momentum equations for
ions and electrons Regad Vsanddens as small

quantities and neglect their products Remember
Rie Tse One gets

IPteEIFxBfoeeq
Now onto theequation for the time derivative of the
current the ge e clized Ohm's law We form
Esmomentum eq assure tht dens c d Is

a re small goatcities eliminatingquadratic
terms assume that 2 1 so that qi qe e

and The Fi we get
d
t Emi FR

e
me vpetfmneeteimnfJE.ie

necVexB

em ii xD Ei Eme Ki
Notice that

nmeeive met nee Tle niet menteeLminivi
Small

ftp.ee lminiVitmeneIe

me Ftmeem Pmf
Now substituting this into the previous equation
using mi Ice me 1 Pe P P12 and nine he

LIT P tenner Et E Tx B eemefxtstemet.si
Recall Ii represents the chase in ion monentez due






































































































































to collisions with the electro S Assa iz tht Ki is
a function of Ti Ie a d keeping only the first
term in the Taylor expansion

II C Citi Ie Caf em F
where we have defined

J eine
mi Cz

so that the constant has dimensions of
conductivity We now have the generated
Ohnis Lane

Yemm It ffieTPtE EvxB pmmi_JxB I

The na e 0hm's Law cones from the form of

the equation if only the second and fifth
terms a e significant 8 5 E where T

is now obviously the conductivity This

is practically the current momentum
equation

Now in summary the MID equations are

2pm
It The priv O

d ee
Tt F 8 0

i

Texts _Heifetz LEIat






































































































































in 14 unknowns em Pe T F E B It is
assumed tht D PCpm The other assu pks
that we have used i the derivation are

flat we are dealing with slow phenomena where
their rates are less then the collision rate
ie Shen vb2 miss me nee ni g II thence Thi Je
The rate assumption is what allowed us to neglect
the quadratic dans a I Is This is the fundeneate
assumption
For very low frequencies their are further assumptions
that can be made and significant simplifications
can be made to the system of equations First
for Ohm's Law neglect the 2e J TIP Jx B terns so

that
o tell xB

The plasma also becomes quasi neutral so tht
PEO implying I 8 0 and the ee E term can be
dropped in the momentum equation One can

also drop the dzE ter in the Texts equation
The weakest of these assays too is dropping
the Jx B ti all te n in Ohn's Law This
leaves us with the ideal resistive MHD

equations
den
It Tool pm8 0

pmdata FEI xp

Te J 0






































































































































Finally if the plasma is considered to
be collision less oo and we are left
with the ideal MHD equations

dem
F T.fm I o

en
i

C

h t EguuadPBCHierarchy frog
coordinate free exterior

perspective
This lesson starts the development of kinetic

theory from the coordinate free perspective
using exterior calculus Tuturial notes a

mini course on exterior calculus can be found at

Also recommend the textbook
Frankel The Geometry of physics 2ndedition 2004

It also explicity uses the simplectic canonical
structure of physical dynamics We will strut
with a coordinate free formulation of the

Liouville equation It will continue with the

coordinate free development of the hierarchy

The BBG124 hierarchy will then be pulled bacle
to canonical coordinates This pull back fu then
restricted to canonical action angle coordinates will

d h l

http://tiny.cc/exterior_calculus






































































































































be used to derive the US Equation
BoltzmannEgecton Master Eguction and Fokker Planck
Equation in that order To make it more tangible it will
beapplied to a reduced guidingcenter Hamiltonian which
will be derived in Appendix B

Finally a coordinate free
version of the VariationaltheoryotReaction
Rates will be developed then pul

k and

evaluated for guiding center atoms using
the Hamiltonian of App B

Consider Hamiltonian flow on phase
space of N identical particles on the same

base manifold M with N particle Hamiltonian
function

HCM T MN R
where T MN is product space of n symplectic
cotangent bundles CT M co's and co is a

non degenerate two form on T M that is

exact w dd For instance if there is locally
a coordinate q on M a d the corresponding
coordinates of p on T M then D Pdq and
w dpndq

Flow on T MN is given by the vector
field It defined by

iii went d Hln
where WWI YEWai and wi acts on TAM of i
particle Restrict Hlm to binary interactions






































































































































which is the fun deme Tal assumption so
that we can write 1

HCN Hi Xi 1 HzlXi X

where Xi is a point in T M of i particle
and H and Hz are arbitrary factions

H ITAM IR

Hz T M2 yR
Wish to describe evolution of ensemble of
N particle system specified by 2N form on

1 MN SymeAric with respect to particle
interchange

µ particle distribution pen fnc x Xp T N
form

Nwhere
pen TIN wi

ie l

and f µ is syne Hue with respect to Xi Xj
interchange

f NIX Xn E N particle distribution functio
probility of finding a system of N
particles in a particular state
specified by a point on TAMN

Novelization of pen chosen to expose
ordering of the terms in the resulting
BBG KY hierarchy

N
N tyros fun

where V is a real n nber identified as the






































































































































volume of M
Assuming that there is no physical
mechanism that can create or destroy

particles CdN1dt o PCM must be

invariant under flow generated by 06

o i a

where Lee is the Lie derivative
To move towards the BBG KY hierarchy introduce
the n particle distribution form

P'n f u fnCx Xn Ten
where fu is the n particle distribution function
Now integrate the Generalized Liouville Equation
over the cotangent bundles of N n particles

f.mn.nl mtLuew7
Commuting 2 with integration and using
the definition of pin

2pen
F Lupin

1 MN n

Now split RHS into 4 teams by splittingIt into four terms a d using distributive
property of Li e derivative by defining f our vector
fields Ui Ui j U and withal

i u Wen dH ex






































































































































i wi Wen dHz Xi Xj
iucn went dH X Xn

in went d H CX Xn
where

H I Hz Xi Xna
Now write

ftp.Lmninnecmtln n
mLn.nn eew

IN nffm.L.nu e'N'tHNEfmf.nun.fi D
where he syneHug of N n de particle interahojeused to consolide last three terns on RHS
Commute parts of integrals with Lie derivatives
which do not involve those particles and
use the definition of pen

df L un p t NEfmLanp t
N
I fhui.net

IN n CN n g
T M

ppLUn n z
HZ

Using Cartan's formula it can be shown that
L pm D in PCM Hvecto fields W

Using this fact and Stoke's Thin second and
fourth terns can be written

df Lan e t NI e NI mLu e
N n N n l Cn 12

factumnijn P






































































































































These terns can be set equal to zero if

0 inn Pent ly m tune n zP Iget my
condition is met if no particles on the bou da z
or no flow across the boundary or there is no

boundary Defining no N n IV one obtains

i
There is a straightforward geometric interpretationof this equation what appears on the LHS is the
full time derivative of pen with respect to the
vector field Uen flow generated by the n particle
Hamiltonian DpenVDt If the RHS were zero

the n particle distribution would evalue as if
the N n did not exist The term on the RH s
is the pentebation to the n particle flow due to
interactions with the ntl particle It is the
functional collision opeoaterg Ep.htD
Assure that locally one can define a coordinate
q or M a d He associated syste Cq p on 7AM
where d pdoo a I w dprdog Pulling back
the 1st a I 2nd equations in the Generalized
BBGKY Hierarchy one gets see

http tiny.cc kinetics lecture notes App A
for details

dgftt EHyf 3 e

nofdpzdao.GE
izfz3g.a






































































































































dyffetqq auamfzznogdpzdqzzanothazyfuqqj
BBG 124 pull back

where HIC Pi Gi H t Xi
Ai Cpi Gi Pj 85 Z H zlXi X Cpi Cfi C Tf
and

Poisson bracket of g and h E Eg h3
i
ftp.dghqi

dfff.dgphihesson

7W.ge T KY
Vlasov Boltzmann ns.Masteran FP
Vlasov Fokker Plank Equations

Need to make an expansion that can allow
BBGKY Hierarchy to be truncated There are

two methods
4 nobs short range of interaction

Ideas of Bogoliub
2 D eujhfe.cn b 3 3 weakness of

correlation Magee u Expan sion

Vlasov Equation
Make the Mayer cluster expansion C 2 for

falp q Pe Gz ftp q f Lpa Gz Gelpi Gi P2 Gz






































































































































G J sq G G G
Zf Cp q f Cpz qz OCP

and substitute into the first equation in the
BBG KY hierarchy
d
tt II f no ftp.daozEHI 53

to get

t.fjff.io ETtCp qi7 fCpi 8iB
no fdpzdqz ftp.f Pi G f Pier
no ftp.zdqzfilpzqz II z filth GB

noftp.zdqzficpz.qzJH.zgfilp q
L II DCP q2

f

dgfit ET.HHiiz.f.BETGener
aizedVlas Equation

for instance if II _P and IF z VCq qi
O

t s ii H E to

I E Tibi t Pi q Fp 0 D8 Haig

4 T.TT fi eaTz7oeT7of

0g






































































































































J dICEDOT DE Jg no fdpzdqzfilpz.gr VC q Ga Tg
as before for the electrostatic ease utilizing
vector calculus The advantage of this
canonical exterior calculus viewpoint is
the generality of the formalism the
simplicity and geometric interprobility of the
result and the ease of calculation

BoltzmannEquation
We use the ideas of Bogoljubow to close

the equations We start with the first two
equations of the BBG KY neglect the f 3 third
order term on the RHS of the second equation
and the Jtf term on the L HS

tt H f3 no fdi E II a fz3
It II HI f3 O

where dB dpzdq
Z 12

Now substitute TTn from the second
equation into the first equation
d
tt It fBF nosd th HT fz tEHzfz3D

Transform Cpi q Yi Ji into action angle
variables where IT It Jia constant and
4i w.it Too since wi dHildTi constant and
DIII24 0 Now di dJid4i

Now

1 t.w.IT noSdnz widf4 iwff7u

y






































































































































If 1 wifi no Jdk ftp.cwifdtfyfwzfz
We

assume IIb new von nEb2 Cnb3 5 Average

over 4 by fdY and define

F LJ fdI f J 4

tfjI nofdi.dk dIITF4alw2fdo d4z integral
no fdJzf.detgfVeCJa dosffzf fzo

f2o f Ji Tz before collision

f af I CJf I Jef after collision
Ff Ji 4 Jz

so TafCJ 4 J2

nofdJfdzY VdJz7dB ICT if Jz I lJzflI 4 I
f CJ f Tz

now multiply by identity
fdTifdJz SCT If SITI Ju

VIII nofdJzfdJifdtifdz.IToiCJzIdos8CJiJifJ8lJi J.f I CJ II Ji f J fCJr
define

µd dj
K J JzIJi Jz 7 101 ddF2

whee de dodJ
in

differential
crossesation Ino dI fodJz do 81J Jsf 81J If






































































































































To rewrite the equation
DELJ
get fdJadrtoldd.FEICJIH.CJII ICJ.HT.IT

On

ftp.fdtidJ.dJikff.ITfIfiIIY EcTifi
Generalized Boltzmann Eqation

Master Equation
start by writing the Boltzmann Equation as

HIIII fdhdtidtikfff.IEfIiIfIs I.csiEEdI
fdJzdJidJi IthCT fIhCTz K J JIJI Jz

fit i i i s
where we have
used that for f nCJ e

KJV Kist d th
TE O

since II CJ d ARTI II CJ tFtJ
by conservation of energy

a d ftp.G i ICJz f hCJIfthCJz
Since particle 2 is free ILJz IthCJz
and FIJI ftp.CJz so






































































































































t fdJ djzfth.CI KLF JIJI Jz'DSds

ifI IJ
IhJi J fifty

define

CJ IT EfdJzdJz fth Tz K Ti JzDJ JI
substituting this into the equation gives

dfjlfI fdtikCJHJisftnlJ.TL

by JP Syne rug time reversal and spacial
inversion K J Jzl JI JI K CT AT Jz
and energy conservation we have detailed

balaynce see her Physical kinetics'ThIsecz 3

Etu J b IT IT'J fInCJ KCJ.IT
using this one gets

aI I'm iI
FokkerPlynch
we start with the Generalized Masten
Equation above and make a moment
expansion in terms of the smallness of






































































































































SJ when compared to the scale on

which the distribution function changes

1 y LST

J geht E

2fjtfkfdcsTIKCJSJIJJELJIJJtsitf.EEdpoeeeso

k J1J SJJffJ so Effie
d SJ klJIJ STIECJj DJ.fflklJIJ SJIIGI

LSJSJ.gg g KCJNJ SJIf.TT
KC Jlt SJ ECT

define cha se variable SJ DJ

A SdCST KCJITt.AT SJ fCT EI IJ
T t to SJ LDJKSJ

and IST inB.IE dCSJJklJdJtSJJbJSJitegrae
now substitute into equation and use integration
tf J by pets

a zje FA j
FB

Leg fat FB

f I f gtBd
tag f A B

2

I
2J






































































































































where A I f daff s FA B Iff
for equilibrium dfge jIeq O

Seq O feqAtBdfffe o

feqA Bdfed2J

dft f j.f feqB.dz b iB.dafF
B 3 ffegdffj.ee
diffusion tensor

SEESO

i
Let feg e Jd ftp.dgfefo data

so restoring force

t B.CItddIgfJJVlasooFoKkeaPlaneKCVFPJ

We now consider correlated modes where
W K wz D nIb2 the fastest modes
of the collision less Vlasov equation are

of order Wp or Ocp 312 Ib n P 312nFbZ
so that for these modes one can neglect






































































































































the effects of collisions For low

frequency in des one can include the
FP collision operate with the LHS
of the Vlasov equation

d
ttEHa 3 f
where the avenging in F are taken over the
collision frequency no b

Many times the gradients in the distribution
function f are two large for the UFP
equation to be used In that case one

needs to drop back to the form of the
collision operator given by the Master

Equation Of wp ro PM

1 t it HII iz f you nOcrD

fdJ K J IJ I Ji WJ IJ II J

Here instead of the operator being smarted by
the diffusion in the canonical momentum
for instance action J or velocity 0 determined

by the diffusion tensor B L DJssify it
is characterized by the scattering b ever al
K JIJI One can also use the Boltzmann
operator if f J2 fth J2 using 14 Ji JzlJ J






































































































































Exampyles

Consider two examples

freeparticle.noelectroskticintercctionHEHiz fqTqn
The Boltzmann Equation will be starting with

dfjhII fdJadr.toddIfIlJiIf.CJz7
ICJi7fIJzDfdJ

dJzdJ K CJ JzIJ Jz I CJ fTJi ICT F J2

where lol dI MddF K Ti JzIJ Jz
da

nofdI fodJz dos 81J If SITI Ju
we can identify
ECT ftp tl DJ d d3Bid3p dJz d

and
so ktpi.pdpi.pisdspidpz.tl Ez oil do

dfgFf f1ozo1Iftp7fCpz fCpDfCpzDdrd3p

Now for the Master EquationBoHemanEow

g fdJ KIT IJ I Ji WJ IJ II J

where
he T.IT fdJzdJz fth Tz K Ti JzAJ Jz






































































































































again identifying
J F DJ d3B dJzdJi d3pzd

fth J2 _ftp.lpzl e kd42LziTy3kKlrI.PzlpTpi dPsid3pi4vz zTld
SO

dfgt.pt fd3piEkCpgpsfCp7 kCplp1 fCp

ftp j f Ez u
Iftnlpz

8lp PILrIos7hDdfz'drsd

Finally for the Fokker Planck Egnat.no
fsterEIdfIfI

f KsgES.lfEI Ie f D
where

LIE zfdCSJJklJIJtsJ STST

Identify
F J ftp.t J 75 feqCJI 7feqcpt.ee I
so

ftqdgfaf

ipswiteIET
a.F.ae

7 IIfs r






































































































































ftp.I.s tafaesrsssoisrh.IE
Gaiding CenterDriftAtoI

CDAIHzlR.J

z I pI Ri RE R2merpieos4 pff HIJz.PT
which is integrable to give up theDTD
HD Hz Tz Jo zpx.GE Dywz

dItjI
now It AplJZiJD

jz.jp constants
ATE 8,1 4z wztt4zo

See App B 8 E for details yo wot Yoo

F Ji f Jez Jatt dJidJi dJz'dJp'dpEz
DT2 7d Paz

so K Tz Jo paztJIJD.biz dJz'dJidpIz
lVaz IdT

jfhyfmtf floazllft.FI jIzfffffpaz5ddrdp
Boltzmann Eg

t.IE1 fn ie
Io

i i iiI iiIEIEI






































































































































7

non oninstamsitishEEIIIIIIIIIIIIi
where

fth Bz e 214216
Ma EG

Now define F jz.jp
fear e Hlf

egtff dftf ut
w here 68 z WD

so

dff.EE fe.EfsFsstJy.ffIftwfT

fstff 7 zfdcsfssFSFKCFIF.is
FokkerplahTqW

y

of Reactor Rates
This is based on a theory of a

kinetic bottleneck so that the overall
rate will be the rate through the
bottleneck The bottle will be filled
to thermal equilibrium ebo e tht
bottleneck and depleted below the

bottleneck






































































































































f feq density of stet E y s

7

E neE
binding f O Boltzmann factor eE
energy

so we need to do a varictoo ed calculation

by finding ITB as a function of the binding

energy which defines a family of Su feces

Sb E and the distribution is assumed

to be thermal above EL Es the bottleneck

and 0 below The rate can be estimated
as the m.si oIb The details of this
calculation can be found in App E
what follows is an outline of
this calculation
Let's start by returning to the coordinate

free perspective and use the geometric
interpretation of of the BBGKY hierarchy
we start by asking what is the flow
out of a region RCT Mn if we are

given Fln This flow is

d
n Y Lane






































































































































Tin mLui F

n f in F
d lRxT M

Making the assumption

in F lp.ae mF0
we find that the flux is

d Nen
a riff in pint's

dRxT M
Assume tht T M is folrated by a set of
leaves S3 Let

E En innit F I

E ignite I s

I f f is a upperbowel on penal then

IEE5nfnf.lamui.iFinTs
For most applications one uses Ft and

SE such tht H E For this case

oIb E i n






































































































































0
Pulling this back see App c one

gets
Ibthffdqidpzdq.FI

EHrsHBdaA

E H.Lp.gq

To understand this formula first recognize that

Ha Hz3 doutt due to the Hamiltonian

f low given by the interaction vector field
Un in zw dHn So I dd df is the
flux through the su face SE

Now for our application
3 bodypeco bs.ua ioninmagneticfie

where the magnetic field is large enough
that the guiding center approximation can be
made for the electron

Let us start out by considering the
one particle ihla.mil tonic of the election
and the ion In appendix B we show

that the Hamitonian cc be reduced to
two degrees of freedom 2 and ExB dynamics

IR 4 pet Z Pz
Di mere RI R2mere.proMcosX py2

PIN 2em ET






































































































































This can be farther averaged n over 2 to

give
Hz R Tz T Fy R mereRI R2merepyTeost By

defining pz
2 By

1 Hi Tz Dy
Tere 4 5 and

normalizing B by 5 FEAT5,07
It by KBTe Ia b Mmt
Jz by MEET Ii

WExB
Fs

Ea Y TsE

It z I a D EE Etta Hiltz p
5

IKJI.EE pO EtEa psino Hiltz p

if Ya Blacc 1 then A It Tz p and p is

cyclic so that p const along with Tz

Yada mi oo

Rya CLI Kit 70

If neither of these conditions are

met then one gets trajectories in
phase space like are shown in

the following figure The circular p const

trajectories are within the separatrix around the
origin of size Tsz Rta 2 Electrons outside
the separatrix are not bound and are carried
to p values of order the icon cyclotron radius








































































































































a 0 15 D Z lki 6.67 IR a 1

f Guiding
Center

Atom
field CH
ionized a

g RI ki f Dripfa
a

R p2

The character of the separatrix
can be examined

in more detail by assuming that Mi oo that is

Hasso while allowing R oo so that Ria
is finite and v is finite This effectively
takes the jon cyclotron radius to infinity

2
The parameter R1a Fs E can be scaled
out of the problem giving
A Ja P O psi no H Tz p







































































where we scale

H by E KBTe units

p by E l Io units

Jz by E
2 me 55 units

pz by E
12 ma units

Px by 151 Cmo units
wz by 2312 lb units

BD byCie
Wwf ReyEste

Joba e 2 m Eb units

An example of phase space trajectoris is
animation of a
trajectory ca be
found at

uh

as

The effect of finite ion thermal velocity is to
field ionize atoms that bon d with p E and ILE
where E A

field ionized
c field ionized

separatrix of
it r
or f JEZ 6P go

bound jz

http://qitech.biz/videos/phase_space.html



Recombinationformitstationyion
The effect of this field ionization
and subsequent transport to radii of order
the iou cyclotron radius will be examined
after we calculate the rate for the
m oo vii o that is Ya o and R1a o limit
In this limit we have the following forms
for It and 17,28 EHZ Pz X pox PIT x2 Pm YET r

ez

Hia ztmTx T hz

where D merle Z
We set Iz equal to 0 for A L E and
equal to a thermal distribution for H E

Iz ztfmzmfze LHHH.atHe
Constraints are

C H Es at bottleneck or separatrix
2 HI Ez particle 2 is unbound

3 iv vol Z E 0 below bottleneck

4 The po adiabatic catoH to limit
multiple crossings

Now we calculate
J P IZ
TH Mpi2

Hn AB En I5 VK.sn sPzx



B FI nsoB Lpi.FI 1toB
1 DII

Cie Ext

at
Now

T.fiiEIEIiIEe.iEIiIx ri
dx.dz dprxdphzdxzdtzdps.nlPa

make a change of variable dimensionless

yEs EI P Er lb IE Nb
m Tor II pz rz1b 3 px mrb

I Eze m2 z piz r.se bE Z b l
I i
1 Uz Ept Iz b EET ri TI Iz
l r

i ree LET i

nzobsztfrzessf.EE
m
T.IT rD pis5fIII5IkdezdxTdydEdxidydEz

doing 4 of the integrals leaves us with

Ib Ro Ep.fi deiofgd eosEdCHapdoEzFcekIEotneie
jRo n2Eb5

ia es.fr pfinETei I
l
i



I miss Esf
PE 12 7,3 zip eos's y
FCikl etkerfcltmaxo.nl

1 I

Roee f rib.es o

Roee gces.at rzb
Es3hhles.poDwheregces

poj L2isftp.foteidq.f.d
oazfIdxFCmz3hCss.eoI

EitPhpf.oHqdf f dptxFHnd
Now finally

OIb Ropo9 2H g CIEI ie hcs.ES

i i

212 56513 2
2 2Ezzco5



Functions gCE El and ICE E can both be
evaluated numerically and table interpolated
It was found that both are weak functions

of E
E I

gCEE HE E

I E

I _A 27
ztT78_13

25

It A Epsom I BeEsq

oIb oIztoID
2 5

Izz Popoff 3
I AZEstes

2

Foo RoPo q
2 es min 4

Rolf EFT 2527 Lessmin 4.5

EDI RoPo 721 1 13251 5

o Ropoeffe
2 Ese 4

Ropeee ETn b
esu 4.5

Note that Epl OIz nw.rs wznLrce1b3Es3l2



I'b E RoPo 2.2 1147 hello

equality for Po 700

n2Ib5 0,08 1 7 hello

for po 213

Numerically

in equafitf.br 4I
4,5

NES
ness

3,7

Re 4
a
S

45ns

i
ne9uclityRo 2

zneqality

s7miE4Ql3l.o.in
io isiti i iD



Recombinationfinitemiandvit
Now let us turn our attention to the case

that there is finite Vit C i.e Rla is not much
less than 1 and the mass is also finite ie
Va is not much less than 1 In this case

there is a separatrix at Ise Rta and
electrons at radius greater than that Cor
energies less than 11Fsz will go to larger
radius until they reach the ion cyclotron
radius Fei Therefore EES 7 Fei and
E s Fs9h in the formula for OI See App B
for many more details

Remembering that cessnin asynototes to 4.5

and that oIb can not be faster than Ro
we get

Ib Romax I e Otis OEFEEE riz.IM
z WII

wz l

A similar result is shown in App B where

the separatrix is at
712

E EoeZee Zt ICE bye trial
Details of this calculation can be found in

App D
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Another way of looking at this is

First'Zgorn SEEING 3

BEE or R 3tha
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EET i l 1131 i
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IFeel I
I 1Drifting
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where

two bottleneck separ trix
f 12
jp I

matrix
r I

i i i
I 2

a th I
i qq.EE

flux
I

qprbottleneck I

logo mmie 5

for Te _495 and 13 4046
logion 0.7

logo 1 O

BI logoRz 1.9

DP f two irisp into
nested penning GCA ibottleneck
traps

log ofe
IED 1100K

s.thE RzEori.o
z


