



































































































































Appendix tanto
i Guiding
center dynamics

Start with full dynamics for ion and
GC dynamics for electron

z Z

it Pi EAh Pze
2mi Ime Hi Xe5t yi Pmexeafetti Zet

use ATF tzBxr with B BI
make the canonical change of variables

ZcmIMtlMiZitmeZe7 en_tpylMe.Pzi mi pze l
I 2 EZ Ze pzImt mepzi Mi PzeI
q Xi constant

p p e mezdy
I qz zi piytpye.tn Xi

q Pmfez zi PEEK x e mess1 i

where A meets and I _men'zx gdi ie _med IOE

I Rge in Xe I lRge ig Ye
R.ge iE riI miec TixBBZ

the Hamiltonian can now be written as
2

H'z Kxjmm lkzm i PImm i Fn qe.EE
where M Emit me q m time






































































































































Note that this transformation is economical
and qx Gg and 2 em are cyclic Ii Kx Ky
and Pam are constants of the motion Since
the Hanitonian is time independant It is
a fourth constant of the motion

Now do the further change of variables
i

e Zem Zcm Pem Pem l
I fI z Z pz pz
I Y Itai mpeR_Jpy.s Pikes
I 2 Mer

t.R kxtu.IM merPR mueyf Lkxqxt4yq
O Itai POE ky8x kxqzI

where q 2mPfs.mu p T2py.meTcos4
Kx meRReosO'ky MeRRsiuG

this leads to

H2 Ttz_Pgm Ri meal R2merpumsinHoytp.se
PE
za

ee

2pFT
Now shift the two angles

Test Z

4 4 t Iz py py
0 0 Iz Po _Poi Pre






































































































































Az Ige Rlsino cosO O

f _2mPeIgMccos4 Sint o

x
µ ne

EEEa
Bye Tz Rge SITIO

R cos0,5inO o

Xi Xe Zi Xe 0

to give the Hamiltonian
e_2mPeTFlcos

t43sincotyyH.zri men R2merpTcos4etpy
ENI 254Mmet 12

2

of the variables R O Zam t Z Pr Po PcmPre Pzwhere 0 Zam Pra I t are cyclic giving R Pem Po
au Hz as co stats of the motion In fact the
Hamiltonian is on phase space 4 Z Py Pz
with R as a constant

Hirintergiint rimeIIIIIIistif

dyncnics

Now to contact with the drifting ion and the
fixed ion approximations consider the Hamiltonian
in the following form and the two approximations

Hplf.tt z pz e Lik f t PE pfizer






































































































































Guiding Center Drift Atom drifting ion

assure that mi oo and T finite
Sir E

r.is
He.EEy'me.EtmetrlIIneEa7eEolmere7lVixZJ E8ixB
That is it is the motion of an electron
that is bouncing back and forth in the 2
direction due to the electrostatic force
and ExB drifting in the direction 1
to the magnetic field due to the
constant Io t to B and the e field due to
tie electrostatic interaction

Guiding Ceuta Atom stationary ion
assume that mi soo and Eri O

He.ie n eEHIgisIEiastpcost
That is it is the notion of an electron
that is beanery back a d fo th i the 2 direction
due to the electrostatic force and EXB
drifting at a constant t radius due to

ke e field from the electrostatic interaction

Finally for nee LL b so that the 2 motion is

much faster than the Ex B drift notion wz wE B
we change coordinates

Et Pz 4 Pa Hz Jz if y
generated by f 4 peg z Jz If Py Wtt Jt Px






































































































































Pz z tizz Eq 1
4z d

z
2W_ LEG 2

2524fIpy uTt2w Eq 3
Jpy

Fy t
y py Eq 4

W Z Jz Pp
z
pz Eltz Px Py z dZ

where by Eq 1
EE PI EL

2h 2pu Pz CE Px z

TeneZZ

JzE PzCE P4 Z dz THE py
rpz

fazjea
w Eltz py

Z Zo

TJz is area inside ca ve

2yz ffz f.TT dt IdfEIE5zdZ

eoFEEoTdE t wzf
by Eq 3

4 5 2
4 zftdappf.dz

fge f bdlpzlme.todzZo1bdlP4merb I
OCD






































































































































so 4 5 1 fL4z Jz Dx
by Eq 4 OLD Pee

b WEI
Py p y coz

u WIso Lee oughtb
m

HR 4tJz I py Ri meERI R2merpTeos 4twEzfL4z Jz PI
pie t H Tz Fx

Here we have removed the 4z depe dance from
H and put it as a term of order reelb Another
way of looking at this is tht H has been
au e aged over Z

Now let's look at the character of the
orbits of this Hanitonian neglecting the
wx wz term which is an iteg al Hanito ioan
in the drift coordinate UT

Hz R Jz I pix R.ifmereRI R2merepyeostttpff HIJz.PT
Let's write this as divide by Simere pZ 2PImen
Hp R Jz f IE T2 att LIZ p foispreosol
where
preterm 7,5T normed by b F 7 5,0

Ya 70 H normed by KBTMinoo

g Item Jz normed by moeb 1171 Ivette Tiff
talk O 8 15,5 o
ifo.IEEeR wa fgeYmmie EfE w

Ii






































































































































Details can be found at

There are two characteristic phase diagrams
for this Hamiltonian one with one o point
for ta Rla 41 where the ion cyclotron motion
is a minor pertabetion to the ExB drift
motion yielding Guiding Center Atom

I I
Jz
2,5 0.4z
a

one 0 point

I
And the other with two o points a d one

X point for Ya on RlaDI where there are two islands
of stability one where the electron ExB drifts
around the ion and another where the icon and
electron mantain their separation both
undergoing their separate cyclotron o bits
This second island of stability we call a drifting
Rain The guiding center atom the first
island of stability will be field ionized
if it is transported by 3 body collisions
outside the separatrix

http://www.qitech.biz/papers_refereed/phys_plasmas_guiding_center_04.pdf






























































































































phase_space.mov








Hi dominate

p.is JseAarctrix Feigdominate

field.zation Driftingpain JI 0,4
Separatrix 27T

F Tdominate 9 0.15

x
For the case of an infinitly massive

drifting ion one loses the second 0 point
and the drifting pair as the ion cyclotron
radius goes to infinity
ke O Cmi oo

Blah 1 Vi finite

DXSealedbyFeE
H sealed by E

Px P X y sealedby El
PE sealedby E

12

JzScaled by E
2

Wp wz 1Itz sealed by E

fflIzu 15 we litis scaled byLEE selfssoiyzilf.gr 7 R a



























































































This leads to the following area where
the atom will be field ionized

fieldionization

so there are two parameters which determine
whether or not there is field ionization
The first is

a Mmi THE upper limit on Mi
and the second is

E foie bye I lower limit on Vi

or Iie of lower limit on Ti
note a I

for field ionization
A better way of understanding the character
of the atoms is to separate the Hanitorian
into three terms

It Fz NbHe ripe Vip b E






































































































































Now since Tt nCplbJ the frequency of
each of the terms area

ri fi w REICH
Drifting Pair GoodingCenter Guiding centerDP Drifting Atom Atom

LECDA GCA
e field ionization

ion

aa
w I E Ears ffm kb

T ps I facts Effie Feej
if FLLFsi Fs and

Guiding Center Atom GCA

I pester Fei
if not GCA but farci

constant E field LEF

if not GCA and Fei
Drifting pair DP

O






































































































































ifDPAii n

Ie Tsi
Ti

Tse oe Zee Z ICE bye

It 4 314 Fsa_Fsi

tf 4m34 TE 4z n
n TEe

Fei _E Ee'Ee EiE e rsE e

e fine 2nfs f hrs Y'risk
Tiers tf 2h32 p n e LIFE

y Tepe

Now let us take a look at the path from largeto small f notbigdifference e'toe

e app

iq EqFenecu
t

un a
motto Ts FEI

y f
3

GCA

fnha.ITEEN.am dEeEifiesHepaEEiI






































































































































f 12
p I

Ina 2 step bottleneck
i model

i wa E
1 if flux 2 is

i ga eenedk
2 less than flux I

no
I

I
nei a fifteen I
Piz is Min BEI as Ti1Te oo

N i E field where 5231

Iffy
model 3i n thTi

i
f

RT 1

a
o dog o fees

2B m B

log o

logion






































































































































Rz nBb nmin I e riina
s T

a bottlneck I 2 step model
Fei N Gea C bottleneck 2

Fsz 5442314 DP to GCA minimum

g12pm g
4h34 2 step model

5314 231 51 bottleneck
minimum

Now look at a slice through RT for I
µ Yi BZ pen b Bi b

Rs i na.cb reisbi oreicrszi i i Rspb1
qt T

e I nm g k5944
I I l n 5
l i 11

1 5
I Got No Ego3 b N g'f4 n3H

minium n Sol's
Dp to 2 step GCA

model
E field

GCA w
separatrix

e5i tfgj n 4 as Soooo

0 5 n Hazen Sinn 4

Agdugoagjkn
312 flng.atgOasSoson3h gj2f Info

NEST 3 flag
25

Expression for rate rsz sepratrix is

Rate.ve ux lProbabilitgnea sepa u7rb






































































































































OTS OT SJz
m

neoersin.EE Cmerersi meoersi
F msn.FI

Rate rievers 2b.hnezseb5rs92

logR3

logEg

logN logins






































































































































log 3

log

logN
logFsl

Now for a more careful look at the
flux calculation

dfz
z O

00

separatrix
H PamIt Pain f E c E e Ey e Eye






































































































































faoo µn r e t.IT EEItPjI

emTzye ITtEII Ff Et efi eElzioo zi yzooz.IT

fz Zi Pa Xi Pai Zz Pizz Pac
It Iz

Must have both particles initially unbound
Koo O

mZU 2fz e
Koo

Koo PII t P the 54500 51 2200 Zz
Scale distance b

momentum Mere
action n m Veb

E I e EzebrzeEFsi E sz

Know that at separatrix T O e 1

F n O CE 2

Roo _I t KI Iz O CE 112

RIE AI In 55
TLE th ftp.tEZCZ zoo zztzioo
remember y oo Ii 2 3200C Ii Iz
At separatrix T2 Ole Iz OG

KI KICIip z.fr O t






































































































































given pie 06 t
O E Oct
peach

One can find Fido OLE I do I

IinthalottakIntoori

HEH O OLE 0cal

Koo I 54 ftp.dni ocezjsrIEOCD9
for significant

friza OLE 2 contribution
ME

2

n ed fdihd.EDE.dzIidfIgsdEgsoefzfo
n O E 3 elk E

Z

n O E ah n O Isaak
ME 2 me 12 ME

nzbto.dk frpe fdJzd4zdpzrizdTzdlcoso
do eHEE.EIDIqtsinf.si qz

Of Kbe E 2 E 2E 2E I E E l

Ofreeze 3

z Of Mcpeek g 912in
z Ip 12






































































































































Define E nEb5vet

daI dP Auto
in W

O Tsi's Of wafers.az
in

Fsf rsz.GE

isofth.eeacutionofIphaepa etrajecto

iestzlRJz I pI R.ifmedeRI R2merpyeosit pjf HIJz.PT

Let's write this as

Hp JzT2 a D Iff T2 a It LIZ p where B Fa e2D
in Exy plane

where
F E normed by b F I 5,0
H normed by KBT

ta a Yea Jz normed by moeb
FELT 5,0

tarsi a Immie wE
i R3

r 3
rsz V lb 2 2 Rs

talk Tien e w rsz E

We will examine for takI Bla 21 so that the e

Lol 7






































































































































is one separtrix lonaenaxapgiz.to fo that we can write

p CR Fz a f tarop H.CJz.pl
We now can scale a a DIRT out of
the problem by a Simula its transformation
where the scaling par te is E f T
when we scale

H by E C Kate units
by E l 5 units

Jz by E 2 MII units
PE by E ME unets

Px by Zee I C m E n ots

wz 1Itz by 5312 lb units

WD Htp by E3 so that
WD
wz t.be Esz

Jp by bine 52 meth units
we are left with

Feltz E o fsino iHTCFz.ES
for co vie ce we now drop the double ban

a I will reintroduce the scale factors in the
end

HlJz p D p Sino H Tz I
Do note that the expression for H that we

calculate can be used in the more

general expression
HeCB.a.Fz.gg tzlF R5taHlJzp

Details of the calculation can be found
in App F









































































































Let's first turn our attention to calculating
It Tz p in Hcp I p Sino H Tz p

jz fpz.dz H PII zz
Hi f constant

can be show that

gziti 2 I H f gut e where
coenza

g n grzofthlt nlsiip.tn eos2pdjsI b sin 2872W

g R e 41 sin33co5pd
I a singer CI N sin2pt2n 3k

g 01 2 RIT g Cn 2 132112
n 90 BE0,539

gli 21T g l 41161 at

Now let us define A Jz7p and D Hip
Arnell a gin

Let's also y such that A gli
which is a quadratic for z A





































































































HAI a a TT EEE's
and dy 23312 DEA

dA Hz gli

To solve for N J
l z
Fy gli R u n gcn

In Ff 8g o my
Now

day y3k4tZgdHn gene 12 nu e ga
NCO O Rico GC0 1gCiD2 2
hell L pic 17 1

Putting this together we have

H.LT eI tpRlZ JFr






































































































































So that

H L Tz e 4 p sin 4 f Rly TF

p
sin 4 tf n 1 Edify data

ddIt f sin 4 pts ni
Azddry.dz

Now at separatrix
t.HIJzi.fi o

TIE HCJz edJHFz
Can now so I v e

H HCTz e 41 0 pGz H 4
For the Ex B drift action TD we can calculate

JD TzH of FITZ H 4 dry

Note that d Jz pCJzH y 4
d Jz H Y

so tcy of dIdtJ'd4
Yet pets phiz H 4Ct

ref Ed 4 HATE
WD 21T I 1 za DHL

2 JD
action angle mapping






































































































































First let us take a look at an example
phase space contour plot for the full
Hamiltonian

IF III I a f EE Etta II LIZ p
a reef mmie wE P 3 7ja FsPC2ris1R1aFsz2lp.n
tart Tien Ti BE 5

tRaI A I E J Ita is dominate GCA

Guiding Center
Atom

R






































































































































Now let's take a look at a E 1 so that
the f IT interacts with the II term so

that there is a bifurction between ou o point
to two 0 points and an X point

0 0 15 D Z lki 6 GR a l

f Guiding
Center

Atom
field CH
ionized y

L Tc RI c g Dripfa 8

R p2

We now have three regions The area iside the
separatrix around the origin where It dominates
and we have a GCA The scale of this separatrix is
Fas E l There is a second separatrix around
where we have a drifting pair 8g jiffExisFinally we have He area outside the
separatrix where the electron is field ionized and moves

1 I d






































































































































and moves away from ion until it reaches the ion eylotron radie
Now let's zoom in on the separatrix at
the origin letting Mi 00 taking the ion eletoor

radius to infinity Pisco but keep Vis finite
so that Rik 7 Fit taking the o te cu vatu e to O

That is
one is left with the scaled Hamiltonian a

Feltz E o EsinottICEz E Raza

1 7 J T
L s
s L t

remember that the scale para ter is E Bis

talrt Eenbz uwi.fi rsz2 e2

Here are the plots of the separatrix for various values
of Fz

III
Ps









































































Here is some more details on the separatrix
Fs Fz Its Iz and Fp Fz

field ionizedfield weionized separit of
rur o

6 PO E JEZbound rJz

field
ionized

bound nJIl2

Now on to viewing the action c see mapping
for

Yet pet






































































































































This is just below the separatrix Here
is an animation of evolution in phase space
IE Dx Ie where 5 75 and p x mire b Px

http://qitech.biz/videos/phase_space.html
























































































































































